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Example
Travelling wave in Suspension bridge equation 

<latexit sha1_base64="kwV8yrKfJ6XrGHDHDvkQGUbI81o="></latexit>

ω2u

ωt2
= →!2u→ eu + 1



Example

(a) Approximate solution with fewer modes for

c = 1.1.
(b) Approximate one peak solution for c = 1.3.

(c) Approximate two peak solution for c = 1.3. (d) Approximate combination solution for c =
1.3.

(e) Approximate solution for low wave speed

c = 0.9.
(f) Approximate solution for high wave speed

c = 1.4.

Figure 5.1: Overview of approximate solutions to (3) with boundary conditions (5), which can
be verified using the code in [42].

24

<latexit sha1_base64="2FwQnsVmQn0M2dCJahk2B54ky8U=">AAAB4nicdVDLSgMxFL1TX7W+6mPnJlgEV8OMwmgXYsGFLis4baEtJZPJtKGZB0lGqEN/wI2IGwW/we/wA9y49E9MH4IVPXDhcM655J54CWdSWdaHkZubX1hcyi8XVlbX1jeKm1s1GaeCUJfEPBYND0vKWURdxRSnjURQHHqc1r3++civ31AhWRxdq0FC2yHuRixgBCstueTUNo86xZJlWmOgH8QpW3bZQfZUKZ29335evO5k1U7xreXHJA1ppAjHUjZtK1HtDAvFCKfDQiuVNMGkj7s0G584RPta8lEQCz2RQmN1JodDKQehp5MhVj352xuJf3nNVAUn7YxFSapoRCYPBSlHKkajvshnghLFB5pgIpi+EJEeFpgo/SsFXf27H/qf1A5N2zGdK6tUqcIEediFPTgAG46hApdQBRcIMLiHJ3g2fOPOeDAeJ9GcMd3ZhhkYL1/eco2v</latexit>

c = 1.3

<latexit sha1_base64="Ku4Dceh9FEeIAT+WzrDHmDbuLjM=">AAAB5HicbVDJSgNBFHwTtxi3uNy8NAbBU5jxEL0Z8KDHCGaBJISeTk/SpGeh+7UQh/yBFxEvCn6C3+EHePHon9hZLkkseFBU1aNftZ9IodF1f5zMyura+kZ2M7e1vbO7l98/qOnYKMarLJaxavhUcykiXkWBkjcSxWnoS173B9djv/7AlRZxdI/DhLdD2otEIBhFK9VbPlWpGXXyBbfoTkCWiTcjhavvx9+bz6O00sl/tboxMyGPkEmqddNzE2ynVKFgko9yLaN5QtmA9ng6OXJETq3UJUGs7ERIJupcjoZaD0PfJkOKfb3ojcX/vKbB4LKdiigxyCM2fSgwkmBMxo1JVyjOUA4toUwJeyFhfaooQ/svOVvdWyy6TGrnRa9ULN25hXIFpsjCMZzAGXhwAWW4hQpUgcEAnuEN3p3AeXJenNdpNOPMdg5hDs7HH6qRj3A=</latexit>

ū

<latexit sha1_base64="fuewid3YY2o/CB8RFHBh3fsty/o=">AAAB5nicdVDLSsNAFL2pr1pf9bFzM1gEVyGJ9uHKggtdVrAPaUuZTCbt0MmDmYlQQ3/BjYgbBb/A7/AD3Lj0T0zauqjogQuHc85l7hk75Ewqw/jUMguLS8sr2dXc2vrG5lZ+e6chg0gQWicBD0TLxpJy5tO6YorTVigo9mxOm/bwPPWbt1RIFvjXahTSrof7PnMZwSqRbjqKcYfG0biXLxh6pWSVT4rI0I0JUmIdF61TZM6UwtnH3dfF215c6+XfO05AIo/6inAsZds0QtWNsVCMcDrOdSJJQ0yGuE/jyZljdJhIDnIDkYyv0ESdy2FPypFnJ0kPq4H87aXiX147Um6lGzM/jBT1yfQhN+JIBSjtjBwmKFF8lBBMBEsuRGSABSYq+ZlcUv2nH/qfNCzdLOmlK6NQrcEUWdiHAzgCE8pQhUuoQR0IePAAz/CiDbR77VF7mkYz2mxnF+agvX4DjDaQlg==</latexit>

ũ

approximation with
 60 x 20 Fourier modes

denotes solution

<latexit sha1_base64="zILh9K/F0jUaibBXG+wkc1fbSmQ="></latexit>

→ũ↑ ū→C0 ↓ 0.0021

Theorem

(6 minutes)



Finite periodic bridge: Fourier transform
<latexit sha1_base64="1g1BAT8prix+DHGJjceU7lgVAsQ="></latexit>

!2u+ c2ω2
x1
u+ eu → 1 = 0

Use symmetry: restrict to cosine series

<latexit sha1_base64="ttK+VJRyyS1M3eEE1S3d4OD67ws=">AAAB9XicdVDLSgMxFM3UV62vUcGNm2ARKkLJuBjtQigI6sJFC/aBbRkymUwbmnmQZJRS+yluRNwo+Bv+gr/gV5hpK1jRAxcO55yQe48bcyYVQh9GZm5+YXEpu5xbWV1b3zA3t+oySgShNRLxSDRdLClnIa0ppjhtxoLiwOW04fbPUr9xS4VkUXitBjHtBLgbMp8RrLTkmDtXTggTPYfwopAcaAJPEcw5Zh4V0RjwB7FLyCrZ0Joq+TKqfp7fNLyKY763vYgkAQ0V4VjKloVi1RlioRjhdJRrJ5LGmPRxlw7HW4/gvpY86EdCT6jgWJ3J4UDKQeDqZIBVT/72UvEvr5Uo/6QzZGGcKBqSyUd+wqGKYFoB9JigRPGBJpgIpjeEpIcFJkoXlZ7+fR/8n9SPipZdtKu6gwqYIAt2wR4oAAscgzK4BBVQAwTcg0fwAl6NO+PBeDKeJ9GMMX2zDWZgvH0BUdqSAw==</latexit>

Lnun +G(u)n = 0
<latexit sha1_base64="u1QMxd/gxznkiCZfKgxq5NuJt8E=">AAAB63icdVDJSgNBFHzjGuMW9eilMQjxkDDjYTQHISCoxwTMgtno6elJmvQs9CKEkK/wIuJFwX/xF/wFv8LOIhjRgoaiqpr36nkJZ1LZ9oe1tLyyurae2khvbm3v7Gb29msy1oLQKol5LBoelpSziFYVU5w2EkFx6HFa9waXE79+T4VkcXSrhglth7gXsYARrIzUuc7pE3SBaEfnnbzuZrJ2wZ4C/SBu0XaKLnLmSrZkVz6v7up+uZt5b/kx0SGNFOFYyqZjJ6o9wkIxwuk43dKSJpgMcI+OpruO0bGRfBTEwrxIoam6kMOhlMPQM8kQq7787U3Ev7ymVsF5e8SiRCsakdmgQHOkYjQpjnwmKFF8aAgmgpkNEeljgYky50mb6t/90P+kdlpw3IJbMTcowwwpOIQjyIEDZ1CCGyhDFQgIeIQXeLVC68F6sp5n0SVr/ucAFmC9fQHR0Y+t</latexit>

G(u) = eu → 1→ u
<latexit sha1_base64="wuF0E6ZwFn0iH7M7l6zw7DMYC30="></latexit>

Ln = ω4
[n2

1

d2
1
+ n2

2

d2
2

]2 → c2ω2 n2
1

d2
1
+ 1

<latexit sha1_base64="jHK+DpzJ9w33JIjDkZkdWKs46Co="></latexit>

u(x) =
∑

n→Z2

une
iω(n1x1/d1+n2x2/d2)



CAP is based on Newton-Kantorovich: fixed point method
<latexit sha1_base64="yexzWavjd2eU2oAGBY7GTS6X5ag=">AAAB/XicbVDLSgMxFL3js9bXqEtBgkWoi5YZF9VlQSkuW7APbGvJZNI2NPMgyUjLUNz4K25E3Cj4C/6Cv+BXmE67aeuBwOGcE+491wk5k8qyfoyV1bX1jc3UVnp7Z3dv3zw4rMkgEoRWScAD0XCwpJz5tKqY4rQRCoo9h9O6M7ie+PVHKiQL/Ds1Cmnbwz2fdRnBSksd82SIWh4OpQrQEOXQDSplh+cPcc4eJ6xjZqy8lQAtE3tGMkWr8lu6r7vljvndcgMSedRXhGMpm7YVqnaMhWKE03G6FUkaYjLAPRon24/RmZZc1A2Efr5CiTqXw56UI8/RSQ+rvlz0JuJ/XjNS3at2zPwwUtQn00HdiCPddXIK5DJBieIjTTARTG+ISB8LTJQ+WFpXtxeLLpPaRd4u5AsVfYMyTJGCYziFLNhwCUW4hTJUgcAzvMIHfBpPxovxZrxPoyvG7M8RzMH4+gN14JWA</latexit>

x →↑ x↓DF (x)→1F (x)

Newton-Kantorovich
<latexit sha1_base64="fPpdJfUJBAoMXAMQAEARS2CN1Ec=">AAAB5nicdVDLSgMxFL3js9ZX1aWbYBHqpmRcjHYhFITisgX70LaUTCbThmYeJBmxlP6CGxE3Cn6Ov+Av+BVm2gpW9EDgcM4J957rxoIrjfGHtbS8srq2ntnIbm5t7+zm9vYbKkokZXUaiUi2XKKY4CGra64Fa8WSkcAVrOkOL1O/ecek4lF4rUcx6wakH3KfU6KNdFMp3J+gC4SzvVweF/EU6AdxStguOcieK/kyrn1WbptetZd773gRTQIWaiqIUm0bx7o7JlJzKtgk20kUiwkdkj4bT9ecoGMjeciPpHmhRlN1IUcCpUaBa5IB0QP120vFv7x2ov3z7piHcaJZSGeD/EQgHaG0M/K4ZFSLkSGESm42RHRAJKHaXCat/t0P/U8ap0XbKTo1c4MqzJCBQziCAthwBmW4girUgUIAj/ACr9bAerCerOdZdMma/zmABVhvXxxQjX8=</latexit>

F (x) = 0

<latexit sha1_base64="I/FniCHKGAoABaCLhdxD8WIB4n8=">AAAB73icbVDLTgIxFL2DL8TXqEs3jcQEN2TGBbok0RCXkMgjAiGdTgcaOtOx7RAJ4TvcGONGE//EX/AX/Ao7wAbwJE1Ozjlt77lezJnSjvNjZTY2t7Z3sru5vf2DwyP7+KShRCIJrRPBhWx5WFHOIlrXTHPaiiXFocdp0xvepn5zRKViInrQ45h2Q9yPWMAI1kbq2fZdpdARJpE+MHmeXvbsvFN0ZkDrxF2QfNmp/VYem361Z393fEGSkEaacKxU23Vi3Z1gqRnhdJrrJIrGmAxxn05m807RhZF8FAhpTqTRTF3K4VCpceiZZIj1QK16qfif1050cNOdsChONI3I/KMg4UgLlJZHPpOUaD42BBPJzISIDLDERJsV5Ux1d7XoOmlcFd1SsVQzO6jCHFk4g3MogAvXUIZ7qEIdCIzgFT7g03qyXqw3630ezViLO6ewBOvrD9tVkhw=</latexit>

DF (x)where
<latexit sha1_base64="NyvI74871lmMsvkTvSo31ndmHiU=">AAAB3nicdVDJSgNBFHzjGuMWl5uXxiB4CjMeRnMy4kGPCZgFkhB7Oi9Jk56F7h4hDrl6EfGi4Ff4HX6AF4/+iZ1FMKIFD4qqevSr9iLBlbbtD2tufmFxaTm1kl5dW9/YzGxtV1QYS4ZlFopQ1jyqUPAAy5prgbVIIvU9gVWvfz7yqzcoFQ+DKz2IsOnTbsA7nFFtpNJZK5O1c/YY5Adx87aTd4kzVbKn77efF6+7SbGVeWu0Qxb7GGgmqFJ1x450M6FScyZwmG7ECiPK+rSLyfi8ITkwUpt0Qmkm0GSszuSor9TA90zSp7qnfnsj8S+vHuvOSTPhQRRrDNjkoU4siA7JqCtpc4lMi4EhlEluLiSsRyVl2vxI2lT/7kf+J5WjnOPm3JKdLRRhghTswT4cggPHUIBLKEIZGCDcwxM8W9fWnfVgPU6ic9Z0ZwdmYL18AeQzjJY=</latexit>

A is an approximate inverse of 
<latexit sha1_base64="LKwRqsYhDApggxF37ePUyRu1F08=">AAAB6XicbVDLSgMxFL3js9ZXfezcBIvgqsy4qO4suNBlBfuATimZNNOGZpIhyYh16Ee4EXGj4N7v8APcuPRPzLTdtPVA4HDOudx7EsScaeO6P87S8srq2npuI7+5tb2zW9jbr2uZKEJrRHKpmgHWlDNBa4YZTpuxojgKOG0Eg6vMb9xTpZkUd2YY03aEe4KFjGBjJd+X1sxm04dRp1B0S+4YaJF4U1K8/H78vf48TKudwpfflSSJqDCEY61bnhubdoqVYYTTUd5PNI0xGeAeTceXjtCJlboolMo+YdBYncnhSOthFNhkhE1fz3uZ+J/XSkx40U6ZiBNDBZksChOOjERZbdRlihLDh5Zgopi9EJE+VpgY+zl5W92bL7pI6mclr1wq37rFShUmyMERHMMpeHAOFbiBKtSAQAzP8AbvzsB5cl6c10l0yZnOHMAMnI8/tHyR1A==</latexit>

xwith an approximate zero of 
<latexit sha1_base64="27ovXYaTGTLePKqsIrRIn0A0I3s=">AAAB3nicbVDJSgNBFHwTtxi3uNy8NAbBU5jxkHgzIKjHBMwCSYg9nTdJk56F7h4hDrl6EfGi4Ff4HX6AF4/+iZ3lksSCB0VVPfpVu5HgStv2j5VaWV1b30hvZra2d3b3svsHNRXGkmGVhSKUDZcqFDzAquZaYCOSSH1XYN0dXI39+gNKxcPgTg8jbPu0F3CPM6qNVLnuZHN23p6ALBNnRnKX34+/N59HSbmT/Wp1Qxb7GGgmqFJNx450O6FScyZwlGnFCiPKBrSHyeS8ETk1Upd4oTQTaDJR53LUV2rouybpU91Xi95Y/M9rxtq7aCc8iGKNAZs+5MWC6JCMu5Iul8i0GBpCmeTmQsL6VFKmzY9kTHVnsegyqZ3nnUK+ULFzpTJMkYZjOIEzcKAIJbiFMlSBAcIzvMG7dW89WS/W6zSasmY7hzAH6+MPwQWMfA==</latexit>

F

<latexit sha1_base64="QfKTSp/jtfHMPLK1hsUexbaRpyY=">AAAB8HicbVDLSgMxFL1TX7W+prp0EyxC3ZQZF9WNUBDERRct2Ae2Zchk0jY0kxmSjFJK/8ONiBsFv8Rf8Bf8CjNtN209kHA454Tcc/2YM6Ud58fKbGxube9kd3N7+weHR3b+uKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Sb+q0nKhWLxIMex7QX4oFgfUawNpJn54vV5MIT6AZVzZ14IufZBafkzIDWibsghYpT/717bAU1z/7uBhFJQio04VipjuvEujfBUjPC6TTXTRSNMRnhAZ3MBp6icyMFqB9Jc4RGM3Uph0OlxqFvkiHWQ7XqpeJ/XifR/evehIk40VSQ+Uf9hCMdobQ9CpikRPOxIZhIZiZEZIglJtrsKK3urhZdJ83LklsuletmBzWYIwuncAZFcOEKKnAPNWgAgWd4hQ/4tKT1Yr1Z7/Noxlq8OYElWF9/RDKQ/A==</latexit>

(Lu)n = Lnun
<latexit sha1_base64="YlI5DPFUO4QeYpdCZQjp/3W2QD0=">AAAB93icbVDJSgNBFOyJW4zbqBfBS2MQImKYUZOoIASE6MFDAmbBJIaenk7SpGehF2EI8Ve8iHhR8C/8BX/Br7CzXBItaCiqqnnvlRMyKqRlfRuxufmFxaX4cmJldW19w9zcqohAcUzKOGABrzlIEEZ9UpZUMlILOUGew0jV6V0N/eoj4YIG/p2MQtL0UMenbYqR1FLL3Cmk1AG8uIQKHsLbh/6RPYDXWkq0zKSVtuxsLnMCrfRp1j7P5DSxRoD2hCTzVumncF91iy3zq+EGWHnEl5ghIeq2FcpmH3FJMSODREMJEiLcQx3SH+09gPtacmE74Pr5Eo7UqRzyhIg8Ryc9JLti1huK/3l1JdtnzT71QyWJj8eD2opBGcBhCdClnGDJIk0Q5lRvCHEXcYSlrmp4uj176F9SOU7b2XS2pDsogjHiYBfsgRSwQQ7kwQ0ogjLA4Am8gHfwYUTGs/FqvI2jMWPyZxtMwfj8BSGjknE=</latexit>

F (u) := u+ L→1G(u)

<latexit sha1_base64="0RmC1jl5/6D1ctuFr6Aj+awfWMA=">AAAB8nicdVDLSgMxFM34rPU12qWbYBEqwjAd7UNBKAjVhYsW7APbUjKZTBuaeZBkhKH0R9yIuFHwQ/wFf8GvMNPWRUUPBE7OOSH3XDtkVEjT/NSWlldW19ZTG+nNre2dXX1vvymCiGPSwAELeNtGgjDqk4akkpF2yAnybEZa9ugq8VsPhAsa+HcyDknPQwOfuhQjqaS+nqnmomN4cQlvIwhP4LW6pft61jTKRat0VoCmYU6REOu0YJ3D/FzJVsz6V/W+5dT6+kfXCXDkEV9ihoTo5M1Q9saIS4oZmaS7kSAhwiM0IOPpyBN4pCQHugFXx5dwqi7kkCdE7Nkq6SE5FL+9RPzL60TSLffG1A8jSXw8+8iNGJQBTPpDh3KCJYsVQZhTNSHEQ8QRlmpLSfWffvB/0rSMfNEo1tUOamCGFDgAhyAH8qAEKuAG1EADYBCDJ/AK3jSpPWrP2sssuqTN32TAArT3b8YlkIo=</latexit>

F (u) := Lu+G(u)

<latexit sha1_base64="oB33e0HntcvmPeNQUq5t+5kiQ7Q=">AAAB83icdVDJSgNBFHwTtxi3cbl5aQxCPBhmPIzmFhGCxwTMgkkIPT09SZOehe4eSQz5Ei8iXhT8D3/BX/Ar7CyCES1oKKqqea+eG3MmlWV9GKml5ZXVtfR6ZmNza3vH3N2rySgRhFZJxCPRcLGknIW0qpjitBELigOX07rbv5r49TsqJIvCGzWMaTvA3ZD5jGClpY55MECtAMdSRWiATtElKuUGJx0za+WtKdAP4hQsu+Age65ki1bls3Rb98od873lRSQJaKgIx1I2bStW7REWihFOx5lWImmMSR936Wi68xgda8lDfiT0CxWaqgs5HEg5DFydDLDqyd/eRPzLaybKv2iPWBgnioZkNshPONINJwdAHhOUKD7UBBPB9IaI9LDAROkzZXT1737of1I7y9tO3qnoG5RhhjQcwhHkwIZzKMI1lKEKBO7hEV7g1UiMB+PJeJ5FU8b8zz4swHj7AprJklU=</latexit>

x →↑ x↓AF (x)

<latexit sha1_base64="D5Ubwy2YfCc56oNXwWiEX7IW1p0="></latexit>

x →↑ x↓DF (x)→1F (x)

Identity + Compact

general:



Newton-Kantorovich
Assume 

If for some <latexit sha1_base64="O9LBO5upNkJUafDRdrurAbWBDZs=">AAAB6XicbVDJSgNBFHwTtxi3qEcvTYIgHsKM4HKMePEkEcwCmTD0dN4kTXoWu3uEEPIJHryIelHwZ/wF8SP8BTvLJYkFDUVVNe/V8xPBlbbtbyuztLyyupZdz21sbm3v5Hf3aipOJcMqi0UsGz5VKHiEVc21wEYikYa+wLrfuxr59QeUisfRne4n2AppJ+IBZ1QbyZWeTVyB90R6x16+aJfsMcgicaakWC68Pv5e9n4qXv7LbccsDTHSTFClmo6d6NaASs2ZwGHOTRUmlPVoBwfjTYfk0EhtEsTSvEiTsTqTo6FS/dA3yZDqrpr3RuJ/XjPVwUVrwKMk1RixyaAgFUTHZFSbtLlEpkXfEMokNxsS1qWSMm2OkzPVnfmii6R2UnLOSqe35gY3MEEWDqAAR+DAOZThGipQBQYJPMM7fFg968l6sd4m0Yw1/bMPM7A+/wDArZCH</latexit>

r0 → r→
<latexit sha1_base64="jOP00kdDvPaWgqGvv5RGRKbscZ0="></latexit>

Y + Z1r0 +
1
2Z2r

2
0 → r0

<latexit sha1_base64="vODzxUZrmNX9hAxDofCHB57/+DQ=">AAAB63icdVDLSgMxFL1TX7W+qi7dhBZBEMpMwWrBRcWNK6lgH9TWIZNm2tBkZkgyQin9BFduVNwo+C/+gvgR/oLpQ7CiBwKHc06491wv4kxp2363EnPzC4tLyeXUyura+kZ6c6uqwlgSWiEhD2Xdw4pyFtCKZprTeiQpFh6nNa93OvJrN1QqFgaXuh/RlsCdgPmMYG2k64br7DfcvHRtdOwgN521c/YY6AcpFG2nWEDOVMmWMg+3nye9j7Kbfmu2QxILGmjCsVJXjh3p1gBLzQinw1QzVjTCpIc7dDDedYh2jdRGfijNCzQaqzM5LJTqC88kBdZd9dsbiX95V7H2j1oDFkSxpgGZDPJjjnSIRsVRm0lKNO8bgolkZkNEulhios15Uqb6dz/0P6nmc04hd3BhbnAOEyRhBzKwBw4cQgnOoAwVICDhHp7hxRLWnfVoPU2iCWv6ZxtmYL1+AfkOkI4=</latexit>

Z1 + Z2r0 < 1

<latexit sha1_base64="0G3cjMIr1t2PZ+6EPK36GOxbV5s=">AAAB/3icbVDLSgMxFM3UV62vUZdugkWoC4cZta3uKoroRirYB3bKkEnTNjTzMMmIpXbhxn/QH3Aj4kbBP/AX/BszbTetHggczjnh3nvckFEhTfNHS0xNz8zOJedTC4tLyyv66lpZBBHHpIQDFvCqiwRh1CclSSUj1ZAT5LmMVNzOcexXbgkXNPCvZDckdQ+1fNqkGEklOTq07+E53IFH8OQ0Y7uI9+7620qzGbmB146VcvS0aZhWLp/dg6axn7MOs3lFzAGgNSLpgvEU47no6N92I8CRR3yJGRKiZpmhrPcQlxQz0k/ZkSAhwh3UIr3B/n24paQGbAZcPV/CgTqWQ54QXc9VSQ/Jtpj0YvE/rxbJ5kG9R/0wksTHw0HNiEEZwLgM2KCcYMm6iiDMqdoQ4jbiCEtVWXy6NXnoX1LeNayckb1UHVyAIZJgA2yCDLBAHhTAGSiCEsDgEbyCD/CpPWgv2pv2PowmtNGfdTAG7esXZOWXeA==</latexit>

→I ↑ADF (x̄)→ ↓ Z1

<latexit sha1_base64="u8IN88DtPNTP2q9qbi79EY1Y2Po=">AAAB+HicbVDLSgMxFM3UV62vUVfiJliEuhlm1La6qwjiSirYh3RKyaSZNjTzMMmIdSx+h67ciLhR8Cv8Bf/GTNtNqwcCJ+eckHuPEzIqpGn+aKmZ2bn5hfRiZml5ZXVNX9+oiiDimFRwwAJed5AgjPqkIqlkpB5ygjyHkZrTO0382i3hggb+leyHpOmhjk9dipFUUkvfsh/gyVnOdhCP7wZ7UF1tRm7gdaalZ03DtArF/AE0jcOCdZwvKmIOAa0xyZaMpwTP5Zb+bbcDHHnEl5ghIRqWGcpmjLikmJFBxo4ECRHuoQ6Jh4MP4K6S2tANuDq+hEN1Ioc8Ifqeo5Iekl0x7SXif14jku5RM6Z+GEni49FHbsSgDGDSAmxTTrBkfUUQ5lRNCHEXcYSl6ipZ3Zpe9C+p7htWwchfqg4uwAhpsA12QA5YoAhK4ByUQQVg8AhewQf41O61F+1Nex9FU9r4zSaYgPb1C+xplac=</latexit>

→AF (x̄)→ ↑ Y

<latexit sha1_base64="hM+wTjZm0AXDjLhKZutV7M5bH38="></latexit>

→A[DF (x)↑DF (x̄)]→ ↓ Z2→x↑ x̄→
<latexit sha1_base64="/O0g32BbFncmYFj01uGvQ1AWbVg=">AAACAXicbVDLSgMxFM3UV62vUZduYotQXZQZwcey6MaVVLAP6JQhk2ba0ExmSDLSMszKjb+gf+BGxI2CP+Av+Ddm2m7aeiDhcM4Nued4EaNSWdavkVtaXlldy68XNja3tnfM3b2GDGOBSR2HLBQtD0nCKCd1RRUjrUgQFHiMNL3BdeY3H4iQNOT3ahSRToB6nPoUI6Ul1yw6figQY3DoHEKHcn1fuYlwT9Ky4yGRDNNj1yxZFWsMuEjsKSlVK88ZXmqu+eN0QxwHhCvMkJRt24pUJ0FCUcxIWnBiSSKEB6hHknGCFB5pqQv1KvpwBcfqzBwKpBwFnp4MkOrLeS8T//PasfIvOwnlUawIx5OP/JhBFcKsDtilgmDFRpogLKjeEOI+EggrXVpBR7fngy6SxmnFPq+c3ekObsEEeXAAiqAMbHABquAG1EAdYPAE3sAn+DIejVfj3fiYjOaM6Zt9MAPj+w/RTpmI</latexit>

→x↑Br→(x̄)

Assume you have derived computable bounds

<latexit sha1_base64="WchzjahHX8S9C/Jt0DIAv8vJuJM=">AAAB8HicbVDLSgMxFL3xWetrqks3wSLUhcOM4GNZEcSVVLAPaEvJpJk2NPMgyWhL6X+oIOJGwS/xF/wbM203bT0QOJxzwr3nerHgSjvOL1paXlldW89sZDe3tnd2rdxeRUWJpKxMIxHJmkcUEzxkZc21YLVYMhJ4glW93nXqVx+ZVDwKH/QgZs2AdELuc0q0kVpWro8bAYmVjnD/5Oqm0D9uWXnHdsbAi8SdknzRfknxWmpZP412RJOAhZoKolTddWLdHBKpORVslG0kisWE9kiHDccLj/CRkdrYj6R5ocZjdSZHAqUGgWeSAdFdNe+l4n9ePdH+ZXPIwzjRLKSTQX4isKmXtsdtLhnVYmAIoZKbDTHtEkmoNjfKmurufNFFUjm13XP77N7c4A4myMABHEIBXLiAItxCCcpA4Qne4BO+kETP6B19TKJLaPpnH2aAvv8AroeStA==</latexit>

x →↑ x↓AF (x) has unique zero in <latexit sha1_base64="rG6zsOmogB3FZI+rph1JMBklLcs=">AAAB3nicbVDLSgMxFL1TX7W+qi7dBIvgqswoPnYWBHElLdgHtKVm0jttaGYyJBmhlG7diLhR8JPcu/JvTKfdtPXAhcM555J74seCa+O6v05mZXVtfSO7mdva3tndy+8f1LRMFMMqk0Kqhk81Ch5h1XAjsBErpKEvsO4Pbid+/RmV5jJ6NMMY2yHtRTzgjBorVe46+YJbdFOQZeLNSOHm5zxFuZP/bnUlS0KMDBNU66bnxqY9ospwJnCcayUaY8oGtIej9LwxObFSlwRS2YkMSdW5HA21Hoa+TYbU9PWiNxH/85qJCa7bIx7FicGITR8KEkGMJJOupMsVMiOGllCmuL2QsD5VlBn7Izlb3VssukxqZ0XvsnhRcQulB5giC0dwDKfgwRWU4B7KUAUGCK/wAZ/Ok/PivDnv02jGme0cwhycrz+OzYrL</latexit>

F
<latexit sha1_base64="lxOJJ50lmKPVw+5c6z04UUw75Yc=">AAACGHicbVDLSsNAFJ3UV62vqEsXBovQgpREaLW7ohtXUsE+oAlhMp20QycPZiZiCfkRN4K/4A+4EXWj4M5fceU0rWBbDwwczjkzc+9xQkq40PUvJbOwuLS8kl3Nra1vbG6p2ztNHkQM4QYKaMDaDuSYEh83BBEUt0OGoedQ3HIG5yO/dYMZJ4F/LYYhtjzY84lLEBRSstXqmR3HZvpOh/UcK9ZLeoqjP6RS1Y1qJWG2niQF04Esvk2Ktpr/jWjzxJiQfK38UNx//PbrtvpqdgMUedgXiELOO4YeCiuGTBBEcZIzI45DiAawh+N0oEQ7lFJXcwMmjy+0VJ3KQY/zoefIpAdFn896I/E/rxMJ99SKiR9GAvto/JEbUU0E2qglrUsYRoIOJYGIETmhhvqQQSRklzm5ujG76DxpHpeMSql8JTu4BGNkwR44AAVggBNQAxegDhoAgXvwDN7Bh3KnPCkvyts4mlEmd3bBFJTPH6ykn1c=</latexit>

Br0(x̄)is a contractionThen :

<latexit sha1_base64="NyvI74871lmMsvkTvSo31ndmHiU=">AAAB3nicdVDJSgNBFHzjGuMWl5uXxiB4CjMeRnMy4kGPCZgFkhB7Oi9Jk56F7h4hDrl6EfGi4Ff4HX6AF4/+iZ1FMKIFD4qqevSr9iLBlbbtD2tufmFxaTm1kl5dW9/YzGxtV1QYS4ZlFopQ1jyqUPAAy5prgbVIIvU9gVWvfz7yqzcoFQ+DKz2IsOnTbsA7nFFtpNJZK5O1c/YY5Adx87aTd4kzVbKn77efF6+7SbGVeWu0Qxb7GGgmqFJ1x450M6FScyZwmG7ECiPK+rSLyfi8ITkwUpt0Qmkm0GSszuSor9TA90zSp7qnfnsj8S+vHuvOSTPhQRRrDNjkoU4siA7JqCtpc4lMi4EhlEluLiSsRyVl2vxI2lT/7kf+J5WjnOPm3JKdLRRhghTswT4cggPHUIBLKEIZGCDcwxM8W9fWnfVgPU6ic9Z0ZwdmYL18AeQzjJY=</latexit>

A is chosen so that it is injective 

self-map
contracts

<latexit sha1_base64="bhRWkfT349TCiIKe0lzCu3RBvGs=">AAAB9nicdVDLSgMxFL1TX7W+Rl24cBMsQl1YZlyM1lVFEFdSoS9oS8mkmTY08yDJSEvph+jCjYgbBT/DX/BvzLQVrOiBwOGcE+491404k8qyPo3UwuLS8kp6NbO2vrG5ZW7vVGUYC0IrJOShqLtYUs4CWlFMcVqPBMW+y2nN7V8mfu2OCsnCoKyGEW35uBswjxGstNQ298roHA1Q08eRVKFmx+jiKjc4aptZK29NgH4Qp2DZBQfZMyVbzN8neCi1zY9mJySxTwNFOJayYVuRao2wUIxwOs40Y0kjTPq4S0eTtcfoUEsd5IVCv0ChiTqXw76UQ9/VSR+rnvztJeJfXiNW3llrxIIoVjQg00FezJEumNwAdZigRPGhJpgIpjdEpIcFJkpfKqOrf/dD/5PqSd528s6tvsENTJGGfTiAHNhwCkW4hhJUgMAYnuAV3oyB8Wg8Gy/TaMqY/dmFORjvX2GjlB4=</latexit>

T : x →↑ x↓AF (x)



<latexit sha1_base64="/L1bpvOpYtzAmO+m3cqNLdj8fWE=">AAAB5XicdVDLSgMxFL3jq7W+qi5FCRbB1TAd7cNdwY26qmAf0JaSSTNtaOZBklHL0E9wI+JGwd/xF/wGP0IzbV1U9EDgcM4J957rhJxJZVkfxsLi0vJKKr2aWVvf2NzKbu/UZRAJQmsk4IFoOlhSznxaU0xx2gwFxZ7DacMZnid+45YKyQL/Ro1C2vFw32cuI1hpqSm6cdvD9+NuNmeZ5aJdOi0gy7QmSIh9UrDPUH6m5CoHX5+pq7v9ajf73u4FJPKorwjHUrbyVqg6MRaKEU7HmXYkaYjJEPdpPNlyjI601ENuIPTzFZqocznsSTnyHJ30sBrI314i/uW1IuWWOzHzw0hRn0wHuRFHKkBJZdRjghLFR5pgIpjeEJEBFpgofZiMrv7TD/1P6raZL5rFa32DS5giDXtwCMeQhxJU4AKqUAMCHB7hBV6NvvFgPBnP0+iCMfuzC3Mw3r4Bu0WPUA==</latexit>rmax

Newton-Kantorovich

<latexit sha1_base64="HY4SFWOhXmpos3DYEDzD8eh8Nhs=">AAAB5XicdVDLSgMxFL1TH631VXUpSrAIrobpaB/uCm7UVQX7gLaUTJppQzMPkoxShn6CGxE3Cv6Ov+A3+BGaaeuiogcCh3NOuPdcJ+RMKsv6MFJLyyur6cxadn1jc2s7t7PbkEEkCK2TgAei5WBJOfNpXTHFaSsUFHsOp01ndJH4zTsqJAv8WzUOadfDA5+5jGClpZboxR2P+ZNeLm+ZlZJdPisiy7SmSIh9WrTPUWGu5KuHX5/p6/uDWi/33ukHJPKorwjHUrYLVqi6MRaKEU4n2U4kaYjJCA9oPN1ygo611EduIPTzFZqqCznsSTn2HJ30sBrK314i/uW1I+VWujHzw0hRn8wGuRFHKkBJZdRnghLFx5pgIpjeEJEhFpgofZisrv7TD/1PGrZZKJmlG32DK5ghA/twBCdQgDJU4RJqUAcCHB7hBV6NgfFgPBnPs2jKmP/ZgwUYb9+4V49O</latexit>rmin

xsol

<latexit sha1_base64="iWSxmMn9evTlyW22qxko36119Ns=">AAAB3nicdVC7SgNBFL0bXzG+opY2g0GwWnbXvKwM2GiXgHlAEuLsZDYZMvtgZlYIIa2NiI2Cn2Rp6984u4lFRA8MHM45w73nuhFnUlnWl5FZW9/Y3Mpu53Z29/YP8odHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2J9eJ336gQrIwuFPTiPZ9PAqYxwhWWmqIQb5gmdWyUymWkGVaKRLiXJScS2QvlcLVJ6SoD/IfvWFIYp8GinAsZde2ItWfYaEY4XSe68WSRphM8IjO0vXm6ExLQ+SFQr9AoVRdyWFfyqnv6qSP1Vj+9hLxL68bK6/an7EgihUNyGKQF3OkQpR0RUMmKFF8qgkmgukNERljgYnSF8np6j/90P+k5Zh22Sw3rELtdnEDyMIJnMI52FCBGtxAHZpAgMITvMKbcW88Gs/GyyKaMZZ/jmEFxvs3hueJ8w==</latexit>r
x

xsol



Newton-Kantorovich
Assume 

If for some <latexit sha1_base64="O9LBO5upNkJUafDRdrurAbWBDZs=">AAAB6XicbVDJSgNBFHwTtxi3qEcvTYIgHsKM4HKMePEkEcwCmTD0dN4kTXoWu3uEEPIJHryIelHwZ/wF8SP8BTvLJYkFDUVVNe/V8xPBlbbtbyuztLyyupZdz21sbm3v5Hf3aipOJcMqi0UsGz5VKHiEVc21wEYikYa+wLrfuxr59QeUisfRne4n2AppJ+IBZ1QbyZWeTVyB90R6x16+aJfsMcgicaakWC68Pv5e9n4qXv7LbccsDTHSTFClmo6d6NaASs2ZwGHOTRUmlPVoBwfjTYfk0EhtEsTSvEiTsTqTo6FS/dA3yZDqrpr3RuJ/XjPVwUVrwKMk1RixyaAgFUTHZFSbtLlEpkXfEMokNxsS1qWSMm2OkzPVnfmii6R2UnLOSqe35gY3MEEWDqAAR+DAOZThGipQBQYJPMM7fFg968l6sd4m0Yw1/bMPM7A+/wDArZCH</latexit>

r0 → r→
<latexit sha1_base64="jOP00kdDvPaWgqGvv5RGRKbscZ0="></latexit>

Y + Z1r0 +
1
2Z2r

2
0 → r0

<latexit sha1_base64="vODzxUZrmNX9hAxDofCHB57/+DQ=">AAAB63icdVDLSgMxFL1TX7W+qi7dhBZBEMpMwWrBRcWNK6lgH9TWIZNm2tBkZkgyQin9BFduVNwo+C/+gvgR/oLpQ7CiBwKHc06491wv4kxp2363EnPzC4tLyeXUyura+kZ6c6uqwlgSWiEhD2Xdw4pyFtCKZprTeiQpFh6nNa93OvJrN1QqFgaXuh/RlsCdgPmMYG2k64br7DfcvHRtdOwgN521c/YY6AcpFG2nWEDOVMmWMg+3nye9j7Kbfmu2QxILGmjCsVJXjh3p1gBLzQinw1QzVjTCpIc7dDDedYh2jdRGfijNCzQaqzM5LJTqC88kBdZd9dsbiX95V7H2j1oDFkSxpgGZDPJjjnSIRsVRm0lKNO8bgolkZkNEulhios15Uqb6dz/0P6nmc04hd3BhbnAOEyRhBzKwBw4cQgnOoAwVICDhHp7hxRLWnfVoPU2iCWv6ZxtmYL1+AfkOkI4=</latexit>

Z1 + Z2r0 < 1

<latexit sha1_base64="0G3cjMIr1t2PZ+6EPK36GOxbV5s=">AAAB/3icbVDLSgMxFM3UV62vUZdugkWoC4cZta3uKoroRirYB3bKkEnTNjTzMMmIpXbhxn/QH3Aj4kbBP/AX/BszbTetHggczjnh3nvckFEhTfNHS0xNz8zOJedTC4tLyyv66lpZBBHHpIQDFvCqiwRh1CclSSUj1ZAT5LmMVNzOcexXbgkXNPCvZDckdQ+1fNqkGEklOTq07+E53IFH8OQ0Y7uI9+7620qzGbmB146VcvS0aZhWLp/dg6axn7MOs3lFzAGgNSLpgvEU47no6N92I8CRR3yJGRKiZpmhrPcQlxQz0k/ZkSAhwh3UIr3B/n24paQGbAZcPV/CgTqWQ54QXc9VSQ/Jtpj0YvE/rxbJ5kG9R/0wksTHw0HNiEEZwLgM2KCcYMm6iiDMqdoQ4jbiCEtVWXy6NXnoX1LeNayckb1UHVyAIZJgA2yCDLBAHhTAGSiCEsDgEbyCD/CpPWgv2pv2PowmtNGfdTAG7esXZOWXeA==</latexit>

→I ↑ADF (x̄)→ ↓ Z1

<latexit sha1_base64="u8IN88DtPNTP2q9qbi79EY1Y2Po=">AAAB+HicbVDLSgMxFM3UV62vUVfiJliEuhlm1La6qwjiSirYh3RKyaSZNjTzMMmIdSx+h67ciLhR8Cv8Bf/GTNtNqwcCJ+eckHuPEzIqpGn+aKmZ2bn5hfRiZml5ZXVNX9+oiiDimFRwwAJed5AgjPqkIqlkpB5ygjyHkZrTO0382i3hggb+leyHpOmhjk9dipFUUkvfsh/gyVnOdhCP7wZ7UF1tRm7gdaalZ03DtArF/AE0jcOCdZwvKmIOAa0xyZaMpwTP5Zb+bbcDHHnEl5ghIRqWGcpmjLikmJFBxo4ECRHuoQ6Jh4MP4K6S2tANuDq+hEN1Ioc8Ifqeo5Iekl0x7SXif14jku5RM6Z+GEni49FHbsSgDGDSAmxTTrBkfUUQ5lRNCHEXcYSl6ipZ3Zpe9C+p7htWwchfqg4uwAhpsA12QA5YoAhK4ByUQQVg8AhewQf41O61F+1Nex9FU9r4zSaYgPb1C+xplac=</latexit>

→AF (x̄)→ ↑ Y

<latexit sha1_base64="hM+wTjZm0AXDjLhKZutV7M5bH38="></latexit>

→A[DF (x)↑DF (x̄)]→ ↓ Z2→x↑ x̄→
<latexit sha1_base64="/O0g32BbFncmYFj01uGvQ1AWbVg=">AAACAXicbVDLSgMxFM3UV62vUZduYotQXZQZwcey6MaVVLAP6JQhk2ba0ExmSDLSMszKjb+gf+BGxI2CP+Av+Ddm2m7aeiDhcM4Nued4EaNSWdavkVtaXlldy68XNja3tnfM3b2GDGOBSR2HLBQtD0nCKCd1RRUjrUgQFHiMNL3BdeY3H4iQNOT3ahSRToB6nPoUI6Ul1yw6figQY3DoHEKHcn1fuYlwT9Ky4yGRDNNj1yxZFWsMuEjsKSlVK88ZXmqu+eN0QxwHhCvMkJRt24pUJ0FCUcxIWnBiSSKEB6hHknGCFB5pqQv1KvpwBcfqzBwKpBwFnp4MkOrLeS8T//PasfIvOwnlUawIx5OP/JhBFcKsDtilgmDFRpogLKjeEOI+EggrXVpBR7fngy6SxmnFPq+c3ekObsEEeXAAiqAMbHABquAG1EAdYPAE3sAn+DIejVfj3fiYjOaM6Zt9MAPj+w/RTpmI</latexit>

→x↑Br→(x̄)

Assume you have derived computable bounds

<latexit sha1_base64="WchzjahHX8S9C/Jt0DIAv8vJuJM=">AAAB8HicbVDLSgMxFL3xWetrqks3wSLUhcOM4GNZEcSVVLAPaEvJpJk2NPMgyWhL6X+oIOJGwS/xF/wbM203bT0QOJxzwr3nerHgSjvOL1paXlldW89sZDe3tnd2rdxeRUWJpKxMIxHJmkcUEzxkZc21YLVYMhJ4glW93nXqVx+ZVDwKH/QgZs2AdELuc0q0kVpWro8bAYmVjnD/5Oqm0D9uWXnHdsbAi8SdknzRfknxWmpZP412RJOAhZoKolTddWLdHBKpORVslG0kisWE9kiHDccLj/CRkdrYj6R5ocZjdSZHAqUGgWeSAdFdNe+l4n9ePdH+ZXPIwzjRLKSTQX4isKmXtsdtLhnVYmAIoZKbDTHtEkmoNjfKmurufNFFUjm13XP77N7c4A4myMABHEIBXLiAItxCCcpA4Qne4BO+kETP6B19TKJLaPpnH2aAvv8AroeStA==</latexit>

x →↑ x↓AF (x) has unique zero in <latexit sha1_base64="rG6zsOmogB3FZI+rph1JMBklLcs=">AAAB3nicbVDLSgMxFL1TX7W+qi7dBIvgqswoPnYWBHElLdgHtKVm0jttaGYyJBmhlG7diLhR8JPcu/JvTKfdtPXAhcM555J74seCa+O6v05mZXVtfSO7mdva3tndy+8f1LRMFMMqk0Kqhk81Ch5h1XAjsBErpKEvsO4Pbid+/RmV5jJ6NMMY2yHtRTzgjBorVe46+YJbdFOQZeLNSOHm5zxFuZP/bnUlS0KMDBNU66bnxqY9ospwJnCcayUaY8oGtIej9LwxObFSlwRS2YkMSdW5HA21Hoa+TYbU9PWiNxH/85qJCa7bIx7FicGITR8KEkGMJJOupMsVMiOGllCmuL2QsD5VlBn7Izlb3VssukxqZ0XvsnhRcQulB5giC0dwDKfgwRWU4B7KUAUGCK/wAZ/Ok/PivDnv02jGme0cwhycrz+OzYrL</latexit>

F
<latexit sha1_base64="lxOJJ50lmKPVw+5c6z04UUw75Yc=">AAACGHicbVDLSsNAFJ3UV62vqEsXBovQgpREaLW7ohtXUsE+oAlhMp20QycPZiZiCfkRN4K/4A+4EXWj4M5fceU0rWBbDwwczjkzc+9xQkq40PUvJbOwuLS8kl3Nra1vbG6p2ztNHkQM4QYKaMDaDuSYEh83BBEUt0OGoedQ3HIG5yO/dYMZJ4F/LYYhtjzY84lLEBRSstXqmR3HZvpOh/UcK9ZLeoqjP6RS1Y1qJWG2niQF04Esvk2Ktpr/jWjzxJiQfK38UNx//PbrtvpqdgMUedgXiELOO4YeCiuGTBBEcZIzI45DiAawh+N0oEQ7lFJXcwMmjy+0VJ3KQY/zoefIpAdFn896I/E/rxMJ99SKiR9GAvto/JEbUU0E2qglrUsYRoIOJYGIETmhhvqQQSRklzm5ujG76DxpHpeMSql8JTu4BGNkwR44AAVggBNQAxegDhoAgXvwDN7Bh3KnPCkvyts4mlEmd3bBFJTPH6ykn1c=</latexit>

Br0(x̄)is a contractionThen :

<latexit sha1_base64="NyvI74871lmMsvkTvSo31ndmHiU=">AAAB3nicdVDJSgNBFHzjGuMWl5uXxiB4CjMeRnMy4kGPCZgFkhB7Oi9Jk56F7h4hDrl6EfGi4Ff4HX6AF4/+iZ1FMKIFD4qqevSr9iLBlbbtD2tufmFxaTm1kl5dW9/YzGxtV1QYS4ZlFopQ1jyqUPAAy5prgbVIIvU9gVWvfz7yqzcoFQ+DKz2IsOnTbsA7nFFtpNJZK5O1c/YY5Adx87aTd4kzVbKn77efF6+7SbGVeWu0Qxb7GGgmqFJ1x450M6FScyZwmG7ECiPK+rSLyfi8ITkwUpt0Qmkm0GSszuSor9TA90zSp7qnfnsj8S+vHuvOSTPhQRRrDNjkoU4siA7JqCtpc4lMi4EhlEluLiSsRyVl2vxI2lT/7kf+J5WjnOPm3JKdLRRhghTswT4cggPHUIBLKEIZGCDcwxM8W9fWnfVgPU6ic9Z0ZwdmYL18AeQzjJY=</latexit>

A is chosen so that it is injective 
Theorem



Banach spaces of real analytic periodic functions
<latexit sha1_base64="bl1v/RIXeUgSTPi/sGrDhsIqnnk=">AAACEHicbVDLSgMxFM34tr5GXboJFkFByozgYyMU3AiCKLRV7NQhk6ZtaCYzJDdCGeYn3LjyMwQ3Im5U/AM3fotp66bqhcDhnBPuPSdKBdfgeZ/O2PjE5NT0zGxhbn5hccldXqnpxCjKqjQRibqMiGaCS1YFDoJdpoqROBLsIuoe9fWLG6Y0T2QFeilrxKQteYtTApYKXd9sBtBhQLYOcaBNHGYy4DKICXSiKLvKc2xCidl1ZsmBLw/dolfyBoP/Av8HFMuVk+TrYfv+LHTfg2ZCTcwkUEG0rvteCo2MKOBUsLwQGM1SQrukzbJBoBxvWKqJW4myTwIesCM+EmvdiyPr7F+qf2t98j+tbqB10LBZUgNM0uGilhEYEtxvBze5YhREzwJCFbcXYtohilCwHRZsdP930L+gtlPy90q757aDUzScGbSG1tEm8tE+KqNjdIaqiKI79IRe0Ztz6zw6z87L0Drm/PxZRSPjfHwD/Uig3A==</latexit>

u(ω) =
∑

n→Z
une

inω
<latexit sha1_base64="PWPOXy4HKPocpWctSwAdHSyGJnI=">AAACEnicbVDLSgMxFM34rPVVdekmKIKLUmYUHxtBcCMIUqEPsalDJk01mMkMeQhlZv7CjQs/w40bETcV/AE3fovpY9PWA4HDOSfce24Qc6a06/44U9Mzs3PzuYX84tLyymphbb2mIiMJrZKIR/I6wIpyJmhVM83pdSwpDgNO68HDWc+vP1KpWCQquhPTZojvBGszgrWV/MI+Sg1KfSTMCUTKhH4iEBMoxPo+CJKbLIOp8UUKURHazG2SijTzC9tuye0DThJvSLZPKxfR72vxpewXuqgVERNSoQnHSjU8N9bNBEvNCKdZHhlFY0we8B1N+pUyuGOlFmxH0j6hYV8dyeFQqU4Y2GRvVzXu9cT/vIbR7eNmwkRsNBVkMKhtONQR7N0HtpikRPOOJZhIZjeE5B5LTLS9Yt5W98aLTpLaXsk7LB1c2RtcggFyYBNsgV3ggSNwCs5BGVQBAc/gHXTBl/PkvDkfzucgOuUM/2yAETjffzB8ohI=</latexit>

→u→ω =
∑

n→Z
|un| ω|n|

<latexit sha1_base64="r8Y4Ei3jrXh+HPNJyutLEfwz2sc=">AAAB5HicbVC7SgNBFL0bjcb4ilraDAZBLMKuELWSoI2VRDAPSEKYncwmQ2Znl5m7Qgj5AxsRGwU7/8FPsLL3b5w8miQeGDicc4Z7z/VjKQy67q+TWllNr61nNrKbW9s7u7m9/aqJEs14hUUy0nWfGi6F4hUUKHk91pyGvuQ1v38z9muPXBsRqQccxLwV0q4SgWAUrVRrqoRcEa+dy7sFdwKyTLwZyZfSp1+fP43rcjv33exELAm5QiapMQ3PjbE1pBoFk3yUbSaGx5T1aZcPJ0uOyLGVOiSItH0KyUSdy9HQmEHo22RIsWcWvbH4n9dIMLhsDYWKE+SKTQcFiSQYkXFj0hGaM5QDSyjTwm5IWI9qytDeJWure4tFl0n1rOCdF4r39gZ3MEUGDuEITsCDCyjBLZShAgz68Axv8O4EzpPz4rxOoyln9ucA5uB8/AEff42i</latexit>

ω > 1

<latexit sha1_base64="oEOeqwOjodMAeobFnPGMkFXEgII=">AAAB53icbVDJSgNBFHzjGuMWl4t4aQyCp2FGcDkG9OBJIpgFMzH0dF6SJj09Q3ePEEK+wYuIFwX/xl/w7Fd4s7NckljQUFRV8169MBFcG8/7dhYWl5ZXVjNr2fWNza3t3M5uWcepYlhisYhVNaQaBZdYMtwIrCYKaRQKrITdq6FfeUKleSzvTS/BekTbkrc4o8ZKDwEK8eg3Apk2cnnP9UYg88SfkHzBvT74gf3fYiP3FTRjlkYoDRNU65rvJabep8pwJnCQDVKNCWVd2sb+aM8BObZSk7RiZZ80ZKRO5WikdS8KbTKipqNnvaH4n1dLTeuy3ucySQ1KNh7USgUxMRmWJk2ukBnRs4Qyxe2GhHWooszY02RtdX+26Dwpn7r+uXt2Z29wC2Nk4BCO4AR8uIAC3EARSsBAwgu8w4fDnWfn1XkbRxecyZ89mILz+QeuY48c</latexit>

ω1ωBanach space

Banach algebra 
<latexit sha1_base64="IlCu/xebtxqcmcS4HdGJzD8purc=">AAACBnicdVDLSgMxFM34rPU16tJNsIjiYpgRrHZXcONKKtgHdMqQSTNtaCYzJhmhdLp34wfoR7gRcaPg0l/wb8z0AVb0QODmnHNJzvFjRqWy7S9jbn5hcWk5t5JfXVvf2DS3tmsySgQmVRyxSDR8JAmjnFQVVYw0YkFQ6DNS93vnmV6/JULSiF+rfkxaIepwGlCMlKY888BNIYJH0HdTz+UJdBm5gW6Kptd0InhmwbbsEeCPoViynVIROhOmULYeMjxWPPPTbUc4CQlXmCEpm44dq9YACUUxI8O8m0gSI9xDHTIYxRjCfU21YRAJfbiCI3bGh0Ip+6GvnSFSXflby8i/tGaigrPWgPI4UYTj8UNBwqCKYNYJbFNBsGJ9PSAsqP4hxF0kEFa6ubyOPs0H/x9qx5ZTtE6udAeXYIwc2AV74BA44BSUwQWogCrA4B48gzfwbtwZT8aL8Tq2zhmTnR0wA+PjGytdnAo=</latexit>

→a ↑ b→ω ↓ →a→ω→b→ω

Natural product 
<latexit sha1_base64="RbmzwcIM916wpJ1RIVsT00OKncg="></latexit>

(a → b)k =
∑

n→Z
anbk↑n

<latexit sha1_base64="gh+2n/lVKMwKvRfvcoSWw+t9IWU=">AAAB93icbVDLSsNAFJ34rK2PqBvBzWARXIVEbau7ghtXUtE+sIlhMp22QyeTMDMRQqh7v8KNiBsF/8Jf8EPcO31sWj0wcDjnDPfeE8SMSmXb38bC4tLyympuLV9Y39jcMrd3GjJKBCZ1HLFItAIkCaOc1BVVjLRiQVAYMNIMBhcjv/lAhKQRv1VpTLwQ9TjtUoyUlnxzz5VJ6GfcpdwNkeoHQXY3vO8MoW8Wbct2ypXSCbSt07JzXqpoYo8BnSkpVus3P9Unr1DzzS+3E+EkJFxhhqRsO3asvAwJRTEjw7ybSBIjPEA9ko33HsJDLXVgNxL6cQXH6kwOhVKmYaCTo93kvDcS//PaieqeeRnlcaIIx5NB3YRBFcFRCbBDBcGKpZogLKjeEOI+EggrXVVen+7MH/qXNI4tp2yVr3UHV2CCHNgHB+AIOKACquAS1EAdYPAIXsA7+DBS49l4Nd4m0QVj+mcXzMD4/AX4QpZE</latexit> ∑

n→Zd



Numerics

Projection
<latexit sha1_base64="nHIcKbEPB7lGMXtrWEV0puTYKGk="></latexit>

(ω→Nu)n =

{
un |n| → N

0 n > |N |
<latexit sha1_base64="/g2klZhdsVTMSAzwlRlVJeyVq4I=">AAAB93icdVDLSgMxFM3UV62vqgiCC4NFEMRhpnX6EJSCG92UCvYBbS2ZNG1DMw+TjFCG8VfciLhR8C/8BTf+gr9g2upC0QOBwzkn3HuP7TMqpGG8abGp6ZnZufh8YmFxaXklubpWFV7AMalgj3m8biNBGHVJRVLJSN3nBDk2IzV7cDryazeEC+q5l3Lok5aDei7tUoykktrJzaZPr8KTUnR0fH4w5k1GrmEpaidThm6lTStbgIZuFPJGZkRyVrpwaEJTN8ZIFTcy+5WP7fdyO/na7Hg4cIgrMUNCNEzDl60QcUkxI1GiGQjiIzxAPRKO947grpI6sOtx9VwJx+qPHHKEGDq2SjpI9sVvbyT+5TUC2c23Qur6gSQungzqBgxKD45KgB3KCZZsqAjCnKoNIe4jjrBUVSXU6d/3wf9JNa2bWd26UB2UwARxsAV2wB4wQQ4UwRkogwrA4BbcgyfwrA21O+1Be5xEY9rXn3XwA9rLJ2HglTw=</latexit>

ω>N := I → ω→N

Approximate inverse of            is 
<latexit sha1_base64="I6Gn8aImv73Nh/jCu8QLa6/I/Sw=">AAAB6HicbVDLSgMxFL3js9ZX1aWbYBHqZphxUV0WFHElFewD2lIyaaaNzSRDkhHK0H9wI1IXCn6Nv+DfmGm7aeuBwOGcE+49N4g508bzfp219Y3Nre3cTn53b//gsHB0XNcyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIhjeZ33ihSjMpnswopp0I9wULGcHGSq3bu1I7wCpNxhfdQtFzvSnQKvHnpFhxJxk+qt3CT7snSRJRYQjHWrd8LzadFCvDCKfjfDvRNMZkiPs0nS46RudW6qFQKvuEQVN1IYcjrUdRYJMRNgO97GXif14rMeF1J2UiTgwVZDYoTDgyEmWtUY8pSgwfWYKJYnZDRAZYYWLsbfK2ur9cdJXUL12/7JYf7Q0eYIYcnMIZlMCHK6jAPVShBgQkvMEnfDnPzqvz7kxm0TVn/ucEFuB8/wGf85CE</latexit>

DF (ū)
<latexit sha1_base64="EsvBcP408Zlcn4ymgm8WPgYP5j8=">AAACDHicdVDLSgMxFM3UV62vqrhyYbAIQrHMKFa7UFrc6KZUcNpCpy2ZNG1DMw+TjFCG/oIbf8WNiBsF8Rfc+Av+gukLreiBwMk595KcY/uMCqnr71pkanpmdi46H1tYXFpeia+uFYUXcExM7DGPl20kCKMuMSWVjJR9TpBjM1KyO2d9v3RDuKCeeyW7Pqk6qOXSJsVIKqke38vBE5irhRYj1zDfg5ZPvy9JeFELT8eqIvV4Qk/pA8AfJJ3RjUwaGiMlkd04SJqfWx+FevzNang4cIgrMUNCVAzdl9UQcUkxI72YFQjiI9xBLRIOwvTgjpIasOlxdVwJB+rEHHKE6Dq2mnSQbIvfXl/8y6sEsnlcDanrB5K4ePhQM2BQerDfDGxQTrBkXUUQ5lT9EOI24ghL1V9MRR/ng/+T4n7KSKcOL1UHeTBEFGyCbbALDHAEsuAcFIAJMLgDD+AZvGi32r32qD0NRyPaaGcdTEB7/QJGGJwi</latexit>

A = A→Nω→N + I>Nω>N

<latexit sha1_base64="MQWAXKUULsMQ5hHoWXEyncUd6Qg=">AAACIHicdVDLSgMxFL1TX7W+xsdG3ASL4KrMuKjiqqKIq1LBPqDTlkyatqGZh0lGKEN/xo2/0o2IG0W3foU70wdIWz0QODnnXpJz3JAzqSzrw0gsLC4tryRXU2vrG5tb5vZOSQaRILRIAh6Iiosl5cynRcUUp5VQUOy5nJbd7uXQLz9QIVng36leSGsebvusxQhWWmqYF9f12OH0HuX76BwhJ2S/d4dyXrcbjh8hRwX/eQ0zbWWsEdA8sScknctc7X/B3nehYQ6cZkAij/qKcCxl1bZCVYuxUIxw2k85kaQhJl3cpvEoYB8daamJWoHQx1dopE7NYU/KnufqSQ+rjpz1huJfXjVSrbNazPwwUtQn44daEUc67rAt1GSCEsV7mmAimP4hIh0sMFG605SObs8GnSelk4ydzWRvdQd5GCMJB3AIx2DDKeTgBgpQBAJP8Axv8G48GgPjxXgdjyaMyc4uTMH4/AHeHqRp</latexit>

F→N : ω→N ε1ω → ω→N ε1ωTruncated zero finding problem 
<latexit sha1_base64="30x1EOqUUxzMIrULCZwBeMFzY3I=">AAACAnicbVBLSwMxGPzWZ62v+riIl2ARPC27HqrHgh48lQr2Ad22ZNNsG5rNrklWKEtvXvwrXkS8KPgD/Aue/RXeTB+Xtg4EhpkJyYwfc6a043xbS8srq2vrmY3s5tb2zm5ub7+qokQSWiERj2Tdx4pyJmhFM81pPZYUhz6nNb9/NfJrD1QqFok7PYhpM8RdwQJGsDZSO5f3fCzTZIg8JpAXs1bqcXqPSkagnLfcticSk3JsZwy0SNwpyRft66MfOPwtt3NfXiciSUiFJhwr1XCdWDdTLDUjnA6zXqJojEkfd2k6rjBEp0bqoCCS5giNxupMDodKDULfJEOse2reG4n/eY1EB5fNlIk40VSQyUNBwpGO0GgP1GGSEs0HhmAimfkhIj0sMdFmtayp7s4XXSTVc9st2IVbs0EJJsjAMZzAGbhwAUW4gTJUgMATvMA7fFiP1rP1ar1NokvW9M4BzMD6/AMZQZlw</latexit>

ū → ω→N ε1ωWith approximate zero

<latexit sha1_base64="RyEg04oCIS3PvITh96jv3yq5S3Q=">AAAB6HicdVDLSgMxFL1TX7W+qi7dBIvgqswojHZlxY2rUsE+oK0lk2ba2MxkTDJCGfoPbkTcKPg17l35N6bTClb0wIXDOeeSe+JFnClt259WZmFxaXklu5pbW9/Y3Mpv79SViCWhNSK4kE0PK8pZSGuaaU6bkaQ48DhteMOLid+4p1IxEV7rUUQ7Ae6HzGcEayO1zm+SNqd3qDJG3XzBLtop0A/ilmyn5CJnphTOPo5TVLv593ZPkDigoSYcK9Vy7Eh3Eiw1I5yOc+1Y0QiTIe7TJD10jA6M1EO+kGZCjVJ1LocDpUaBZ5IB1gP125uIf3mtWPunnYSFUaxpSKYP+TFHWqBJa9RjkhLNR4ZgIpm5EJEBlpho8zc5U/27H/qf1I+Kjlt0r+xCuQJTZGEP9uEQHDiBMlxCFWpAQMAjvMCrdWs9WE/W8zSasWY7uzAH6+0LZXqOzA==</latexit>

A→N
<latexit sha1_base64="SAxWqqC2HNqp+gxbBNb3Tt+4gkM=">AAAB9XicdVDLSsNAFJ34rPUVFdy4GS1C3YTERbS7giKuSgX7gKaWyXTSDp08nJkoJeZDFNyIuFHwN/wF/8ZJW8GKHhg4nHOGe+9xI0aFNM1PbWZ2bn5hMbeUX15ZXVvXNzbrIow5JjUcspA3XSQIowGpSSoZaUacIN9lpOEOTjK/cUO4oGFwKYcRafuoF1CPYiSV1NG3T8+uEoeRa1hJnd2i4yKexOlBRy+YhjkC/EHskmmVbGhNlELZuM/wUO3oH043xLFPAokZEqJlmZFsJ4hLihlJ804sSITwAPVIMto6hftK6kIv5OoFEo7UqRzyhRj6rkr6SPbFby8T//JasfSO2wkNoliSAI8HeTGDMoRZBbBLOcGSDRVBmFO1IcR9xBGWqqi8Ov37Pvg/qR8alm3YF6qDChgjB3bAHigCCxyBMjgHVVADGNyBJ/AK3rRb7VF71l7G0Rlt8mcLTEF7/wLOLJUh</latexit>

DF→N(ū)Find numerical inverse          of the Jacobian
<latexit sha1_base64="RyEg04oCIS3PvITh96jv3yq5S3Q=">AAAB6HicdVDLSgMxFL1TX7W+qi7dBIvgqswojHZlxY2rUsE+oK0lk2ba2MxkTDJCGfoPbkTcKPg17l35N6bTClb0wIXDOeeSe+JFnClt259WZmFxaXklu5pbW9/Y3Mpv79SViCWhNSK4kE0PK8pZSGuaaU6bkaQ48DhteMOLid+4p1IxEV7rUUQ7Ae6HzGcEayO1zm+SNqd3qDJG3XzBLtop0A/ilmyn5CJnphTOPo5TVLv593ZPkDigoSYcK9Vy7Eh3Eiw1I5yOc+1Y0QiTIe7TJD10jA6M1EO+kGZCjVJ1LocDpUaBZ5IB1gP125uIf3mtWPunnYSFUaxpSKYP+TFHWqBJa9RjkhLNR4ZgIpm5EJEBlpho8zc5U/27H/qf1I+Kjlt0r+xCuQJTZGEP9uEQHDiBMlxCFWpAQMAjvMCrdWs9WE/W8zSasWY7uzAH6+0LZXqOzA==</latexit>

A→N



<latexit sha1_base64="76dtd32xTNDYnxScVtcfC8FRVdM="></latexit>

→ ↑A[x̄+K]↑+ ↑A↑ωK

CAP: Residue bound
<latexit sha1_base64="u8IN88DtPNTP2q9qbi79EY1Y2Po=">AAAB+HicbVDLSgMxFM3UV62vUVfiJliEuhlm1La6qwjiSirYh3RKyaSZNjTzMMmIdSx+h67ciLhR8Cv8Bf/GTNtNqwcCJ+eckHuPEzIqpGn+aKmZ2bn5hfRiZml5ZXVNX9+oiiDimFRwwAJed5AgjPqkIqlkpB5ygjyHkZrTO0382i3hggb+leyHpOmhjk9dipFUUkvfsh/gyVnOdhCP7wZ7UF1tRm7gdaalZ03DtArF/AE0jcOCdZwvKmIOAa0xyZaMpwTP5Zb+bbcDHHnEl5ghIRqWGcpmjLikmJFBxo4ECRHuoQ6Jh4MP4K6S2tANuDq+hEN1Ioc8Ifqeo5Iekl0x7SXif14jku5RM6Z+GEni49FHbsSgDGDSAmxTTrBkfUUQ5lRNCHEXcYSl6ipZ3Zpe9C+p7htWwchfqg4uwAhpsA12QA5YoAhK4ByUQQVg8AhewQf41O61F+1Nex9FU9r4zSaYgPb1C+xplac=</latexit>

→AF (x̄)→ ↑ Y

<latexit sha1_base64="iftEcPPHTfWFZ+URhMwbFqHN4R8=">AAAB3nicbVDLSgMxFL1TX7W+qi7dBIvgasjYl64suHElLdiHtKVm0kwbmnmQZIRSunUj4kbBT3Lvyr8xnXbT6oELh3POJffEjQRXGuMfK7W2vrG5ld7O7Ozu7R9kD48aKowlZXUailC2XKKY4AGra64Fa0WSEd8VrOmObmZ+84lJxcPgXo8j1vXJIOAep0QbqfbQy+awjZ1SuZhH2C6UnKti2RCcADkLkrv+zieo9rJfnX5IY58FmgqiVNvBke5OiNScCjbNdGLFIkJHZMAmyXlTdGakPvJCaSbQKFGXcsRXauy7JukTPVSr3kz8z2vH2rvsTngQxZoFdP6QFwukQzTrivpcMqrF2BBCJTcXIjokklBtfiRjqjurRf+SxoXtlOxiDecqdzBHGk7gFM7BgTJU4BaqUAcKDF7gHT6sR+vZerXe5tGUtdg5hiVYn7/3lIsU</latexit>

Y
<latexit sha1_base64="AdfdA53gdQc02XWewd+smuC6D/o=">AAAB5HicbVDLSgMxFL1TX7W+Rl26CYrgaphR2+rKUjcuK9gHdGrJpJlpaOZBkhHK0D9wI+JGwR/wD/wC9678G9PHptUDgcM5J9x7rpdwJpVt/xi5peWV1bX8emFjc2t7x9zda8g4FYTWScxj0fKwpJxFtK6Y4rSVCIpDj9OmN7ge+80HKiSLozs1TGgnxEHEfEaw0lLTrbIgcLOueWRbtlMqF8+QbZ2XnMtiWRN7AuTMyFHF+65efZifta755fZikoY0UoRjKduOnahOhoVihNNRwU0lTTAZ4IBmkyVH6FhLPeTHQr9IoYk6l8OhlMPQ08kQq75c9Mbif147Vf5FJ2NRkioakekgP+VIxWjcGPWYoETxoSaYCKY3RKSPBSZK36WgqzuLRf+SxqnllKzirb7BPUyRhwM4hBNwoAwVuIEa1IHAAJ7gFd4M33g0no2XaTRnzP7swxyM91/PFo7a</latexit> {

<latexit sha1_base64="14LRo63g7M0k2kbXOfi3Gs8uXpw="></latexit>

→AF (x̄)→ = →A[x̄+K(x̄)]→ ↑ →A[x̄+K]→+ →A[K(x̄)↓K]→

<latexit sha1_base64="SL+2yHLrxPCOBYByWo8eMJO4AfU=">AAACFHicdVBbS8MwGE3nbc5b1UdfgkPwQUorbLq3gS+CIBPcBbYy0izdwtILSSqM0r8hqH/FFxFBFHz335i2G2yiBwKHc06+mxMyKqRpfmuFpeWV1bXiemljc2t7R9/da4kg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M75I/fYd4YIG/q2chMT20NCnLsVIKqmvV+JeVqTLh44dm4aZ4WSOVGumVasmvUCVSbvEV0nS18uzBJwjeRRaU6VcNx5SPDb6+ntvEODII77EDAnRtcxQ2jHikmJGklIvEiREeIyGJM7mSeCRkgbQDbh6voSZupBDnhATz1FJD8mR+O2l4l9eN5LuuR1TP4wk8XHeyI0YlAFMLwQHlBMs2UQRhDlVE0I8Qhxhqe5YUqvP9oP/k9apYVWNyo26wTXIUQQH4BAcAwucgTq4BA3QBBg8gRfwAT61e+1Ze9Xe8mhBm/7ZBwvQvn4AVi+e8A==</latexit>

K
<latexit sha1_base64="f4d5BJAb48uv4lMWZM2zs9mZMTI=">AAAB53icbVDLSgMxFL3js9ZX1aWbYBHqZpgRfCwLbgRBKtgHtqVk0kwbmkmGJCOWod/gRkQFBf/GX/BvzLTdtPVA4HDOCfeeG8ScaeN5v87S8srq2npuI7+5tb2zW9jbr2mZKEKrRHKpGgHWlDNBq4YZThuxojgKOK0Hg6vMrz9SpZkU92YY03aEe4KFjGBjpYebUivAKn0anXQKRc/1xkCLxJ+SYtl9z/BR6RR+Wl1JkogKQzjWuul7sWmnWBlGOB3lW4mmMSYD3KPpeM8ROrZSF4VS2ScMGqszORxpPYwCm4yw6et5LxP/85qJCS/bKRNxYqggk0FhwpGRKCuNukxRYvjQEkwUsxsi0scKE2NPk7fV/fmii6R26vrn7tmdvcEtTJCDQziCEvhwAWW4hgpUgYCAF/iEL4c5z86r8zaJLjnTPwcwA+f7Dx+okD0=</latexit>

K(x̄)compute approximation     of with 
<latexit sha1_base64="tCkSmRSEaZFK8b4IXtu9zqFTSaY="></latexit>

→K ↑K(x̄)→ ↓ ωK• 

where 
<latexit sha1_base64="v6Q63diKKPFoC2Ccjg3iG5dRKzg=">AAACFXicbVBLSwMxGPy2vmp9rXr0sliEirjseqhehIKggiIV7APaWrJp2oZmHyRZsSz7O0Txr3gREUHBs//GbFuEtg4EhpkJyYwTMCqkZf1oqZnZufmF9GJmaXlldU1f3ygLP+SYlLDPfF51kCCMeqQkqWSkGnCCXIeRitM7SfzKHeGC+t6N7Aek4aKOR9sUI6mkpp4/zdUdxKP7ePd4RPYub6N9Oz6bNi7+pKaetUxrAGOa2COSLZiPCZ6KTf2j3vJx6BJPYoaEqNlWIBsR4pJiRuJMPRQkQLiHOiQatIqNHSW1jLbP1fGkMVDHcsgVou86Kuki2RWTXiL+59VC2T5qRNQLQkk8PHyoHTJD+kYykdGinGDJ+oogzKn6oYG7iCMs1ZAZVd2eLDpNygemnTfz12qDKxgiDVuwDTmw4RAKcA5FKAGGZ3iFT/jSHrQX7U17H0ZT2ujOJoxB+/4FlQWiKg==</latexit>

F (x̄) = x̄+ L→1G(x̄) = x̄+K(x̄)



<latexit sha1_base64="0G3cjMIr1t2PZ+6EPK36GOxbV5s=">AAAB/3icbVDLSgMxFM3UV62vUZdugkWoC4cZta3uKoroRirYB3bKkEnTNjTzMMmIpXbhxn/QH3Aj4kbBP/AX/BszbTetHggczjnh3nvckFEhTfNHS0xNz8zOJedTC4tLyyv66lpZBBHHpIQDFvCqiwRh1CclSSUj1ZAT5LmMVNzOcexXbgkXNPCvZDckdQ+1fNqkGEklOTq07+E53IFH8OQ0Y7uI9+7620qzGbmB146VcvS0aZhWLp/dg6axn7MOs3lFzAGgNSLpgvEU47no6N92I8CRR3yJGRKiZpmhrPcQlxQz0k/ZkSAhwh3UIr3B/n24paQGbAZcPV/CgTqWQ54QXc9VSQ/Jtpj0YvE/rxbJ5kG9R/0wksTHw0HNiEEZwLgM2KCcYMm6iiDMqdoQ4jbiCEtVWXy6NXnoX1LeNayckb1UHVyAIZJgA2yCDLBAHhTAGSiCEsDgEbyCD/CpPWgv2pv2PowmtNGfdTAG7esXZOWXeA==</latexit>

→I ↑ADF (x̄)→ ↓ Z1

CAP: Precondition bound

<latexit sha1_base64="DW01aMXlxmrPzAEYAReec+diNlE="></latexit>

→I ↑ADF (x̄)→ ↓ →I ↑A[I +DK]→+ →A[DK(x̄)↑DK]→
<latexit sha1_base64="q4Hsz3i6xej+IWh18uWkspRGTss="></latexit>

→ ↑(ω→N + ω>N )(I ↓A[I +DK])↑+ ↑A↑εDK
<latexit sha1_base64="oN9NpPbD4jy8vtQ1X6v5eLrfUp4="></latexit>

→ ↑ω→N↓A→Nω→N [I +DK]↑+ ↑ω>NDK↑+ ↑A↑εDK

where
<latexit sha1_base64="NL2ycI6cJqfujIaEr4Khidpme4g=">AAAB6nicdVBNSwMxFHxbv2r9qnr0EiyCp7KrWO3Jgh4EQSrYWmiXkk2zbWh2syZZoSz9E15EvCj4Y7x78t+Y3VawogOBYWYe7028iDOlbfvTys3NLywu5ZcLK6tr6xvFza2mErEktEEEF7LlYUU5C2lDM81pK5IUBx6nt97wLPVv76lUTIQ3ehRRN8D9kPmMYG0ktyOMmc4m55fjbrFkl+0M6AepVG2nWkHOVCmdfhxmqHeL752eIHFAQ004Vqrt2JF2Eyw1I5yOC51Y0QiTIe7TJDt1jPaM1EO+kOaFGmXqTA4HSo0CzyQDrAfqt5eKf3ntWPsnbsLCKNY0JJNFfsyRFijtjXpMUqL5yBBMJDMXIjLAEhNtfqdgqn/3Q/+T5kHZqZSPru1S7QomyMMO7MI+OHAMNbiAOjSAwB08wgu8Wtx6sJ6s50k0Z01ntmEG1tsX+FCQYw==</latexit>

DK is a finite bandwidth operator
and <latexit sha1_base64="jyqvk3fjekEpuXvgj68oVR3JcNQ=">AAAB6XicbVDLSgMxFL1TX7W+qi7dBIvgqswoPnYW3LgqFewDOqVk0kwbmskMyR2hlH6EGxE3Cv6Me1f+jem0m7YeuHA451xyT4JECoOu++vk1tY3Nrfy24Wd3b39g+LhUcPEqWa8zmIZ61ZADZdC8ToKlLyVaE6jQPJmMLyf+s1nro2I1ROOEt6JaF+JUDCKVvKrxMeY+EKFOOoWS27ZzUBWiTcnpbufywy1bvHb78UsjbhCJqkxbc9NsDOmGgWTfFLwU8MTyoa0z8fZpRNyZqUeCWNtRyHJ1IUcjYwZRYFNRhQHZtmbiv957RTD285YqCRFrtjsoTCVxLab1iY9oTlDObKEMi3shYQNqKYM7ecUbHVvuegqaVyUvevy1aNbqlRhhjycwCmcgwc3UIEHqEEdGCTwCh/w6QydF+fNeZ9Fc8585xgW4Hz9ATV8j0Y=</latexit>

N → ↑as
<latexit sha1_base64="KRppCUKQcY8nCJwHj9WiyUV/dF8="></latexit>

→ω>NDK→ ↑ C(N) ↓ 0

compute approximation with 
<latexit sha1_base64="NL2ycI6cJqfujIaEr4Khidpme4g=">AAAB6nicdVBNSwMxFHxbv2r9qnr0EiyCp7KrWO3Jgh4EQSrYWmiXkk2zbWh2syZZoSz9E15EvCj4Y7x78t+Y3VawogOBYWYe7028iDOlbfvTys3NLywu5ZcLK6tr6xvFza2mErEktEEEF7LlYUU5C2lDM81pK5IUBx6nt97wLPVv76lUTIQ3ehRRN8D9kPmMYG0ktyOMmc4m55fjbrFkl+0M6AepVG2nWkHOVCmdfhxmqHeL752eIHFAQ004Vqrt2JF2Eyw1I5yOC51Y0QiTIe7TJDt1jPaM1EO+kOaFGmXqTA4HSo0CzyQDrAfqt5eKf3ntWPsnbsLCKNY0JJNFfsyRFijtjXpMUqL5yBBMJDMXIjLAEhNtfqdgqn/3Q/+T5kHZqZSPru1S7QomyMMO7MI+OHAMNbiAOjSAwB08wgu8Wtx6sJ6s50k0Z01ntmEG1tsX+FCQYw==</latexit>

DK
<latexit sha1_base64="5NFN08LytjAH3y6VctbQLYl506g=">AAAB6HicbVDLSsNAFL2pr1pfUZduBotQNyERfCwLuhAEqWAf0JYymU7asZNMmJmIJfQf3IjUhYJf4y/4N07abtp6YOBwzhnuPdePOVPadX+t3Mrq2vpGfrOwtb2zu2fvH9SUSCShVSK4kA0fK8pZRKuaaU4bsaQ49Dmt+4PrzK8/U6mYiB71MKbtEPciFjCCtZGaN3ello9l+jI67dhF13EnQMvEm5Fi2Rln+Kh07J9WV5AkpJEmHCvV9NxYt1MsNSOcjgqtRNEYkwHu0XSy6AidGKmLAiHNizSaqHM5HCo1DH2TDLHuq0UvE//zmokOrtopi+JE04hMBwUJR1qgrDXqMkmJ5kNDMJHMbIhIH0tMtLlNwVT3Fosuk9qZ41045w/mBvcwRR6O4BhK4MEllOEWKlAFAgLe4BO+rCfr1Xq3xtNozpr9OYQ5WN9/q6SQiw==</latexit>

DK(x̄)
<latexit sha1_base64="3nf8Wst47akGCj6dmIz0uvGU5WA="></latexit>

→DK ↑DK(x̄)→ ↓ ωDKof• 
• 
• 

Triangle inequality



<latexit sha1_base64="hM+wTjZm0AXDjLhKZutV7M5bH38="></latexit>

→A[DF (x)↑DF (x̄)]→ ↓ Z2→x↑ x̄→
<latexit sha1_base64="/O0g32BbFncmYFj01uGvQ1AWbVg=">AAACAXicbVDLSgMxFM3UV62vUZduYotQXZQZwcey6MaVVLAP6JQhk2ba0ExmSDLSMszKjb+gf+BGxI2CP+Av+Ddm2m7aeiDhcM4Nued4EaNSWdavkVtaXlldy68XNja3tnfM3b2GDGOBSR2HLBQtD0nCKCd1RRUjrUgQFHiMNL3BdeY3H4iQNOT3ahSRToB6nPoUI6Ul1yw6figQY3DoHEKHcn1fuYlwT9Ky4yGRDNNj1yxZFWsMuEjsKSlVK88ZXmqu+eN0QxwHhCvMkJRt24pUJ0FCUcxIWnBiSSKEB6hHknGCFB5pqQv1KvpwBcfqzBwKpBwFnp4MkOrLeS8T//PasfIvOwnlUawIx5OP/JhBFcKsDtilgmDFRpogLKjeEOI+EggrXVpBR7fngy6SxmnFPq+c3ekObsEEeXAAiqAMbHABquAG1EAdYPAE3sAn+DIejVfj3fiYjOaM6Zt9MAPj+w/RTpmI</latexit>

→x↑Br→(x̄)

CAP: Curvature bound

<latexit sha1_base64="qRAxLHzZ96yCl6JZRqAY+Pw1qhQ=">AAACFXicbVBLSwMxGMzWV62vVY9egkVoD5ZdwepFqCgiFKSCfUB3Kdk0bUOzD5KstGz7O0Txr3gREUHBs//G7NZLWwcShpnvI5lxAkaFNIwfLbWwuLS8kl7NrK1vbG7p2zs14Ycckyr2mc8bDhKEUY9UJZWMNAJOkOswUnf6F7FfvydcUN+7k8OA2C7qerRDMZJKaulFa3TevLzKDfKH6rYcxKPBOG9Da5Q5g4lXTrzytNfSs0bBSADniflHsqXCY4ynSkv/sNo+Dl3iScyQEE3TCKQdIS4pZmScsUJBAoT7qEuiJNUYHiipDTs+V8eTMFGn5pArxNB11KSLZE/MerH4n9cMZefUjqgXhJJ4ePJQJ2RQ+jCuCLYpJ1iyoSIIc6p+CHEPcYSlKjKObs4GnSe1o4JZLBzfqg5uwARpsAf2QQ6Y4ASUwDWogCrA4Bm8gk/wpT1oL9qb9j4ZTWl/O7tgCtr3LxZln04=</latexit>

→A[DF (x)↑DF (x̄)]→ = →A[DK(x)↑DK(x̄)]→

<latexit sha1_base64="nttCEeJW3G947ex/o3szW5vEffc=">AAACIHicbVBLSwMxGMz6rOur6tFLsAgt0mVX8HERKgp6kgr2Ad1Ssmm2Dc0+SLLSsu0P0aMX/0ovIl4U/TVm23po60DCMDMfyXxOyKiQpvmtLSwuLa+sptb09Y3Nre30zm5ZBBHHpIQDFvCqgwRh1CclSSUj1ZAT5DmMVJzOVeJXHgkXNPAfZC8kdQ+1fOpSjKSSGulLu399k+3m8uq2HcTj7iBn9+GFPtInylG2m/8zZ5N6I50xDXMEOE+sCckUjKcEz8VGemg3Axx5xJeYISFqlhnKeoy4pJiRgW5HgoQId1CLxKOCA3iopCZ0A66OL+FIncohT4ie56ikh2RbzHqJ+J9Xi6R7Xo+pH0aS+Hj8kBsxKAOYbAs2KSdYsp4iCHOqfghxG3GEpdppUt2aLTpPyseGdWqc3Ksd3IExUmAfHIAssMAZKIBbUAQlgMEreAOf4Et70Ybau/Yxji5ok5k9MAXt5xderaRP</latexit>

→DG(x)↑DG(x̄)→ = →DG(x̄+ (x↑ x̄))↑DG(x̄)→
<latexit sha1_base64="ng3x9pzb/MCuda2rhJFflo2x2CA="></latexit>

→ sup
s→Br→

↑D2G(x̄+ s)↑ ↑x↓ x̄↑

<latexit sha1_base64="bP7yd9rHQ9B+cAQkqwrqZWSbrsM=">AAACA3icbVDLSgMxFM34rPU16tJNsArtomXGRXUjVBR0IVLBPqAzlkyatqGZB0lGWsZZuvEP9BfciLhRcO8v+Ddm2m7aeiDhcM69JOc4AaNCGsavNje/sLi0nFpJr66tb2zqW9tV4Ycckwr2mc/rDhKEUY9UJJWM1ANOkOswUnN6Z4lfuydcUN+7lYOA2C7qeLRNMZJKaur7J9B6OIVXd1HejGHj/CLbz+XVbTmIR/04Zys73dQzRsEYAs4Sc0wypcJzgpdyU/+xWj4OXeJJzJAQDdMIpB0hLilmJE5boSABwj3UIdEwQwwPlNSCbZ+r40k4VCfmkCvEwHXUpItkV0x7ifif1whl+9iOqBeEknh49FA7ZFD6MCkEtignWLKBIghzqn4IcRdxhKWqLYluTgedJdXDglksFG9UB9dghBTYBXsgC0xwBErgEpRBBWDwBN7AJ/jSHrVX7V37GI3OaeOdHTAB7fsPouOYpA==</latexit>

= →AL→1[DG(x)↑DG(x̄)]→
<latexit sha1_base64="jUGxm9yvrfB2UHI0XQIMsfcVFXA=">AAACCXicbVBLTwIxGOziC/GFevTSSEzAhM2uB/SI0UQPxmAij4RF0i1daOg+bLsGsvALvHjVf+HFGC+aePEv+G/sAhfASdpM55umnbEDRoU0jF8tsbC4tLySXE2trW9sbqW3dyrCDzkmZewzn9dsJAijHilLKhmpBZwg12akanfP4nn1gXBBfe9W9gPScFHbow7FSCqpmT60GLmH0BqcXt1FeXNoDeLD+UW2l8ur3bIRj3rDnNJSzXTG0I0R4DwxJyRT1J9jvJSa6R+r5ePQJZ7EDAlRN41ANiLEJcWMDFNWKEiAcBe1STRKMoQHSmpBx+dqeRKO1CkfcoXou7Zyukh2xOwsFv+b1UPpnDQi6gWhJB4eP+SEDEofxrXAFuUES9ZXBGFO1Q8h7iCOsFTlxdHN2aDzpHKkmwW9cKM6uAZjJMEe2AdZYIJjUASXoATKAIMn8AY+wZf2qL1q79rH2JrQJnd2wRS07z+GFJtZ</latexit>

→ ↑AL→1↑↑DG(x)↓DG(x̄)↑



Example

(a) Approximate solution with fewer modes for

c = 1.1.
(b) Approximate one peak solution for c = 1.3.

(c) Approximate two peak solution for c = 1.3. (d) Approximate combination solution for c =
1.3.

(e) Approximate solution for low wave speed

c = 0.9.
(f) Approximate solution for high wave speed

c = 1.4.

Figure 5.1: Overview of approximate solutions to (3) with boundary conditions (5), which can
be verified using the code in [42].
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<latexit sha1_base64="2FwQnsVmQn0M2dCJahk2B54ky8U=">AAAB4nicdVDLSgMxFL1TX7W+6mPnJlgEV8OMwmgXYsGFLis4baEtJZPJtKGZB0lGqEN/wI2IGwW/we/wA9y49E9MH4IVPXDhcM655J54CWdSWdaHkZubX1hcyi8XVlbX1jeKm1s1GaeCUJfEPBYND0vKWURdxRSnjURQHHqc1r3++civ31AhWRxdq0FC2yHuRixgBCstueTUNo86xZJlWmOgH8QpW3bZQfZUKZ29335evO5k1U7xreXHJA1ppAjHUjZtK1HtDAvFCKfDQiuVNMGkj7s0G584RPta8lEQCz2RQmN1JodDKQehp5MhVj352xuJf3nNVAUn7YxFSapoRCYPBSlHKkajvshnghLFB5pgIpi+EJEeFpgo/SsFXf27H/qf1A5N2zGdK6tUqcIEediFPTgAG46hApdQBRcIMLiHJ3g2fOPOeDAeJ9GcMd3ZhhkYL1/eco2v</latexit>

c = 1.3

Theorem:

<latexit sha1_base64="Ku4Dceh9FEeIAT+WzrDHmDbuLjM=">AAAB5HicbVDJSgNBFHwTtxi3uNy8NAbBU5jxEL0Z8KDHCGaBJISeTk/SpGeh+7UQh/yBFxEvCn6C3+EHePHon9hZLkkseFBU1aNftZ9IodF1f5zMyura+kZ2M7e1vbO7l98/qOnYKMarLJaxavhUcykiXkWBkjcSxWnoS173B9djv/7AlRZxdI/DhLdD2otEIBhFK9VbPlWpGXXyBbfoTkCWiTcjhavvx9+bz6O00sl/tboxMyGPkEmqddNzE2ynVKFgko9yLaN5QtmA9ng6OXJETq3UJUGs7ERIJupcjoZaD0PfJkOKfb3ojcX/vKbB4LKdiigxyCM2fSgwkmBMxo1JVyjOUA4toUwJeyFhfaooQ/svOVvdWyy6TGrnRa9ULN25hXIFpsjCMZzAGXhwAWW4hQpUgcEAnuEN3p3AeXJenNdpNOPMdg5hDs7HH6qRj3A=</latexit>

ū approximation with 60 x 20 modes

<latexit sha1_base64="fuewid3YY2o/CB8RFHBh3fsty/o=">AAAB5nicdVDLSsNAFL2pr1pf9bFzM1gEVyGJ9uHKggtdVrAPaUuZTCbt0MmDmYlQQ3/BjYgbBb/A7/AD3Lj0T0zauqjogQuHc85l7hk75Ewqw/jUMguLS8sr2dXc2vrG5lZ+e6chg0gQWicBD0TLxpJy5tO6YorTVigo9mxOm/bwPPWbt1RIFvjXahTSrof7PnMZwSqRbjqKcYfG0biXLxh6pWSVT4rI0I0JUmIdF61TZM6UwtnH3dfF215c6+XfO05AIo/6inAsZds0QtWNsVCMcDrOdSJJQ0yGuE/jyZljdJhIDnIDkYyv0ESdy2FPypFnJ0kPq4H87aXiX147Um6lGzM/jBT1yfQhN+JIBSjtjBwmKFF8lBBMBEsuRGSABSYq+ZlcUv2nH/qfNCzdLOmlK6NQrcEUWdiHAzgCE8pQhUuoQR0IePAAz/CiDbR77VF7mkYz2mxnF+agvX4DjDaQlg==</latexit>

ũthere is a solution
<latexit sha1_base64="6BQc08I8hxLm27jpJls/XAuyvvE="></latexit>

→ũ↑ ū→C0 ↓ r0with

•  
•  
•  

<latexit sha1_base64="Tk6BHwITRVnJ2sB5ESOi1fE2oo0=">AAAB5nicbVDLSkMxFDy3vmp9VV26CRbBVclVWt2IBTeupIJ90ZaSm+a2obkPknOFUvoLbkTcKPg57l35N6aPTVsHDgwzc8iZeLGSBin9dVJr6xubW+ntzM7u3v5B9vCoaqJEc1HhkYp03WNGKBmKCkpUoh5rwQJPiZo3uJv4tWehjYzCJxzGoh2wXih9yRlaqdG4oXlKaaHQyeamzIKsEndOcrc/l1OUO9nvVjfiSSBC5IoZ03RpjO0R0yi5EuNMKzEiZnzAemI0PXNMzqzUJX6k7YRIpupCjgXGDAPPJgOGfbPsTcT/vGaC/nV7JMM4QRHy2UN+oghGZNKZdKUWHNXQEsa1tBcS3meacbQ/k7HV3eWiq6R6kXeL+eIjzZUeYIY0nMApnIMLV1CCeyhDBTgE8Aof8On0nRfnzXmfRVPOfOcYFuB8/QEw0YzE</latexit>

Y = 0.00055
<latexit sha1_base64="8jlo4nmOm1/2/rD5LkzeYPVsXxY=">AAAB5XicbVDJSgNBFHwTtxi3qEcvTYLgaZjxMHoRIl48SQSzYBJCT6cnadKz0P1GCCGfkIuIIAr+jr8gfoS/YGe5JLGgoaiq5r16fiKFRsf5tjJr6xubW9nt3M7u3v5B/vCoquNUMV5hsYxV3aeaSxHxCgqUvJ4oTkNf8prfv5n4tSeutIijBxwkvBXSbiQCwSgaqf7Ydq8c2/Pa+aJjO1OQVeLOSbFUeBv/Xvd/yu38V7MTszTkETJJtW64ToKtIVUomOSjXDPVPKGsT7t8ON1yRE6N1CFBrMyLkEzVhRwNtR6EvkmGFHt62ZuI/3mNFIPL1lBESYo8YrNBQSoJxmRSmXSE4gzlwBDKlDAbEtajijI0h8mZ6u5y0VVSPbddz/buzQ3uYIYsnEABzsCFCyjBLZShAgwkPMM7fFhda2y9WK+zaMaa/zmGBViff00fjnc=</latexit>

Z1 = 0.66
<latexit sha1_base64="miFF+rpYYL6xuFFEOxI9arHO0dU=">AAAB43icbVDbSkJBFN3HbmY3q8deBiXoSc6R0F4Co5eewiAvpCJzxjk6OefCzD6BiF8QQUQvBv1PvxB9RL/QeHlRWzCwWGsNe6/tRlJotO1vK7G2vrG5ldxO7ezu7R+kD4+qOowV4xUWylDVXaq5FAGvoEDJ65Hi1Hclr7n964lfe+JKizC4x0HEWz7tBsITjKKRqg/t/GXxvJ3O2jl7CrJKnDnJljLjl9+r/k+5nf5qdkIW+zxAJqnWDceOsDWkCgWTfJRqxppHlPVplw+nO47IqZE6xAuVeQGSqbqQo77WA981SZ9iTy97E/E/rxGjd9EaiiCKkQdsNsiLJcGQTAqTjlCcoRwYQpkSZkPCelRRhuYsKVPdWS66Sqr5nFPIFe7MDW5hhiScQAbOwIEilOAGylABBo/wCmP4sLj1bL1Z77Nowpr/OYYFWJ9/dUSOBQ==</latexit>

Z2 = 74

<latexit sha1_base64="Ku4Dceh9FEeIAT+WzrDHmDbuLjM=">AAAB5HicbVDJSgNBFHwTtxi3uNy8NAbBU5jxEL0Z8KDHCGaBJISeTk/SpGeh+7UQh/yBFxEvCn6C3+EHePHon9hZLkkseFBU1aNftZ9IodF1f5zMyura+kZ2M7e1vbO7l98/qOnYKMarLJaxavhUcykiXkWBkjcSxWnoS173B9djv/7AlRZxdI/DhLdD2otEIBhFK9VbPlWpGXXyBbfoTkCWiTcjhavvx9+bz6O00sl/tboxMyGPkEmqddNzE2ynVKFgko9yLaN5QtmA9ng6OXJETq3UJUGs7ERIJupcjoZaD0PfJkOKfb3ojcX/vKbB4LKdiigxyCM2fSgwkmBMxo1JVyjOUA4toUwJeyFhfaooQ/svOVvdWyy6TGrnRa9ULN25hXIFpsjCMZzAGXhwAWW4hQpUgcEAnuEN3p3AeXJenNdpNOPMdg5hDs7HH6qRj3A=</latexit>

ū approximation with 100 x 60 modes: <latexit sha1_base64="lvpf9wFNBrHJfzfQoLXE8Ua05IM=">AAAB7nicdVDLSgMxFL1TX7U+OurSTWgRXJVMF9UuhIobV1LBPqCWIZNm2tDMgyQjlNJPcCuIiBsFP8VfED/CXzDTVrCiBwKHc06491wvFlxpjN+tzNLyyupadj23sbm1nbd3dpsqSiRlDRqJSLY9opjgIWtorgVrx5KRwBOs5Q3PUr91w6TiUXilRzHrBqQfcp9Too3k2nnpYnSCcAmnKJdduzjnGP0glSp2qhXkzJVirXB/+3k6/Ki79tt1L6JJwEJNBVGq4+BYd8dEak4Fm+SuE8ViQoekz8bTdSfowEg95EfSvFCjqbqQI4FSo8AzyYDogfrtpeJfXifR/nF3zMM40Syks0F+IpCOUNod9bhkVIuRIYRKbjZEdEAkodpcKGeqf/dD/5NmueRUSpVLc4MLmCEL+1CAQ3DgCGpwDnVoAIUEHuAZXqzYurMeradZNGPN/+zBAqzXL9kNkEw=</latexit>

r0 = 0.0000022

<latexit sha1_base64="k2USYrocFh19Ya90+PjVL6LBEjs=">AAACE3icbVDLSgMxFM34rPVVHzs3wSLoonWmSHUjFNx0JRXsw9o6ZNJMG5p5mNwR6tDPcONH+ANuRFyo4Ae49E9MHy6sXgg5OeeE5BwnFFyBaX4aU9Mzs3PziYXk4tLyympqbb2igkhSVqaBCGTNIYoJ7rMycBCsFkpGPEewqtM9GejVGyYVD/xz6IWs6ZG2z11OCWjKTh1I28THuAGuJDTetTJ129rDGdxQ1xJ+zle5TO6ibuf6uB8PNjuVNrPmcPBfYI1BurBffdi8/SqW7NRroxXQyGM+UEGUurTMEJoxkcCpYP1kI1IsJLRL2iweZurjHU21sBtIvXzAQ/aXj3hK9TxHOz0CHTWpDcj/tMsI3KNmzP0wAubT0UNuJDAEeFAQbnHJKIieBoRKrn+IaYfodkDXmNTRrcmgf0Ell7Xy2fyZ7uAUjSaBttA22kUWOkQFVEQlVEYU3aMn9IbejTvj0Xg2XkbWKWN8ZwP9GuPjGx0SnXE=</latexit>
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Navier Stokes equations 
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Ohta-Kawasaki equation 
PDEs with symmetry

Williams & JB Blanco-Cadiot
CAP work on symmetries:



Figure 1: The global approximate solution ū of the Ohta–Kawasaki equation (5) which has been
validated in Theorem 1.2, represented on the time interval [0, 30].

enters this neighborhood, see [20, 8] for some recent examples. In all these works, the stable steady
state under consideration is hyperbolic, but this strategy can also be adapted in the presence
of a center manifold [28]. These tools can also sometimes be combined with a priori dissipation
estimates in order to conclude that a steady state is globally attractive [14].

In this work, we show that, in the presence of a locally attracting hyperbolic stable steady
state, our rigorous integrator is su�ciently robust to allow us to rigorously integrate all the way
to · = +Œ. Moreover, we show that, if this integration step to · = +Œ is successful, then we
automatically get the existence of a stable steady state, together with an explicit neighborhood in
which all solutions converge towards the steady state, and an explicit spectral gap. As mentioned
above, we emphasize that each of these results could have been obtained independently with
existing techniques. However, the fact the existence and local stability of a steady state can be
obtained “for free” from our rigorous integration is at the very least convenient in practice, and
is also a good confirmation that our rigorous integrator incorporates some important dynamical
features of the flow.

Below is an example of the kind of result we can obtain with our approach, applied to the
Ohta–Kawasaki equation with homogeneous Neumann boundary conditions

Y
_____]

_____[

ˆu

ˆt
= ≠ 1

“2
ˆ

4
u

ˆx4 ≠ ˆ
2

ˆx2 (u ≠ u
3) ≠ ‡(u ≠ m), (t, x) œ (0, Œ) ◊ (0, L),

ˆu

ˆx
(t, 0) = ˆu

ˆx
(t, L) = ˆ

3
u

ˆx3 (t, 0) = ˆ
3
u

ˆx3 (t, L) = 0, t œ [0, Œ),

u(0, x) = u
in(x), x œ [0, L],

(5)

which models the evolution of diblock copolymer melts [36]. The following theorem rigorously
validates the approximate solution depicted in Figure 1 on the infinite time interval [0, Œ). We
note that the solution exhibits interesting dynamics with a long transient, likely spending time near
a saddle point, before progressing to the stable equilibrium. The rigorous integrator introduced in
the current paper provides a proof that was clearly out of reach of our previous approach in [47].

Theorem 1.2. Consider the Ohta–Kawasaki equation (5) with “ =
Ô

8, ‡ = 1/5, m = 1/10,
L = 2fi, and u

in(x) = m + 2
10 cos

! 2fix
L

"
+ 2

10 cos
! 4fix

L

"
. The solution u = u(t, x) satisfies

sup
tœ[0,Œ)

sup
xœ[0,L]

|u(t, x) ≠ ū(t, x)| Æ 9 ◊ 10≠7
,
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Initial Value Problem for PDE
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Delay Differential Equations
Mackey-Glass equation 
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(a) Thirty-three orbits sampled from the contin-
uous branch of solutions proven to exist by The-
orem 1.1. Each curve is a relative periodic chore-
ography of the three body problem with equal
masses.

(b) The Lagrange triangle (blue) and the figure
eight (red). Each of these choreographies is planar,
and the P12 family – comprised of relative chore-
ographies – is transverse to both planes.

Figure 1: Branch of relative choreographies connecting the Lagrange triangle to the figure eight. A dense
set of the relative choreographies in the family corresponds to choreographies in inertial frame.

Chenciner and Montgomery worked on these and similar problems in the winter of 1999 and, as
recalled in the introduction of [16], by December they had proven the existence of the three body eight
for the Newtonian potential. This sets o! – in the words of the same introduction – a flurry of work, and
soon Gerver and Simó had computed a whole zoo of new N -body choreographies for N as large as 799.
It was during this period that Simó actually coined the term choreography.

Later the same month, at a conference on Celestial Mechanics in Evanston, Illinois, honoring the
60th birthday of Donald Saari, Chenciner gave a presentation announcing the proof of the figure eight.
According to the first paragraph of [42], Marchal was in attendance. Indeed, in his 2010 Mémoire
d’Habilitation [22], Féjoz recalls that upon hearing the talk, Marchal immediately realized that the figure
eight could be related to the Lagrange triangle through his P12 family, and Marchal’s conjecture was born.
The conjecture is referred to as “Partially Numerical Theorem 19” in [22], and its status is reviewed in
detail in Section 3.4 of the same document. See also the 2009 paper [14] of Chenciner and Féjoz for a
detailed numerical evidence supporting the conjecture.

After Evanston, interest in choreographic solutions spread rapidly. In 2000 the paper of Chenciner
and Montgomery, describing the proof of the figure eight, appeared in the Annals of Mathematics [17].
Marchal’s paper [42], about the symmetries of the figure eight, appeared in Celestial Mechanics and
Dynamical Astronomy the same year. This marked the first appearance of the conjecture in print, and
from this point on, the mathematical theory progressed as discussed in the previous section.

During the next two years, the papers [48, 49] by Simó provided detailed numerical accounts of many
additional symmetric and asymmetric families of N -body choreographies, and reported the surprising
numerical result that the three body figure eight choreography appeared to be stable in the Hamiltonian
sense.

We also mention that, as recalled in both the references of [17] and the acknowledgements of [16], it was
Phil Holmes and Robert MacKay who brought the paper [46] of Moore to the attention of Chenciner and
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Simple spectral example
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u(t) =
∑

n→N
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n

The main question is how to compute          in general
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F (a) = a+K(a) Identity + Compactzeros of 

IVP Taylor
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nan = G(a)n→1
Integration
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Another simple spectral example
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“stuff”

The “stuff” hides that not everything is simple algebra 
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Chebyshev
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u(s) = a0T0(s) + 2
→∑

n=1

anTn(s)

Taylor is half of Fourier up to rescaling
Chebyshev is Fourier in disguise:
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(1 + u)2
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Error propagation for Fourier
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inω
)
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∑
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<latexit sha1_base64="4WNoYYPNb3z2ODGg/6IySH4UWvQ=">AAAB33icbVC7SgNBFL0bXzG+Vi1tBoNgFXYVH50BGyuJYh6QhDA7mU2GzO4sM3eFEFLbiNgo+Ef2Vv6Nk02aJB64cDjnXOaeCRIpDHrer5NbWV1b38hvFra2d3b33P2DmlGpZrzKlFS6EVDDpYh5FQVK3kg0p1EgeT0Y3E78+jPXRqj4CYcJb0e0F4tQMIpWekxJxy16JS8DWSb+jBRvfs4zVDrud6urWBrxGJmkxjR9L8H2iGoUTPJxoZUanlA2oD0+yu4bkxMrdUmotJ0YSabO5WhkzDAKbDKi2DeL3kT8z2umGF63RyJOUuQxmz4UppKgIpOypCs0ZyiHllCmhb2QsD7VlKH9koKt7i8WXSa1s5J/Wbp48Irle5giD0dwDKfgwxWU4Q4qUAUGIbzCB3w61Hlx3pz3aTTnzHYOYQ7O1x8o0Ysk</latexit>u

<latexit sha1_base64="9tXWP1vTjHLnIAKxJrm5oYvyZtk=">AAAB4XicbVDJSgNBFHztGuMW9eilMQjxMswILseABz1JBLNAEkJPpydp0rPQ/UYIIR/gRcSL2w/5C/6NPUkuSSxoKKqqea+enyhp0HV/ycrq2vrGZm4rv72zu7dfODismTjVXFR5rGLd8JkRSkaiihKVaCRasNBXou4PbjK//iS0kXH0iMNEtEPWi2QgOcNMui2lZ51C0XXcCegy8WakWHY+M3xVOoWfVjfmaSgi5IoZ0/TcBNsjplFyJcb5VmpEwviA9cRosuGYnlqpS4NY2xchnahzORYaMwx9mwwZ9s2il4n/ec0Ug+v2SEZJiiLi00FBqijGNKtLu1ILjmpoCeNa2g0p7zPNONqj5G11b7HoMqmdO96lc/Fgb3APU+TgGE6gBB5cQRnuoAJV4NCHF3iHD8LJM3klb9PoCpn9OYI5kO8/a7uNcQ==</latexit>

G(u)

<latexit sha1_base64="s4YExw2MAdV4/d1N1BvFepy3Wjs=">AAAB5HicbVDLSgMxFL1TX7W+qi7dBIvgqswoVXcW3LiSCvYBbSmZNNOGZiZDckcoQ//AjYgbBb/HvSv/xnTaTVsPXDiccy65J34shUHX/XVya+sbm1v57cLO7t7+QfHwqGFUohmvMyWVbvnUcCkiXkeBkrdizWnoS970R3dTv/nMtREqesJxzLshHUQiEIyilZodn+o0mfSKJbfsZiCrxJuT0u3PZYZar/jd6SuWhDxCJqkxbc+NsZtSjYJJPil0EsNjykZ0wNPsyAk5s1KfBErbiZBk6kKOhsaMQ98mQ4pDs+xNxf+8doLBTTcVUZwgj9jsoSCRBBWZNiZ9oTlDObaEMi3shYQNqaYM7b8UbHVvuegqaVyUvaty5dEtVR9ghjycwCmcgwfXUIV7qEEdGIzgFT7g0wmcF+fNeZ9Fc8585xgW4Hz9AXhZjb8=</latexit>

ū

<latexit sha1_base64="90V31v3a1Ch2aGunPV5Nf7tuWNY=">AAAB53icbVDLSgMxFL1TX7W+qi7dBItQN8OM4GNZcKErqWAf2JaSSTNtaCYZkoxQhn6DGxEVFPwbf8G/MdN209YDgcM5J9x7bhBzpo3n/Tq5ldW19Y38ZmFre2d3r7h/UNcyUYTWiORSNQOsKWeC1gwznDZjRXEUcNoIhteZ33iiSjMpHswopp0I9wULGcHGSo835XaAVZqMT7vFkud6E6Bl4s9IqeK+Z/iodos/7Z4kSUSFIRxr3fK92HRSrAwjnI4L7UTTGJMh7tN0sucYnViph0Kp7BMGTdS5HI60HkWBTUbYDPSil4n/ea3EhFedlIk4MVSQ6aAw4chIlJVGPaYoMXxkCSaK2Q0RGWCFibGnKdjq/mLRZVI/c/0L9/ze3uAOpsjDERxDGXy4hArcQhVqQEDAC3zCl8OcZ+fVeZtGc87szyHMwfn+AxUokDY=</latexit>

G(ū)
<latexit sha1_base64="vh7Nd2VrDW1SjhG8gXY3mfreiCM=">AAAB9HicbVDLSsNAFL2pr1pfUXHlZrAIdRMSwcey4EJXUsE+oCllMp20QyeZMDMplNAPUdyIuFHwO/wF/8ZJ66atBwYO55zL3HuChDOlXffHKqysrq1vFDdLW9s7u3v2/kFDiVQSWieCC9kKsKKcxbSumea0lUiKo4DTZjC8yf3miErFRPyoxwntRLgfs5ARrI3UtY98Yex8Orut+AGWWTo5m3Ttsuu4U6Bl4v2RctV5yvFc69rffk+QNKKxJhwr1fbcRHcyLDUjnE5KfqpogskQ92k2XXqCTo3UQ6GQ5sUaTdW5HI6UGkeBSUZYD9Sil4v/ee1Uh9edjMVJqmlMZh+FKUdaoLwB1GOSEs3HhmAimdkQkQGWmGjTU8mc7i0eukwa54536Vw8mA7uYYYiHMMJVMCDK6jCHdSgDgQyeIUP+LRG1ov1Zr3PogXrb+YQ5mB9/QJf+5WN</latexit>

G(ū)
<latexit sha1_base64="sNpWcTyIH6lVVhqmxnz3K6cRN/w="></latexit>

G(ū) = fft →G → ifft(ū) of size
<latexit sha1_base64="LLD6NtmDVuxkN5ofArRGFQT+j9Q=">AAAB73icdVDLSgMxFM34rPU16tJNsAiuyoxgtbuCGwUpFewD2jJk0kwbmnmY3CmWYRZ+hQgibhT8Ez/AjX/gZ5g+BCt6IHA454R7z3UjwRVY1ocxN7+wuLScWcmurq1vbJpb2zUVxpKyKg1FKBsuUUzwgFWBg2CNSDLiu4LV3f7pyK8PmFQ8DK5gGLG2T7oB9zgloCXHNMtO0gJ2AwCJ50GaOmbOyltj4B+kULTsYgHbUyVXsi7e788/byuO+dbqhDT2WQBUEKWathVBOyESOBUszbZixSJC+6TLkvG+Kd7XUgd7odQvADxWZ3LEV2rouzrpE+ip395I/MtrxuCdtBMeRDGwgE4GebHAEOJRedzhklEQQ00IlVxviGmPSEJBnyirq3/3w/+T2mHeLuSPLvUNymiCDNpFe+gA2egYldAZqqAqomiAHtAzejGujTvj0XiaROeM6Z8dNAPj9QtjzZPo</latexit>

Nfft

<latexit sha1_base64="t2HW+u/dGP5AoLg8/fwEvC3jV1c="></latexit>

→G(u)↑G(ū)→ ↓ →G(u)↑G(ū)→+ →G(ū)↑G(ū)→

<latexit sha1_base64="szYwtJxelTOl/Alx0kg6w2PXD4c=">AAACA3icbVBLSwMxGPy2vmp91cdFvASr4KnsCj6OBT14KhXsA7ptyaZpG5rNrklWKMsevfhXvIh4UfDuX/Dsr/Bm+ri0dSAwzExIZryQM6Vt+9tKLSwuLa+kVzNr6xubW9ntnYoKIklomQQ8kDUPK8qZoGXNNKe1UFLse5xWvf7V0K8+UKlYIO70IKQNH3cF6zCCtZFa2SPXwzKOEpcJ5IasGbuc3qNiglzKeTN2kpYrolY2Z+ftEdA8cSYkV8hf7//A3m+plf1y2wGJfCo04VipumOHuhFjqRnhNMm4kaIhJn3cpfGoQ4KOjdRGnUCaIzQaqVM57Cs18D2T9LHuqVlvKP7n1SPduWzETISRpoKMH+pEHOkADQdBbSYp0XxgCCaSmR8i0sMSE21my5jqzmzReVI5zTvn+bNbs0ERxkjDARzCCThwAQW4gRKUgcATvMA7fFiP1rP1ar2NoylrcmcXpmB9/gGR0ppR</latexit>

ū → ω→N ε1ω
<latexit sha1_base64="1JuIQ+bP2MEbt9zMIRjJc5WpRuw=">AAAB+nicbVDJSgNBFHwTtxi3UY+5NAbBi2FGcDkGvHiSCGaBTBh6Op2kSc9iL0KY5OBn6NGLiBcFP8Jf8G/sSXJJYkFDUVXNe6+ChDOpHOfXyq2srq1v5DcLW9s7u3v2/kFdxloQWiMxj0UzwJJyFtGaYorTZiIoDgNOG8HgOvMbj1RIFkf3apjQdoh7EesygpWRfLvojfSpF2CR6rE3Qh6nD8jrUK6wr3275JSdCdAycWekVCk/Z3ip+vaP14mJDmmkCMdStlwnUe0UC8UIp+OCpyVNMBngHk0nq4/RsZE6qBsL8yKFJupcDodSDsPAJEOs+nLRy8T/vJZW3at2yqJEKxqR6aCu5kjFKOsBdZigRPGhIZgIZjZEpI8FJsq0VTCnu4uHLpP6Wdm9KJ/fmQ5uYYo8FOEITsCFS6jADVShBgSe4A0+4csaWa/Wu/Uxjeas2Z9DmIP1/QeM9Zfj</latexit>

→u↑ ū→ ↓ ωu

<latexit sha1_base64="IuV5HQL5HQRdrVzBxxndWpxy5vA=">AAAB73icbVDLSgMxFL1TX7W+xsdG3ASL4GqYcVFdFnThSirYB3TqkEkzbWgmMyaZQin9DjcibhT8E3/BtV/hzvSxaeuBwOGcE+49N0w5U9p1v63cyura+kZ+s7C1vbO7Z+8f1FSSSUKrJOGJbIRYUc4ErWqmOW2kkuI45LQe9q7Hfr1PpWKJeNCDlLZi3BEsYgRrIwW2nSGfCeRTzh+9wBdZYBddx50ALRNvRopl5+b4B45+K4H95bcTksVUaMKxUk3PTXVriKVmhNNRwc8UTTHp4Q4dTvYdoTMjtVGUSPOERhN1LodjpQZxaJIx1l216I3F/7xmpqOr1pCJNNNUkOmgKONIJ2hcHrWZpETzgSGYSGY2RKSLJSbanKhgqnuLRZdJ7cLxSk7p3tzgDqbIwwmcwjl4cAlluIUKVIFAH17gHT6sJ+vZerXeptGcNftzCHOwPv8A6/KRcg==</latexit>

u → ω1ωapproximates
with error bound

any locally analytic nonlinearity



Example that is (too) tractable
<latexit sha1_base64="kOshiDHKBjbKRV15x7Qdpv4BAiw=">AAAB5XicdVDbSkJBFN3HbmY3q8dehiSwl8M5gpYPgdBDPYVBXkBN5oxzdHDOhbkEIn5CLxFBF+h3+oX+pjlqkFELBhZrrWHvtb2YM6kc59NKLS2vrK6l1zMbm1vbO9ndvbqMtCC0RiIeiaaHJeUspDXFFKfNWFAceJw2vOF54jfuqJAsCm/UKKadAPdD5jOClZGaF3l9fKZvC91szrGdKdAPUio7brmE3LmSq9jPCV6q3exHuxcRHdBQEY6lbLlOrDpjLBQjnE4ybS1pjMkQ9+l4uuUEHRmph/xImBcqNFUXcjiQchR4JhlgNZC/vUT8y2tp5Z92xiyMtaIhmQ3yNUcqQkll1GOCEsVHhmAimNkQkQEWmChzmIyp/t0P/U/qBdst2cVrc4MrmCENB3AIeXDhBCpwCVWoAQEOD/AKb1bfurceradZNGXN/+zDAqz3Lwurjvo=</latexit>

G(u) = u2
<latexit sha1_base64="z/qc7zSk5ivNPmCBPx1LiDOCEAo="></latexit>

G(u)n =
∑

k→Z
ukun↑k = (u → u)n

<latexit sha1_base64="szYwtJxelTOl/Alx0kg6w2PXD4c=">AAACA3icbVBLSwMxGPy2vmp91cdFvASr4KnsCj6OBT14KhXsA7ptyaZpG5rNrklWKMsevfhXvIh4UfDuX/Dsr/Bm+ri0dSAwzExIZryQM6Vt+9tKLSwuLa+kVzNr6xubW9ntnYoKIklomQQ8kDUPK8qZoGXNNKe1UFLse5xWvf7V0K8+UKlYIO70IKQNH3cF6zCCtZFa2SPXwzKOEpcJ5IasGbuc3qNiglzKeTN2kpYrolY2Z+ftEdA8cSYkV8hf7//A3m+plf1y2wGJfCo04VipumOHuhFjqRnhNMm4kaIhJn3cpfGoQ4KOjdRGnUCaIzQaqVM57Cs18D2T9LHuqVlvKP7n1SPduWzETISRpoKMH+pEHOkADQdBbSYp0XxgCCaSmR8i0sMSE21my5jqzmzReVI5zTvn+bNbs0ERxkjDARzCCThwAQW4gRKUgcATvMA7fFiP1rP1ar2NoylrcmcXpmB9/gGR0ppR</latexit>

ū → ω→N ε1ωif
<latexit sha1_base64="lM+OfH1EW70xr6uscXF34i8WX5o="></latexit>

ū → ū ↑ ω→2N ε1ωthen
Banach algebra 

<latexit sha1_base64="IlCu/xebtxqcmcS4HdGJzD8purc=">AAACBnicdVDLSgMxFM34rPU16tJNsIjiYpgRrHZXcONKKtgHdMqQSTNtaCYzJhmhdLp34wfoR7gRcaPg0l/wb8z0AVb0QODmnHNJzvFjRqWy7S9jbn5hcWk5t5JfXVvf2DS3tmsySgQmVRyxSDR8JAmjnFQVVYw0YkFQ6DNS93vnmV6/JULSiF+rfkxaIepwGlCMlKY888BNIYJH0HdTz+UJdBm5gW6Kptd0InhmwbbsEeCPoViynVIROhOmULYeMjxWPPPTbUc4CQlXmCEpm44dq9YACUUxI8O8m0gSI9xDHTIYxRjCfU21YRAJfbiCI3bGh0Ip+6GvnSFSXflby8i/tGaigrPWgPI4UYTj8UNBwqCKYNYJbFNBsGJ9PSAsqP4hxF0kEFa6ubyOPs0H/x9qx5ZTtE6udAeXYIwc2AV74BA44BSUwQWogCrA4B48gzfwbtwZT8aL8Tq2zhmTnR0wA+PjGytdnAo=</latexit>

→a ↑ b→ω ↓ →a→ω→b→ω

<latexit sha1_base64="PrqVaJyLdmrAKgZXQqyJVjEUAQY=">AAAB83icdVDJSgNBFOxxjXEbl5uXxiAkB4fJaBZvAQ/xJBHMApkQejqdpEnPQi9CTPIh6kXEi4L/4S/4N/Yk8RDRgoaiqpr3XnkRo0La9pextLyyurae2Ehubm3v7Jp7+zURKo5JFYcs5A0PCcJoQKqSSkYaESfI9xipe4PL2K/fES5oGNzKYURaPuoFtEsxklpqm4fuuJxWmdNy2vUQH6lJxh3DtpmyrWLeKZznoG3ZU8TEOcs5FzA7V1Il6yHGY6VtfrqdECufBBIzJEQza0eyNUJcUszIJOkqQSKEB6hHRtOdJ/BESx3YDbl+gYRTdSGHfCGGvqeTPpJ98duLxb+8ppLdYmtEg0hJEuDZoK5iUIYwLgB2KCdYsqEmCHOqN4S4jzjCUteU1Kf/3Af/JzXHyuat3I3u4BrMkABH4BikQRYUQAlcgQqoAgzuwTN4A++GMp6MF+N1Fl0y5n8OwAKMj2/0A5QK</latexit>

→G(u)↑G(ū)→
<latexit sha1_base64="N6HQejTKxCSOQlRutMLMD8qeM+U=">AAAB+XicbVDJSgNBFHwTtzhuo970MhgECRhmBJeLEPDiSSKYBTIh9HR6kiY9C70IYRLwN/TmRcSLgj/hL/g39iS5JLGg6aKqmn6v/IRRIR3n18gtLa+sruXXzY3Nre0da3evJmLFManimMW84SNBGI1IVVLJSCPhBIU+I3W/f5P59UfCBY2jBzlISCtE3YgGFCOppbZ1cO0NVVGdej7iqRoVp7c3NM22VXBKzhj2InGnpFAuPWd4qbStH68TYxWSSGKGhGi6TiJbKeKSYkZGpqcESRDuoy5Jx5OP7GMtdewg5vpE0h6rMzkUCjEIfZ0MkeyJeS8T//OaSgZXrZRGiZIkwpOPAsVsGdtZDXaHcoIlG2iCMKd6Qhv3EEdY6rKy1d35RRdJ7azkXpTO73UHdzBBHg7hCE7AhUsowy1UoAoYnuANPuHLSI1X4934mERzxvTNPszA+P4D3neW2Q==</latexit>

= →u ↑ u↓ ū ↑ ū→
<latexit sha1_base64="3yd1BMGXLKPC3SlrrmgPfv+VNO4=">AAAB/XicbVDJSgNBFOyJW4zbqEdBGoMQFYcZweUiBLx4kghmgUwIPZ2epEnPQi9CmAQv/oTevYh4UfAX/AX/xp4kHpJY0FBUVfPeKy9mVEjb/jEyc/MLi0vZ5dzK6tr6hrm5VRGR4piUccQiXvOQIIyGpCypZKQWc4ICj5Gq171K/eo94YJG4Z3sxaQRoHZIfYqR1FLT3L10+wV15HqIJ2pwcFhQx3/c7edyTTNvW/YQcJY4Y5IvWk8pnktN89ttRVgFJJSYISHqjh3LRoK4pJiRQc5VgsQId1GbJMPtB3BfSy3oR1y/UMKhOpFDgRC9wNPJAMmOmPZS8T+vrqR/0UhoGCtJQjwa5CsGZQTTKmCLcoIl62mCMKd6Q4g7iCMsdWHp6c70obOkcmI5Z9bpre7gBoyQBTtgDxSAA85BEVyDEigDDB7BK/gAn8aD8WK8Ge+jaMYY/9kGEzC+fgGB5pek</latexit>

= →(u+ ū) ↑ (u↓ ū)→
<latexit sha1_base64="Ql7lLm1Mz7eD3zadBELrgGz5sKI=">AAACBXicbVDLSgMxFM3UVx1foy7dBItSEcuM4GNZcONKKtgHdErJpJk2mHmYh1CmXbvxB/Qf3Ii4UXDrL/g3ZqYFaeuBwLnn3JCc48WMCmnbP0Zubn5hcSm/bK6srq1vWJtbNREpjkkVRyziDQ8JwmhIqpJKRhoxJyjwGKl7txepX78nXNAovJH9mLQC1A2pTzGSWmpb+y4jd9AdFNWh6yGeqOGBO8jmo7/ZNNtWwS7ZGeAsccakUC49pXiutK1vtxNhFZBQYoaEaDp2LFsJ4pJiRoamqwSJEb5FXZJkKYZwT0sd6Edcn1DCTJ3YQ4EQ/cDTmwGSPTHtpeJ/XlNJ/7yV0DBWkoR49JCvGJQRTCuBHcoJlqyvCcKc6h9C3EMcYamLS6M700FnSe245JyWTq51B1dghDzYAbugCBxwBsrgElRAFWDwCF7BB/g0HowX4814H63mjPGdbTAB4+sXuYCbGw==</latexit>

→ ↑(u+ ū)↑↑(u↓ ū)↑
<latexit sha1_base64="ni3oKE6HElu5S4PhDCElnRuCpK8=">AAACBnicbVDLSgMxAMzWV62vVY9egkWsiGW34ONY8OJJKtgHdMuSzWbbYPZhHkLZ9u7FD9CP8CLiRcGjv+DfmG17aetAYJiZkMx4CaNCWtavkVtYXFpeya8W1tY3NrfM7Z2GiBXHpI5jFvOWhwRhNCJ1SSUjrYQTFHqMNL27y8xvPhAuaBzdyn5COiHqRjSgGEktueahw8g9dAYVx0M8VcPjkjqZ0CNnAB2fMIlcVXDNolW2RoDzxJ6QYrX8nOGl5po/jh9jFZJIYoaEaNtWIjsp4pJiRoYFRwmSIHyHuiQd1RjCAy35MIi5PpGEI3Uqh0Ih+qGnkyGSPTHrZeJ/XlvJ4KKT0ihRkkR4/FCgGJQxzDaBPuUES9bXBGFO9Q8h7iGOsNTLZdXt2aLzpFEp22fl0xu9wTUYIw/2wD4oARucgyq4AjVQBxg8gTfwCb6MR+PVeDc+xtGcMbmzC6ZgfP8BTeWcEQ==</latexit>

→ ↑2ū+ (u↓ ū)↑ωu
<latexit sha1_base64="Mc0o9nVVP76npPkYkIu8/hd2yjY=">AAACBnicbVDLSgMxAMzWV62vVY9egkWsCGW34ONY8OJJKtgHdMuSzWbb0OzDPISy7d2LH6Af4UXEi4JHf8G/MduK0NaBwDAzIZnxEkaFtKxvI7ewuLS8kl8trK1vbG6Z2zsNESuOSR3HLOYtDwnCaETqkkpGWgknKPQYaXr9i8xv3hEuaBzdyEFCOiHqRjSgGEktueahw8gtLFWcoeMhnqqRMzyGjk+YRK46+mMF1yxaZWsMOE/sX1Kslh8zPNVc88vxY6xCEknMkBBt20pkJ0VcUszIqOAoQRKE+6hL0nGNETzQkg+DmOsTSThWp3IoFGIQejoZItkTs14m/ue1lQzOOymNEiVJhCcPBYpBGcNsE+hTTrBkA00Q5lT/EOIe4ghLvVxW3Z4tOk8albJ9Wj651htcgQnyYA/sgxKwwRmogktQA3WAwQN4Ae/gw7g3no1X420SzRm/d3bBFIzPH+Cxm8s=</latexit>

→ (2↑ū↑+ ωu)ωu

<latexit sha1_base64="gmAeBb1xp5sODAgCODgjY2Hu1EU=">AAAB+HicbVDLSsNAFJ3UV62vqCtxM1gEVyUp+FgW3ChIqWAf0JQwmU7aoZOHMzdiDUH8DHduRNwo+BV+gBv/wM8wad209cDA4Zwz3HuPEwquwDC+tdzc/MLiUn65sLK6tr6hb241VBBJyuo0EIFsOUQxwX1WBw6CtULJiOcI1nQGp5nfvGFS8cC/gmHIOh7p+dzllEAq2fpO1Y4tYLcAELsuJAm2euwal6sFWy8aJWMEPEvMP1KsGBdfj+c/DzVb/7S6AY085gMVRKm2aYTQiYkETgVLClakWEjogPRYPFo8wfup1MVuINPnAx6pEzniKTX0nDTpEeiraS8T//PaEbgnnZj7YQTMp+NBbiQwBDhrAXe5ZBTEMCWESp5uiGmfSEIh7So73Zw+dJY0yiXzqHR4mXZQRWPk0S7aQwfIRMeogs5QDdURRffoGb2hd+1Oe9JetNdxNKf9/dlGE9A+fgFWoJaG</latexit>

Nfft → 2N
<latexit sha1_base64="K+tiCtOs92xNvOzTzvHibeBk9zA="></latexit>

→G(ū)↑G(ū)→= 0Choose then floating point rounding errors
controlled by interval arithmetic



Error propagation for Fourier: aliasing
Combine contour integral & Poisson summation formula

<latexit sha1_base64="LVGKk33FSaZVVBxsa99kiz4nyuU=">AAAB9HicdVDLSsNAFL2pr1pfUXHlZrAIdRMSwWp3BRe6kgr2AU0pk+mkHTp5MDMplNAPUdyIuFHwO/wF/8ZJW8GKHhg4nHMuc+/xYs6ksu1PI7e0vLK6ll8vbGxube+Yu3sNGSWC0DqJeCRaHpaUs5DWFVOctmJBceBx2vSGl5nfHFEhWRTeqXFMOwHuh8xnBCstdc0DN9J2Np1elVwPizSZnEy6ZtG27CnQD1Ku2E6ljJy5Uqxa9xkeal3zw+1FJAloqAjHUrYdO1adFAvFCKeTgptIGmMyxH2aTpeeoGMt9ZAfCf1ChabqQg4HUo4DTycDrAbyt5eJf3ntRPkXnZSFcaJoSGYf+QlHKkJZA6jHBCWKjzXBRDC9ISIDLDBRuqeCPv37PvQ/aZxaTtk6u9Ud3MAMeTiEIyiBA+dQhWuoQR0IpPAEr/BmjIxH49l4mUVzxnxmHxZgvH8BiouVrA==</latexit>

G(ū)to estimate the aliasing error between 
<latexit sha1_base64="kLQHWx7Nc1QVSF/QnlD5abOlzos=">AAAB53icdVDLSgMxFL1TX7W+qi7dBItQN8OM0Gp3BRe6kgr2gW0pmTTThmYyQ5IRytBvcCOigoJ/4y/4N2baClb0QOBwzgn3nutFnCntOJ9WZml5ZXUtu57b2Nza3snv7jVUGEtC6yTkoWx5WFHOBK1rpjltRZLiwOO06Y3OU795R6ViobjR44h2AzwQzGcEayPdXhQ7HpZJPDnu5QuO7UyBfpByxXErZeTOlULVfk7xUuvlPzr9kMQBFZpwrFTbdSLdTbDUjHA6yXViRSNMRnhAk+meE3RkpD7yQ2me0GiqLuRwoNQ48EwywHqofnup+JfXjrV/1k2YiGJNBZkN8mOOdIjS0qjPJCWajw3BRDKzISJDLDHR5jQ5U/27H/qfNE5st2yXrs0NrmCGLBzAIRTBhVOowiXUoA4EBDzAK7xZzLq3Hq2nWTRjzf/swwKs9y8/uJBV</latexit>

G(ū)and
•   

<latexit sha1_base64="rInWm7wWI3PDmY4/uoj6QG6b9yI=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe8VaLuENq1CIT9AxeaN9+ngvHmPmXmBiNs2EW0K+kntW/VvGp9u1A5cOJxzLnPP+LHg2rjur5PZ2Nza3snu5vb2Dw6P8scnDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7mZ+8xmV5pF8NOMYuyEdSB5wRo2VarKXL7hFNwVZJ96CFG5/rlNUe/nvTj9iSYjSMEG1bntubLoTqgxnAqe5TqIxpmxEBzhJz5uSCyv1SRApO9KQVF3K0VDrcejbZEjNUK96M/E/r52Y4KY74TJODEo2fyhIBDERmXUlfa6QGTG2hDLF7YWEDamizNgfydnq3mrRddK4KnqlYqnmFioPMEcWzuAcLsGDMlTgHqpQBwYIr/ABn86T8+K8Oe/zaMZZ7JzCEpyvP8ovivQ=</latexit>nfor     not too large

Explicit control on 
<latexit sha1_base64="WDHUg4R6eC2qotrBvNFJtBkWa6U=">AAACCHicbVDLSgMxFM34rPU16tJNsAjtwmFG7VR3BRe6kgr2AZ0yZNK0Dc08SDJCmfYH3LjWr3Aj4kbBlb/g35hpC9LqgcDhnJObnOtFjAppmt/awuLS8spqZi27vrG5ta3v7NZEGHNMqjhkIW94SBBGA1KVVDLSiDhBvsdI3etfpH79jnBBw+BWDiLS8lE3oB2KkVSSqxec4WXe8RBP4lHhyAlVNh2V/IojZ+g6QQxdPWcapmWXiifQNE5t67xYUsQcA1pTkisbjymeKq7+5bRDHPskkJghIZqWGclWgrikmJFR1okFiRDuoy5JxkVG8FBJbdgJuTqBhGN1Jod8IQa+p5I+kj0x76Xif14zlp2zVkKDKJYkwJOHOjGDMoTpVmCbcoIlGyiCMKfqhxD3EEdYqt1lVXVrvuhfUjs2LNuwb9QOrsEEGbAPDkAeWKAEyuAKVEAVYPAAXsA7+NDutWftVXubRBe06Z09MAPt8wcUKp29</latexit>

→G(ū)↑G(ū)→ω

<latexit sha1_base64="KvR+Yi7TKOtR6nsbXH3t9wuB010="></latexit>

→ Cω̄
ω̄n + ω̄→n

ω̄Nfft ↑ 1

<latexit sha1_base64="qBHYII1olavrD0UuUAiDT5v2wW0="></latexit>∣∣[G(ū)→G(ū)]n
∣∣

<latexit sha1_base64="/VqojRHMFemSiDYOMCx3oyjBUvw="></latexit>

Cω̄ =
1

2ω

∫ 2ε

0
|G(ū(ε ± i log ϑ̄))|dε

always giving up a bit of regularity

Already in a 2017 paper by Figueras & Haro & Luque

CAP for KAM tori results using Nash-Moser setup

• 
• 
•  
•  

building on early work by de la Llave & Rana



Error propagation for Fourier: the other term
<latexit sha1_base64="UTRVd4Td9h1LDsny2f/8uarkSB8=">AAAB9nicdVDJSgNBFOxxjXGLevDgpTEIycFhJprFW8BDPEkEs0AmhJ5OJ2nSs9CLGCb5ED14EfGi4Gf4C/6NPUk8RLSgoaiq5r1XbsiokJb1ZSwtr6yurSc2kptb2zu7qb39uggUx6SGAxbwposEYdQnNUklI82QE+S5jDTc4WXsN+4IFzTwb+UoJG0P9X3aoxhJLXVSh864klHZ00rGcRGP1CTrjDuOrzqptGWWCrnieR5apjVFTHJn+dwFtOdKumw+xHisdlKfTjfAyiO+xAwJ0bKtULYjxCXFjEySjhIkRHiI+iSarj2BJ1rqwl7A9fMlnKoLOeQJMfJcnfSQHIjfXiz+5bWU7JXaEfVDJYmPZ4N6ikEZwLgD2KWcYMlGmiDMqd4Q4gHiCEvdVFKf/nMf/J/Uc6ZdMPM3uoNrMEMCHIFjkAE2KIIyuAJVUAMYTMAzeAPvxr3xZLwYr7PokjH/cwAWYHx8A61ilaY=</latexit>

→G(u)↑G(ū)→ωHow about ?
Is 

<latexit sha1_base64="9tXWP1vTjHLnIAKxJrm5oYvyZtk=">AAAB4XicbVDJSgNBFHztGuMW9eilMQjxMswILseABz1JBLNAEkJPpydp0rPQ/UYIIR/gRcSL2w/5C/6NPUkuSSxoKKqqea+enyhp0HV/ycrq2vrGZm4rv72zu7dfODismTjVXFR5rGLd8JkRSkaiihKVaCRasNBXou4PbjK//iS0kXH0iMNEtEPWi2QgOcNMui2lZ51C0XXcCegy8WakWHY+M3xVOoWfVjfmaSgi5IoZ0/TcBNsjplFyJcb5VmpEwviA9cRosuGYnlqpS4NY2xchnahzORYaMwx9mwwZ9s2il4n/ec0Ug+v2SEZJiiLi00FBqijGNKtLu1ILjmpoCeNa2g0p7zPNONqj5G11b7HoMqmdO96lc/Fgb3APU+TgGE6gBB5cQRnuoAJV4NCHF3iHD8LJM3klb9PoCpn9OYI5kO8/a7uNcQ==</latexit>

G(u)
<latexit sha1_base64="mMDXmi8BzUjnicYfh401HSQPkcE=">AAAB6XicbVDJSgNBFHwTtxi3uFzES2MQPA0zgssxoAdPEsEskImhp9OTNOnpGXoRwpCP8CLiRcGf8Rc8+xXe7CyXJBY0FFXVvFcvTDlT2vO+ndzS8srqWn69sLG5tb1T3N2rqcRIQqsk4YlshFhRzgStaqY5baSS4jjktB72r0d+/YlKxRLxoAcpbcW4K1jECNZWCgLK+WPmD9uBMO1iyXO9MdAi8aekVHZvDn/g4LfSLn4FnYSYmApNOFaq6XupbmVYakY4HRYCo2iKSR93aTbedIhOrNRBUSLtExqN1ZkcjpUaxKFNxlj31Lw3Ev/zmkZHV62MidRoKshkUGQ40gka1UYdJinRfGAJJpLZDRHpYYmJtscp2Or+fNFFUjtz/Qv3/N7e4A4myMMRHMMp+HAJZbiFClSBQAov8A4fTt95dl6dt0k050z/7MMMnM8/b4CQKA==</latexit>

ω1ω
<latexit sha1_base64="KLGzfvKgYOZE8TmAKJ69xqKsPFU=">AAAB8XicbVDLSgMxFL1TX7W+xupG3ASL4KrMCD6WBV24kgr2AZ06ZNJMG5rJDElGLEM/xI2IGwV/xF9w7Ve4M31s2nogcDjnhHvPDRLOlHacbyu3tLyyupZfL2xsbm3v2LvFuopTSWiNxDyWzQArypmgNc00p81EUhwFnDaC/tXIbzxSqVgs7vUgoe0IdwULGcHaSL5dTJHHBPIo5w+ZO/Q9kfp2ySk7Y6BF4k5JqVK+PviB/d+qb395nZikERWacKxUy3US3c6w1IxwOix4qaIJJn3cpdl44yE6NlIHhbE0T2g0VmdyOFJqEAUmGWHdU/PeSPzPa6U6vGxnTCSppoJMBoUpRzpGo/qowyQlmg8MwUQysyEiPSwx0eZIBVPdnS+6SOqnZfe8fHZnbnALE+ThEI7gBFy4gArcQBVqQOAJXuAdPixlPVuv1tskmrOmf/ZgBtbnH7Djkn0=</latexit>

u → ω1ωeven in for ?

Obviously need to avoid poles of 
<latexit sha1_base64="zlRgrhcMHIgZyLPHwgp2wgc7Qf0=">AAAB3nicbVC7SgNBFL0bXzG+opY2g0GwCruKj86AhVaSgHlAEuLs5G4yZHZnmZkVQkhrI2Kj4CfZW/k3TjZpknjgwuGcc5l7xo8F18Z1f53Myura+kZ2M7e1vbO7l98/qGmZKIZVJoVUDZ9qFDzCquFGYCNWSENfYN0f3E78+jMqzWX0aIYxtkPai3jAGTVWqtx18gW36KYgy8SbkcLNz3mKcif/3epKloQYGSao1k3PjU17RJXhTOA410o0xpQNaA9H6XljcmKlLgmkshMZkqpzORpqPQx9mwyp6etFbyL+5zUTE1y3RzyKE4MRmz4UJIIYSSZdSZcrZEYMLaFMcXshYX2qKDP2R3K2urdYdJnUzoreZfGi4hZKDzBFFo7gGE7BgysowT2UoQoMEF7hAz6dJ+fFeXPep9GMM9s5hDk4X3+QR4rM</latexit>

G

<latexit sha1_base64="1flLoGodrprLUc4hyc2gCGVWuR8=">AAAB6XicbVDJSgNBFHzjGuMW9eilMQjxMswILseABz1JBLNAJoSeTk/SpKdn6EUIST7Ci2guCv6Mv+Df2JPkksSChqKqmvfqhSlnSnver7O2vrG5tZ3bye/u7R8cFo6OayoxktAqSXgiGyFWlDNBq5ppThuppDgOOa2H/bvMr79QqVginvUgpa0YdwWLGMHaSkEwui+Zi2DUDoRpF4qe602BVok/J8Wy+5FhUmkXfoJOQkxMhSYcK9X0vVS3hlhqRjgd5wOjaIpJH3fpcLrpGJ1bqYOiRNonNJqqCzkcKzWIQ5uMse6pZS8T//OaRke3rSETqdFUkNmgyHCkE5TVRh0mKdF8YAkmktkNEelhiYm2x8nb6v5y0VVSu3T9a/fqyd7gEWbIwSmcQQl8uIEyPEAFqkAghTf4hC+n77w6785kFl1z5n9OYAHO9x+JkpEP</latexit>

→G(u)→ω
<latexit sha1_base64="Dyf16S6vw3A3+YHJXz/Mu6HmErw=">AAAB5nicbVDLSsNAFL2pr1pfVZduBovgKiSC1WXBjSupYB/SlDKZTtqhk0mYh1Da/oIbEVEU/Bx/wb9x0nbT1gMDh3POcO+5YcqZ0p736+TW1jc2t/LbhZ3dvf2D4uFRXSVGElojCU9kM8SKciZoTTPNaTOVFMchp41wcJP5jScqFUvEgx6mtB3jnmARI1hb6TEYm2DcCYTpFEue602BVok/J6WK+57ho9op/gTdhJiYCk04Vqrle6luj7DUjHA6KQRG0RSTAe7R0XTNCTqzUhdFibRPaDRVF3I4VmoYhzYZY91Xy14m/ue1jI6u2yMmUqOpILNBkeFIJyjrjLpMUqL50BJMJLMbItLHEhNtL1Ow1f3loqukfuH6Zffy3t7gDmbIwwmcwjn4cAUVuIUq1IBADC/wCV9O33l2Xp23WTTnzP8cwwKc7z8ynZBZ</latexit>

→u→ωCan we estimate in terms of ?

This question is too general. We only need this for <latexit sha1_base64="AbnWp6P+2ibkefzx7N/MNYNCpfA=">AAAB3nicdVDLSgNBEOyNrxhfUY9eBoPgKewqruZkwIsnScA8IAlxdjKbDJl9MNMrhJCrFxEvCn6Sd0/+jZNNBCNa0FBUVTNd48VSaLTtTyuztLyyupZdz21sbm3v5Hf36jpKFOM1FslINT2quRQhr6FAyZux4jTwJG94w6up37jnSosovMVRzDsB7YfCF4yikapJN1+wi3YK8oO4JdspucSZK4XLj9MUlW7+vd2LWBLwEJmkWrccO8bOmCoUTPJJrp1oHlM2pH0+Ts+bkCMj9YgfKTMhklRdyNFA61HgmWRAcaB/e1PxL6+VoH/RGYswTpCHbPaQn0iCEZl2JT2hOEM5MoQyJcyFhA2oogzNj+RM9e9+5H9SPyk6bvGsahfKNzBDFg7gEI7BgXMowzVUoAYMODzCC7xad9aD9WQ9z6IZa76zDwuw3r4A/sOLGQ==</latexit>u
<latexit sha1_base64="GEkSngDyT9SJQHyB+/b8YjTMc3w=">AAAB5HicdVDLSgNBEOyNrxhfUY9eBoPgKewqruZkwIsniWAekIQwO5lNhsw+mOkVwpI/8CLiRcHv8e7Jv3GyiWBECxqKqmqma7xYCo22/WnllpZXVtfy64WNza3tneLuXkNHiWK8ziIZqZZHNZci5HUUKHkrVpwGnuRNb3Q19Zv3XGkRhXc4jnk3oINQ+IJRNFKz41GVJpNesWSX7QzkB3ErtlNxiTNXSpcfpxlqveJ7px+xJOAhMkm1bjt2jN2UKhRM8kmhk2geUzaiA55mR07IkZH6xI+UmRBJpi7kaKD1OPBMMqA41L+9qfiX107Qv+imIowT5CGbPeQnkmBEpo1JXyjOUI4NoUwJcyFhQ6ooQ/MvBVP9ux/5nzROyo5bPru1S9UbmCEPB3AIx+DAOVThGmpQBwYjeIQXeLV868F6sp5n0Zw139mHBVhvX6Lpjd4=</latexit>

ūclose to

Let’s focus on what we need for the CAP in the curvature bound:
<latexit sha1_base64="N8AHauZkrKKQvAXteMh8u2Wwufc="></latexit>

sup
→h→ω↑r→

→G↓↓(ū+ h)→ω

Still: •we do not want to give up any bit of regularity
•and we need explicit error control

• 
•  
•  



<latexit sha1_base64="sNQaf6n27hswfZdBSN2fR5nnldQ="></latexit> →∑

k=0

Ĝ(k)(ū)

k!
hk

<latexit sha1_base64="N8AHauZkrKKQvAXteMh8u2Wwufc="></latexit>

sup
→h→ω↑r→

→G↓↓(ū+ h)→ω call 
<latexit sha1_base64="NO5OxMPY3LkPvtKLTvmiOBCOmJ8=">AAAB7nicdVDLSgMxFM3UV62Pjrp0EyxSV8PM1D5ciAUXdSUVrC20pWTSTBuaeZBklDL0N9yIuFHwU9y78m/MTOuiogcuHM45l9wTJ2RUSNP80jIrq2vrG9nN3Nb2zm5e39u/E0HEMWnhgAW84yBBGPVJS1LJSCfkBHkOI21ncpn47XvCBQ38WzkNSd9DI5+6FCOppIGe7z3QIRkjGTdm541icaAXTKNWsaunZWgaZoqE2KWyfQathVK4+CylaA70j94wwJFHfIkZEqJrmaHsx4hLihmZ5XqRICHCEzQicXruDB4raQjdgKvxJUzVpRzyhJh6jkp6SI7Fby8R//K6kXRr/Zj6YSSJj+cPuRGDMoBJdziknGDJpoogzKm6EOIx4ghL9UM5Vf2nH/yf3NmGVTHKN2ahfg3myIJDcAROgAWqoA6uQBO0AAYReAKv4E0LtUftWXuZRzPaYucALEF7/wb0apDK</latexit>

Ĝ = G→→

<latexit sha1_base64="HnzCedtYRW505n/ZxcaEO1FCTfU="></latexit>

→Ĝ(ū+ h)→ω ↑
→∑

k=0

→Ĝ(k)(ū)→ω
k!

→h→kω

This is good since it uses exactly the information on    that we have
<latexit sha1_base64="VKhXOBsJqAtG1aynuJt5m5xm8VQ=">AAAB3nicdVDLSgNBEOyNrxhfUY9eBoPgKewqruZkwIsnScA8IAlxdtKbDJl9MDMrhJCrFxEvCn6Sd0/+jZNNBCNa0FBUVTNd48WCK23bn1ZmaXlldS27ntvY3Nreye/u1VWUSIY1FolINj2qUPAQa5prgc1YIg08gQ1veDX1G/coFY/CWz2KsRPQfsh9zqg2UnXQzRfsop2C/CBuyXZKLnHmSuHy4zRFpZt/b/cilgQYaiaoUi3HjnVnTKXmTOAk104UxpQNaR/H6XkTcmSkHvEjaSbUJFUXcjRQahR4JhlQPVC/van4l9dKtH/RGfMwTjSGbPaQnwiiIzLtSnpcItNiZAhlkpsLCRtQSZk2P5Iz1b/7kf9J/aTouMWzql0o38AMWTiAQzgGB86hDNdQgRowQHiEF3i17qwH68l6nkUz1nxnHxZgvX0B65GLDA==</latexit>

h

But is requires control on all derivatives of
<latexit sha1_base64="Pz+1yxA4WSq4QNRGPaI06E8MQXE=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hV3FaE4GPOhJIpgHJCHMzk6SMbMPZnqVsOQfvIh4UfBrvHvyb5xsIhjRgoaiqprpGjeSQqNtf1pz8wuLS8uZlezq2vrGZm5ru6bDWDFeZaEMVcOlmksR8CoKlLwRKU59V/K6Ozgf+/U7rrQIgxscRrzt014guoJRNFKzdS883qeYXIw6ubxdsFOQH6RYsp1SkThTJX/2cZSi0sm9t7yQxT4PkEmqddOxI2wnVKFgko+yrVjziLIB7fEkPXRE9o3kkW6ozARIUnUmR32th75rkj7Fvv7tjcW/vGaM3dN2IoIoRh6wyUPdWBIMybg18YTiDOXQEMqUMBcS1qeKMjR/kzXVv/uR/0ntsOAUC8fXdr58BRNkYBf24AAcOIEyXEIFqsAghEd4gVfr1nqwnqznSXTOmu7swAysty+AH4+J</latexit>

Ĝ

Error propagation for Fourier: the other term

with 
<latexit sha1_base64="cnSN7KyqNqq5uIQPLcBP5pcI8Ag=">AAAB4HicdVDLSgNBEOyNrxhfUY9eBoPgKewqruZkwIsniWgekMQwO5lNhsw+mOkVQsjdi4gXBb/Iuyf/xskmghEtaCiqqpmu8WIpNNr2p5VZWFxaXsmu5tbWNza38ts7NR0livEqi2SkGh7VXIqQV1Gg5I1YcRp4kte9wcXEr99zpUUU3uIw5u2A9kLhC0bRSDf9u0EnX7CLdgryg7gl2ym5xJkphfOP4xSVTv691Y1YEvAQmaRaNx07xvaIKhRM8nGulWgeUzagPT5KDxyTAyN1iR8pMyGSVJ3L0UDrYeCZZECxr397E/Evr5mgf9YeiTBOkIds+pCfSIIRmbQlXaE4Qzk0hDIlzIWE9amiDM2f5Ez1737kf1I7Kjpu8eTaLpSvYIos7ME+HIIDp1CGS6hAFRj04BFe4NXyrAfryXqeRjPWbGcX5mC9fQFfXYvp</latexit>

hk in the convolution sense.
<latexit sha1_base64="QrCUjvn6AJuTIG6GRuI83bF+p5I="></latexit>

→
→∑

k=0

↑Ĝ(k)(ū)↑ω
k!

rk↑

Banach algebra property gives:

<latexit sha1_base64="IZ3YAUwJesKTpS+9TMUFci7F0vY=">AAAB+HicbVDLSgMxFL1TX7W+Rl2Jm2ARKkKZEXxshIILXUkF+4BOKZk004ZmHiQZpQ6D36ErNyJuFPwKf8G/MdN20+qBwOGcE+69x404k8qyfozc3PzC4lJ+ubCyura+YW5u1WUYC0JrJOShaLpYUs4CWlNMcdqMBMW+y2nDHVxkfuOOCsnC4FYNI9r2cS9gHiNYaalj7iDnnnVpH6vkMi05LhZJnB72D9B5xyxaZWsE9JfYE1KslJ8yPFc75rfTDUns00ARjqVs2Vak2gkWihFO04ITSxphMsA9mowWT9G+lrrIC4V+gUIjdSqHfSmHvquTPlZ9Oetl4n9eK1beWTthQRQrGpDxIC/mSIUoawF1maBE8aEmmAimN0SkjwUmSndV0Kfbs4f+JfWjsn1SPr7RHVzDGHnYhT0ogQ2nUIErqEINCDzCK3zAp/FgvBhvxvs4mjMmf7ZhCsbXL+enlkc=</latexit>

Ĝ(ū+ h) =



Complex analysis lemma
<latexit sha1_base64="OMEtSN8bKsAdnBcC9xHAJkVOTFM="></latexit>

Ĝ(ū(z) + h(z)) =
→∑

k=0

Ĝ(k)(ū(z))

k!
h(z)k

For each fixed <latexit sha1_base64="wqxph/YDitlE3E0zMvNPIfFmGPs=">AAAB3nicdVBNS0JBFL3Pvsy+rJZthiRoJe8VWq4S2rQKhfwAFZs33qeD8z6YmReYuG0T0aagn9S+Vf+m8WmQUQcuHM45l7ln3EhwpW3700otLa+srqXXMxubW9s72d29ugpjybDGQhHKpksVCh5gTXMtsBlJpL4rsOEOL6d+4w6l4mFwo0cRdnzaD7jHGdVGqt53szk7bycgP0ixZDulInHmSu7i4zRBpZt9b/dCFvsYaCaoUi3HjnRnTKXmTOAk044VRpQNaR/HyXkTcmSkHvFCaSbQJFEXctRXauS7JulTPVC/van4l9eKtXfeGfMgijUGbPaQFwuiQzLtSnpcItNiZAhlkpsLCRtQSZk2P5Ix1b/7kf9J/STvFPOFqp0rX8MMaTiAQzgGB86gDFdQgRowQHiEF3i1bq0H68l6nkVT1nxnHxZgvX0BBjSLHg==</latexit>z
<latexit sha1_base64="yFwQnmQuIaKDdScEl89fHSIB2SQ="></latexit>

Ĝ(k)(ū(z)) =
k!

2ωi

∮

Br→ (ū(z))

Ĝ(w)

wk+1
dw

Triangle inequality for Bochner integrals:

<latexit sha1_base64="IZ3YAUwJesKTpS+9TMUFci7F0vY=">AAAB+HicbVDLSgMxFL1TX7W+Rl2Jm2ARKkKZEXxshIILXUkF+4BOKZk004ZmHiQZpQ6D36ErNyJuFPwKf8G/MdN20+qBwOGcE+69x404k8qyfozc3PzC4lJ+ubCyura+YW5u1WUYC0JrJOShaLpYUs4CWlNMcdqMBMW+y2nDHVxkfuOOCsnC4FYNI9r2cS9gHiNYaalj7iDnnnVpH6vkMi05LhZJnB72D9B5xyxaZWsE9JfYE1KslJ8yPFc75rfTDUns00ARjqVs2Vak2gkWihFO04ITSxphMsA9mowWT9G+lrrIC4V+gUIjdSqHfSmHvquTPlZ9Oetl4n9eK1beWTthQRQrGpDxIC/mSIUoawF1maBE8aEmmAimN0SkjwUmSndV0Kfbs4f+JfWjsn1SPr7RHVzDGHnYhT0ogQ2nUIErqEINCDzCK3zAp/FgvBhvxvs4mjMmf7ZhCsbXL+enlkc=</latexit>

Ĝ(ū+ h) =

Arbitrary <latexit sha1_base64="hRWfuhwUfODVC8jYfiTrmhc3asw=">AAAB3nicdVC7SgNBFL0bXzG+opY2g0GwWnY35mFlwMZKEjCJkIQ4O5lNhsw+mJkVYkhrI2Kj4CfZW/k3zm5iEdEDFw7nnMvcM27EmVSW9WVkVlbX1jeym7mt7Z3dvfz+QUuGsSC0SUIeilsXS8pZQJuKKU5vI0Gx73LadseXid++p0KyMLhRk4j2fDwMmMcIVlpqPPTzBcuslp3KWQlZppUiIU6x5Jwje6EULj6LKer9/Ed3EJLYp4EiHEvZsa1I9aZYKEY4neW6saQRJmM8pNP0vBk60dIAeaHQEyiUqks57Es58V2d9LEayd9eIv7ldWLlVXtTFkSxogGZP+TFHKkQJV3RgAlKFJ9ogolg+kJERlhgovSP5HT1n37of9JyTLtslhpWoXYNc2ThCI7hFGyoQA2uoA5NIEDhCV7hzbgzHo1n42UezRiLnUNYgvH+DSaaizQ=</latexit>z !
<latexit sha1_base64="YRxn4Qgv9UUiBynhJdwERPVQZj8="></latexit>

→Ĝ(k)(ū)→ω ↑ k!

2ωrk→

∫ 2ε

0
→Ĝ(ū+ r→e

iϑ)→ωdε

<latexit sha1_base64="OpdRsFa0XKTUP5PQjk4aL/Twbkw="></latexit>

=
k!

2ωrk→

∫ 2ω

0
Ĝ(ū(z) + r→e

iε)e↑ikεdε



Complex analysis lemma

<latexit sha1_base64="VMQF4RSafKCRDlAdk5fYJt0TN+U=">AAAB6HicbVDLSgMxFL1TX7W+qi7dhBZBXJQZwcfCRcWNK6lgH9CWkkkzbWxmMiR3hFL6CYIbkW4U/Bp/QfwIf8H0sWn1QOBwzgn3nuvHUhh03S8ntbS8srqWXs9sbG5t72R39ypGJZrxMlNS6ZpPDZci4mUUKHkt1pyGvuRVv3c99quPXBuhonvsx7wZ0k4kAsEoWqmuW8eXutVgQrNWNu8W3AnIX+LNSL6YGz39XPW+S63sZ6OtWBLyCJmkxtQ9N8bmgGoUTPJhppEYHlPWox0+mCw6JIdWapNAafsiJBN1LkdDY/qhb5Mhxa5Z9Mbif149weCiORBRnCCP2HRQkEiCioxbk7bQnKHsW0KZFnZDwrpUU4b2Nhlb3Vss+pdUTgreWeH0zt7gFqZIwwHk4Ag8OIci3EAJysBAwQu8wbvz4Dw7r85oGk05sz/7MAfn4xfYqJCo</latexit>

r→ < r↑for

<latexit sha1_base64="hbdjV+1rascQ2z+XYhYjvscNJks="></latexit>

sup
→h→ω↑r→

→Ĝ(ū+ h)→ω ↑
↓∑

k=0

→Ĝ(k)(ū)→ω
k!

rk↔

<latexit sha1_base64="i5kjYVVpYE0hOXVkPHa3JLhFFyE="></latexit>

→
→∑

k=0

k!Ĉ

rk↑

rk↓
k!

<latexit sha1_base64="bhecR6ck3fvVwKBub2yIJiV8dTs="></latexit>

= Ĉ
1

1→ r→
r↑

<latexit sha1_base64="wFvb2dC7KHODBRLr0SC4eUHEcP4=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQpLahysL3biSCvYBbSmTyaQdO8mEmYlSQv/BjYgbBb/GvSv/xklaFxU9cOFwzrnMPeNGjEplWV/Gyura+sZmbiu/vbO7t184OGxLHgtMWpgzLroukoTRkLQUVYx0I0FQ4DLScSeN1O/cEyEpD2/VNCKDAI1C6lOMlJZ6/QfqkTFSSWM2LBQts1ZxqudlaJlWhpQ4pbJzAe2FUrz8LGVoDgsffY/jOCChwgxJ2bOtSA0SJBTFjMzy/ViSCOEJGpEkO3QGT7XkQZ8LPaGCmbqUQ4GU08DVyQCpsfztpeJfXi9Wfm2Q0DCKFQnx/CE/ZlBxmLaGHhUEKzbVBGFB9YUQj5FAWOm/yevqP/3g/6TtmHbFLN9Yxfo1mCMHjsEJOAM2qII6uAJN0AIYcPAEXsGbcWc8Gs/Gyzy6Yix2jsASjPdvmpmPmw==</latexit>

ĈLet bound

<latexit sha1_base64="YRxn4Qgv9UUiBynhJdwERPVQZj8="></latexit>

→Ĝ(k)(ū)→ω ↑ k!

2ωrk→

∫ 2ε

0
→Ĝ(ū+ r→e

iϑ)→ωdε

<latexit sha1_base64="+swGGcYmEWfQwIbCfjgUq1uAiQY="></latexit>

sup
→h→ω↑r→

→Ĝ(ū+ h)→ω

<latexit sha1_base64="CqALu2mH2sLVA766D716tnSWDDU="></latexit>

→Ĝ(ū+ r→e
iω)→ε

<latexit sha1_base64="g3+KEZRNvfSM087Ne/3tajx3nl8=">AAAB9nicbVDLSsNAFJ3UV62vqAsXbgaL4kJK0kV1WXDjxlLBPqCJYTKZtEMnyTAzkZaQX3Ej4kbBz/AX/As/welj09YDA4dzznDvPT5nVCrL+jEKa+sbm1vF7dLO7t7+gXl41JZJKjBp4YQlousjSRiNSUtRxUiXC4Iin5GOP7yd+J1nIiRN4kc15sSNUD+mIcVIackzT6AToZGXOXxAHRr3rKuqw6mbe2bZqlhTwFViz0m5fn8RPDXob9Mzv50gwWlEYoUZkrJnW1y5GRKKYkbykpNKwhEeoj7Jpmvn8FxLAQwToV+s4FRdyKFIynHk62SE1EAuexPxP6+XqvDGzWjMU0ViPBsUpgyqBE46gAEVBCs21gRhQfWGEA+QQFjppkr6dHv50FXSrlbsWqX2oDtogBmK4BScgUtgg2tQB3egCVoAgxy8gg/waYyMF+PNeJ9FC8b8zzFYgPH1B6I1lM8=</latexit> max
ω→[0,2ε]



Avoiding singularities of    

• use winding numbers (avoiding poles)  
and open mapping theorem (avoiding branch cuts)

• a lot, but not everything, can be automated:  
you need to know where the singularities of     are (not)

• nonlinearities depending on on multiple variables
• unknown functions depending on multiple variables

<latexit sha1_base64="954Gcv/0oGsi8P6V8e8x/H71Dhk=">AAAB33icdVBNS0JBFL3Pvsy+rJZthiRo9Xijac9VQotahUWmoCLzxnk6OO+DmXmBiOs2EW0K+kftW/VvGp+1MOrAhcM55zL3jBcLrrTjfFqZpeWV1bXsem5jc2t7J7+7d6eiRFLWoJGIZMsjigkesobmWrBWLBkJPMGa3uh85jfvmVQ8Cm/1OGbdgAxC7nNKtJFuche9fMGxq261WHKRY5/gsouxIU4Ju7iCsO2kKJx9lFLUe/n3Tj+iScBCTQVRqo2dWHcnRGpOBZvmOoliMaEjMmCT9L4pOjJSH/mRNBNqlKoLORIoNQ48kwyIHqrf3kz8y2sn2ne7Ex7GiWYhnT/kJwLpCM3Koj6XjGoxNoRQyc2FiA6JJFSbL8mZ6j/90P/krmjjil2+dgq1K5gjCwdwCMeA4RRqcAl1aAAFHx7hBV4tYj1YT9bzPJqxvnf2YQHW2xcyjYsu</latexit>

G

<latexit sha1_base64="6M/W7jey+eaqDojUJ3tgNug2GlA=">AAAB33icbVC7SgNBFL3rM66vqKXNYBCswq7iozNgoZVEMQ9IQpidzCZDZneWmbtCCKltRGwU/CN7K//GySZNEg9cOJxzLnPPBIkUBj3v11laXlldW89tuJtb2zu7+b39qlGpZrzClFS6HlDDpYh5BQVKXk80p1EgeS3o34z92jPXRqj4CQcJb0W0G4tQMIpWenRv2/mCV/QykEXiT0nh+ucsQ7md/252FEsjHiOT1JiG7yXYGlKNgkk+cpup4Qllfdrlw+y+ETm2UoeEStuJkWTqTI5GxgyiwCYjij0z743F/7xGiuFVayjiJEUes8lDYSoJKjIuSzpCc4ZyYAllWtgLCetRTRnaL3FtdX++6CKpnhb9i+L5g1co3cMEOTiEIzgBHy6hBHdQhgowCOEVPuDToc6L8+a8T6JLznTnAGbgfP0Bw++K4A==</latexit>

G

<latexit sha1_base64="4ifZo6/8FW9T7/eyYO93gZe6GmI=">AAAB8HicdVBbSwJBGJ21m223tR57GZJAIZZdIcs3oYd6CoO8gMoyO87q4OyFuRQm/o8KInop6Jf0F/o3zapBRh0Y5nDOGeY7n58wKqTjfBqZpeWV1bXsurmxubW9Y+V2GyJWHJM6jlnMWz4ShNGI1CWVjLQSTlDoM9L0h2ep37whXNA4upajhHRD1I9oQDGSWvKsnHleUJ5buCseKa+kr6Jn5R3bmQL+IOWK41bK0J0r+ar9kOKx5lkfnV6MVUgiiRkSou06ieyOEZcUMzIxO0qQBOEh6pPxdOAJPNRSDwYx1yeScKou5FAoxCj0dTJEciB+e6n4l9dWMjjtjmmUKEkiPPsoUAzKGKbtYY9ygiUbaYIwp3pCiAeIIyz1jkxd/bsf/J80SrZbto+v9A4uwQxZsA8OQAG44ARUwQWogTrA4BY8gVfwZnDj3ng2XmbRjDF/swcWYLx/AQ1bkaU=</latexit>

G(u1(z), u2(z))
<latexit sha1_base64="Vy7mdqqJ4tKkDqPtsJhv1xS1UK4=">AAAB63icdVBbSwJBGP3WbrbdrB57GZJAIZZdIcs3oYd6CoO8gNoyO446OHthZjZQ8Vf0UtJLQf+lv9C/aVYNMurAwOGcM3zf+byIM6ls+9NIrayurW+kN82t7Z3dvcz+QU2GsSC0SkIeioaHJeUsoFXFFKeNSFDse5zWvcFl4tcfqJAsDO7UMKJtH/cC1mUEKy3dm1e5ODdyndORW8jn3UzWtuwZ0A9SLNlOqYichZItW88JphU389HqhCT2aaAIx1I2HTtS7TEWihFOJ2YrljTCZIB7dDzbdYJOtNRB3VDoFyg0U5dy2Jdy6Hs66WPVl7+9RPzLa8aqe9EesyCKFQ3IfFA35kiFKCmOOkxQovhQE0wE0xsi0scCE6XPY+rq3/3Q/6RWsJyidXarb3ADc6ThCI4hBw6cQxmuoQJVICDgCV7hzfCNR2NqvMyjKWPx5xCWYLx/AffzkJA=</latexit>

G(u(z1, z2))

For systems, PDEs and continuation:



Conclusions
• CAPs can be used to turn simulations into proofs
• Based on quantitative fixed point theorem (Newton-Kantorovich)
• Locally analytic: general Fourier-Taylor-Chebyshev spectral method 
• Bounds: interpolation estimates and Fourier/complex analysis
• Error control in computations through interval arithmetic
• Reuse code (Matlab, Julia [Hénot]): less time spent on “technique”
• Concentrate on what is the specific math for the problem 
(it is still nonlinear analysis: each problem has its own tweak)

• And plenty of problems do not fall into the category discussed:  
lots of CAPs with other bases, spaces, unbounded domains, etc.



Thank you!
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