
Validated polynomial optimisation for 
computer -assisted proofs in ODEs

Jeremy Parker



Motivating example: Lyapunov functions

Consider an autonomous ODE system
𝑑

𝑑𝑡
𝑥 𝑡 = 𝑓 𝑥 𝑡 , 𝑓 ∈ 𝐶1 Ω, ℝ𝑛 ,

where
Ω ⊂ ℝ𝑛

is forward invariant.

Suppose that 𝑓 0 = 0. If there exists 𝑉 ∈ 𝐶1(Ω, ℝ) such that
ℒ𝑓𝑉 𝑥 ≤ 0, ∀𝑥 ∈ Ω,
𝑉 𝑥 ≥ 𝑥 2, ∀𝑥 ∈ Ω.

Then the equilibrium 𝑥 = 0 is globally (Lyapunov) stable in Ω.

Here ℒ𝑓𝑉 = 𝑓 ⋅ ∇𝑉 is the Lie derivative of 𝑉 with respect to the flow.



Motivating example: Lyapunov functions

Consider an autonomous ODE system
𝑑

𝑑𝑡
𝑥 𝑡 = 𝑓 𝑥 𝑡 , 𝑥 ∈ ℝ𝑛, 𝑓 ∈ ℝ 𝑥 𝑛,

where
Ω = 𝑥 ∈ ℝ𝑛 | 𝑔 𝑥 ≥ 0 , 𝑔 ∈ ℝ 𝑥 ,

is forward invariant.

Suppose that 𝑓 0 = 0. If there exists 𝑉 ∈ ℝ 𝑥 such that
−ℒ𝑓𝑉 = 𝜎0 + 𝑔 𝜎1, 𝜎0, 𝜎1 ∈ 𝑆𝑂𝑆,

𝑉 𝑥 − 𝑥 2 = 𝜎2 + 𝑔 𝜎3, 𝜎2, 𝜎3 ∈ 𝑆𝑂𝑆,

Then the equilibrium 𝑥 = 0 is globally (Lyapunov) stable in Ω.

Here 𝜎 ∈ 𝑆𝑂𝑆 means 𝜎 is a polynomial sum -of-squares, i.e. 𝜎 = σ 𝑝𝑖
2 for some 𝑝𝑖 ∈ ℝ[𝑥].

Multivariate 
polynomial in 𝑥 with 
real coefficients



SOS as SDP

𝜎 = σ 𝑝𝑖
2 for some 𝑝𝑖 ∈ ℝ[𝑥] if and only if 

𝜎 = 𝐛𝑇𝑄𝐛, 𝑄 ≽ 0,

where 𝐛 is a vector of monomials of sufficiently high degree.

So the problem reduces to finding 𝑉 ∈ ℝ 𝑥  and 𝑄1, 𝑄2, 𝑄3, 𝑄4 ≽ 0 such that
−ℒ𝑓𝑉 = 𝐛𝑇𝑄1𝐛 + 𝑔𝐛𝑇𝑄2𝐛, 

𝑉 𝑥 − 𝑥 2 = 𝐛𝑇𝑄3𝐛 + 𝑔𝐛𝑇𝑄4𝐛.

This is a semidefinite program (SDP). Lots of floating point solvers exist.

𝑄 is a real symmetric 
positive semidefinite 
matrix



Other Lyapunov/auxiliary/storage function methods



Other Lyapunov/auxiliary/storage function methods



Periodic solutions to ODEs

Consider an autonomous ODE system
𝑑

𝑑𝑡
𝑥 𝑡 = 𝑓 𝑥 𝑡 , 𝑓 ∈ 𝐶1 Ω, ℝ𝑛 ,  Ω ⊂ ℝ𝑛

A solution 𝑥 𝑡  is a periodic orbit/limit cycle if for some 𝑇 > 0 we have 
𝑥 𝑡 + 𝑇 = 𝑥 𝑡  for all 𝑡 but 𝑥(𝑡) is not constant .

Then we call 𝑇 a period of the system.



Lower bounds for periods: intuition

Theorem  (Fenchel 1929)

The total absolute curvature of a smooth closed curve is at least 2𝜋.

• The local curvature and speed of trajectories is limited, so the periods should 
be bounded below, at least locally.



Lower bounds for periods: existing results

Theorem (Yorke 1969)

If 𝑓 is Lipschitz continuous with constant 𝐿, i.e. 𝑓 𝑦 − 𝑓 𝑥 ≤ 𝐿 𝑦 − 𝑥  for all 
𝑥, 𝑦 ∈ Ω, then periods satisfy

𝑇 ≥
2𝜋

𝐿
.

• This holds for all Hilbert spaces. For Banach spaces 𝑇 ≥ 6/𝐿.

• More results for different classes of (infinite dimensional) system.

• This is a sharp bound, e.g. linear oscillator.

• This is not sharp in general for a particular system.

• In fact, 𝑓 is not generally Lipschitz, but we typically still expect periods to be 
bounded below.



A lemma

Theorem (Wirtinger’s inequality)

If 𝑓 ∈ 𝐶1 0, 𝑇 , ℝ𝑚  satisfies 𝑓 𝑇 = 𝑓 0  and 0׬

𝑇
𝑓 𝑡  𝑑𝑡 = 0, then

න
0

𝑇

𝑓 𝑡 2 𝑑𝑡 ≤
𝑇

2𝜋

2

න
0

𝑇

𝑓′ 𝑡 2 𝑑𝑡 .

• Poincaré  inequality on the circle

• Equality if the components of 𝑓 are sinusoidal with period 𝑇.



Sketch proof
Theorem (Yorke 1969)

If 𝑓 is Lipschitz continuous with constant 𝐿 then periods satisfy

𝑇 ≥
2𝜋

𝐿
.

Proof.  

Consider any periodic orbit with period 𝑇. 

𝑓 𝑥 𝑡  satisfies conditions for Wirtinger’s inequality, so
2𝜋

𝑇

2

 න
0

𝑇

𝑓 𝑥 𝑡
2

 𝑑𝑡 ≤ න
0

𝑇

ℒ𝑓𝑓 𝑥 𝑡
2

 𝑑𝑡 .

Also ℒ𝑓 𝑓 𝑥 ≤ 𝐿 𝑓 𝑥 , so

න
0

𝑇

ℒ𝑓 𝑓 𝑥 𝑡
2

 𝑑𝑡 ≤ 𝐿2 න
0

𝑇

𝑓 𝑥 𝑡
2

 𝑑𝑡 .



Generalising

Proposition 1

Suppose there exist 𝐵 > 0, 𝑉 ∈  𝐶1 Ω, ℝ  and Φ ∈  𝐶1 Ω, ℝ𝑚  such that

𝐵 Φ 𝑥 2 − ℒ𝑓Φ 𝑥
2

+ ℒ𝑓𝑉 𝑥 ≥  0, ∀𝑥 ∈ Ω.

Suppose 𝑥(𝑡) is 𝑇-periodic for some 𝑇 > 0. If Φ 𝑥 𝑡  satisfies the mean -zero 

condition 0׬

𝑇
Φ 𝑥 𝑡 𝑑𝑡 = 0 but does not vanish everywhere on 𝑥(𝑡), then

𝑇 ≥
2𝜋

𝐵
.

• This reduces to the Yorke result when Φ = 𝑓, 𝑉 = 0 and 𝐵 = 𝐿2. 



Example: Lorenz ‘63

𝛽 =
8

3
, 𝜎 = 10, 𝜌 = 28 Shortest known orbit with 𝑇 ≈ 1.5587

Many orbits are invariant under 𝑥 ↦ −𝑥1, −𝑥2, 𝑥3 .

In that case, 𝑥1 must integrate to zero, and 𝑥1 ≡ 0 iff the trajectory tends to the 
origin.



Example: Lorenz ‘63
Proposition 1

Suppose there exist 𝐵 > 0, 𝑉 ∈  𝐶1 Ω, ℝ  and Φ ∈  𝐶1 Ω, ℝ𝑚  such that

𝐵 Φ 𝑥 2 − ℒ𝑓Φ 𝑥
2

+ ℒ𝑓𝑉 𝑥 ≥  0, ∀𝑥 ∈ Ω.

Suppose 𝑥(𝑡) is 𝑇-periodic for some 𝑇 > 0. If Φ 𝑥 𝑡  satisfies the mean -zero condition 

0׬

𝑇
Φ 𝑥 𝑡 𝑑𝑡 = 0 but does not vanish everywhere on 𝑥(𝑡), then

𝑇 ≥
2𝜋

𝐵
.

Take Φ 𝑥 = 𝑥1, 𝐵 = 𝜎2 𝜌 − 1 , 𝑉 =
1

2
𝜎 𝜌 − 2 𝑥1

2 − 𝜎2𝑥2
2 − 𝜎2𝑥3

2 , then

𝐵 Φ 𝑥 2 − ℒ𝑓Φ 𝑥
2

+ ℒ𝑓𝑉 𝑥 = 𝛽𝜎2𝑥3
2

so symmetric orbits have

𝑇 ≥
2𝜋

𝜎 𝜌−1
≈ 0.1209 ≪ 1.5587



Relaxing to an SDP
Proposition 1

Suppose there exist 𝐵 > 0, 𝑉 ∈  𝐶1 Ω, ℝ  and Φ ∈  𝐶1 Ω, ℝ𝑚  such that

𝐵 Φ 𝑥 2 − ℒ𝑓Φ 𝑥
2

+ ℒ𝑓𝑉 𝑥 ≥  0, ∀𝑥 ∈ Ω.

Suppose 𝑥(𝑡) is 𝑇-periodic for some 𝑇 > 0. If Φ 𝑥 𝑡  satisfies the mean -zero condition 
0׬

𝑇
Φ 𝑥 𝑡 𝑑𝑡 = 0 but does not vanish everywhere on 𝑥(𝑡), then

𝑇 ≥
2𝜋

𝐵
.

Proposition 2

Suppose there exist 𝐵 > 0, 𝑉 ∈  𝐶1 Ω, ℝ , 𝑎 ∈  𝐶1 Ω, ℝ𝑚  and 𝑄 ≻ 0 such that

𝐵 𝑎𝑇𝑄𝑎 − ℒ𝑓𝑎
𝑇

𝑄 ℒ𝑓𝑎 + ℒ𝑓𝑉 𝑥 ≥  0, ∀𝑥 ∈ Ω.

Suppose 𝑥(𝑡) is 𝑇-periodic for some 𝑇 > 0. If 𝑎 𝑥 𝑡  satisfies the mean -zero condition 
0׬

𝑇
𝑎 𝑥 𝑡 𝑑𝑡 = 0 but does not vanish everywhere on 𝑥(𝑡), then

𝑇 ≥
2𝜋

𝐵
.

Key idea: choose Φ = 𝑈𝑎 for some a, 𝑄 = 𝑈𝑇𝑈



Relaxing to an SDP
Proposition 2

Suppose there exist 𝐵 > 0, 𝑉 ∈  𝐶1 Ω, ℝ , 𝑎 ∈  𝐶1 Ω, ℝ𝑚  and 𝑄 ≻ 0 such that

𝐵 𝑎𝑇𝑄𝑎 − ℒ𝑓𝑎
𝑇

𝑄 ℒ𝑓𝑎 + ℒ𝑓𝑉 𝑥 ≥  0, ∀𝑥 ∈ Ω.

Suppose 𝑥(𝑡) is 𝑇-periodic for some 𝑇 > 0. If 𝑎 𝑥 𝑡  satisfies the mean -zero condition 
0׬

𝑇
𝑎 𝑥 𝑡 𝑑𝑡 = 0 but does not vanish everywhere on 𝑥(𝑡), then

𝑇 ≥
2𝜋

𝐵
.

Proposition 3

Suppose 𝑓 ∈ ℝ𝑛 𝑥  and there exist 𝐵 > 0, 𝑉 ∈  ℝ[𝑥], 𝑤 ∈ ℝ𝑚 𝑥  and 𝑄 ≻ 0 such that

𝐵 𝑎𝑇𝑄𝑎 − ℒ𝑓𝑎
𝑇

𝑄 ℒ𝑓𝑎 + ℒ𝑓𝑉 𝑥 ≥  0, ∀𝑥 ∈ Ω,

where 𝑎 = 𝐿𝑓𝑤, and suppose also that the 𝑛 components of 𝑥 are among the 𝑚 components of 𝑤.

Then all periods are bounded by

𝑇 ≥
2𝜋

𝐵
.



Concretely

Suppose

Choose bases 𝑎 = ℒ𝑓𝑤, 𝑏𝑖, 𝑐, 𝑐𝑗. Let Φ = 𝑈𝑎 and 𝑄 = 𝑈𝑇𝑈. All periods 𝑇 are 
bounded below via

2𝜋

𝑇

2
≤ 



Validation



Example: Lorenz ‘63

Choose 𝑤, 𝑏 and 𝑐 to be monomials* up to degree 𝑑𝑎, 𝑑𝑏 and 𝑑𝑐, and 𝑎 = ℒ𝑓𝑤.

Ω = ℝ3

Shortest known orbit with 𝑇 ≈ 1.55865



Example: Hénon -Heiles

Shortest known orbits with 𝑇 ≈ 6.02248



Summary

• SOS optimisation gives computational global results for polynomial ODE 
systems

• Can be validated with rational arithmetic to give a computer assisted proof

• We extended SOS for bounds on periods



Things I didn’t discuss

• Terrible scaling

• Non-polynomial systems

• Analogous method for polynomial maps

• Extending this to PDEs

• Interval arithmetic validation
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   d  d t x  ( t ) = f  (  x  ( t ) ) ,     f ∈  C 1  (  Ω ,  ℝ n ) ,  


  Ω ⊂  ℝ n


  f  ( 0 ) = 0


  V ∈  C 1 ( Ω , ℝ )


   ℒ f V  ( x ) ≤ 0 ,     ∀ x ∈ Ω ,


  V  ( x ) ≥    | x | 2 ,     ∀ x ∈ Ω .


  x = 0


  Ω


   ℒ f V = f ⋅ ∇ V


  V


   d  d t x  ( t ) = f  (  x  ( t ) ) ,     x ∈  ℝ n ,     f ∈ ℝ    [ x ] n ,


  Ω =  {  x ∈  ℝ n   |   g  ( x ) ≥ 0 } ,     g ∈ ℝ  [ x ] ,


  f  ( 0 ) = 0


  V ∈ ℝ  [ x ]


  −  ℒ f V =  𝜎 0 + g    𝜎 1 ,      𝜎 0 ,  𝜎 1 ∈ S O S ,


  V  ( x ) −    | x | 2 =  𝜎 2 + g    𝜎 3 ,      𝜎 2 ,  𝜎 3 ∈ S O S ,


  x = 0


  Ω


  𝜎 ∈ S O S


  𝜎


  𝜎 = ∑   p i 2


   p i ∈ ℝ [ x ]


  x


  𝜎 = ∑   p i 2


   p i ∈ ℝ [ x ]


  𝜎 =  𝐛 T Q 𝐛 ,     Q ≽ 0 ,


  𝐛


  V ∈ ℝ  [ x ]


   Q 1 ,  Q 2 ,  Q 3 ,  Q 4 ≽ 0


  −  ℒ f V =  𝐛 T  Q 1 𝐛 + g  𝐛 T  Q 2 𝐛 ,  


  V  ( x ) −    | x | 2 =  𝐛 T  Q 3 𝐛 + g  𝐛 T  Q 4 𝐛 .


  Q


   d  d t x  ( t ) = f  (  x  ( t ) ) ,     f ∈  C 1  (  Ω ,  ℝ n ) ,     Ω ⊂  ℝ n


  x  ( t )


  T > 0


  x  (  t + T ) = x  ( t )


  t


  x ( t )


  T


  2 𝜋


  f


  L


   |  f  ( y ) − f  ( x ) | ≤ L  |  y − x |


  x , y ∈ Ω


  T ≥   2 𝜋 L .


  T ≥ 6 / L


  f


  f ∈  C 1  (   [  0 , T ] ,  ℝ m )


  f  ( T ) = f  ( 0 )


   ∫ 0 T  f  ( t )   d t = 0


   ∫ 0 T     |  f  ( t ) | 2   d t ≤    (   T  2 𝜋 ) 2  ∫ 0 T     |   f ′  ( t ) | 2   d t .


  f


  T


  f


  L  


  T ≥   2 𝜋 L .


  T


  f  (  x  ( t ) )


     (    2 𝜋 T ) 2    ∫ 0 T     |  f  (  x  ( t ) ) | 2   d t ≤  ∫ 0 T     |   ℒ f f  (  x  ( t ) ) | 2   d t .


   |   ℒ f   f  ( x ) | ≤ L  |  f  ( x ) |


   ∫ 0 T     |   ℒ f   f  (  x  ( t ) ) | 2   d t ≤  L 2  ∫ 0 T     |  f  (  x  ( t ) ) | 2   d t .


  B > 0


  V ∈    C 1  (  Ω ,   ℝ )


  Φ ∈    C 1  (  Ω ,  ℝ m )  


  B      |  Φ  ( x ) | 2 −    |   ℒ f Φ  ( x ) | 2 +  ℒ f V  ( x ) ≥   0 ,     ∀ x ∈ Ω .


  x ( t )


  T


  T > 0


  Φ  (  x  ( t ) )


   ∫ 0 T  Φ  (  x  ( t ) ) d t = 0


  x ( t )


  T ≥   2 𝜋   B .


  Φ = f


  V = 0


  B =  L 2


  𝛽 =  8 3 ,   𝜎 = 10 ,   𝜌 = 28


  T ≈ 1 . 5587


  x ↦  (  −  x 1 , −  x 2 ,  x 3 )


   x 1


   x 1 ≡ 0


  B > 0


  V ∈    C 1  (  Ω ,   ℝ )


  Φ ∈    C 1  (  Ω ,  ℝ m )  


  B      |  Φ  ( x ) | 2 −    |   ℒ f Φ  ( x ) | 2 +  ℒ f V  ( x ) ≥   0 ,     ∀ x ∈ Ω .


  x ( t )


  T


  T > 0


  Φ  (  x  ( t ) )


   ∫ 0 T  Φ  (  x  ( t ) ) d t = 0


  x ( t )


  T ≥   2 𝜋   B .


  Φ  ( x ) =  x 1


  B =  𝜎 2  (  𝜌 − 1 )


  V =  1 2  (  𝜎  (  𝜌 − 2 )  x 1 2 −  𝜎 2  x 2 2 −  𝜎 2  x 3 2 )


  B      |  Φ  ( x ) | 2 −    |   ℒ f Φ  ( x ) | 2 +  ℒ f V  ( x ) = 𝛽  𝜎 2  x 3 2


  T ≥   2 𝜋  𝜎   𝜌 − 1 ≈ 0 . 1209


  ≪ 1 . 5587


  B > 0


  V ∈    C 1  (  Ω ,   ℝ )


  Φ ∈    C 1  (  Ω ,  ℝ m )  


  B      |  Φ  ( x ) | 2 −    |   ℒ f Φ  ( x ) | 2 +  ℒ f V  ( x ) ≥   0 ,     ∀ x ∈ Ω .


  x ( t )


  T


  T > 0


  Φ  (  x  ( t ) )


   ∫ 0 T  Φ  (  x  ( t ) ) d t = 0


  x ( t )


  T ≥   2 𝜋   B .


  B > 0


  V ∈    C 1  (  Ω ,   ℝ ) ,


  a ∈    C 1  (  Ω ,  ℝ m )


  Q ≻ 0


  B    a T Q a −    (   ℒ f a ) T Q  (   ℒ f a ) +  ℒ f V  ( x ) ≥   0 ,     ∀ x ∈ Ω .


  x ( t )


  T


  T > 0


  a  (  x  ( t ) )


   ∫ 0 T  a  (  x  ( t ) ) d t = 0


  x ( t )


  T ≥   2 𝜋   B .


  Φ = U a


  Q =  U T U


  B > 0


  V ∈    C 1  (  Ω ,   ℝ ) ,


  a ∈    C 1  (  Ω ,  ℝ m )


  Q ≻ 0


  B    a T Q a −    (   ℒ f a ) T Q  (   ℒ f a ) +  ℒ f V  ( x ) ≥   0 ,     ∀ x ∈ Ω .


  x ( t )


  T


  T > 0


  a  (  x  ( t ) )


   ∫ 0 T  a  (  x  ( t ) ) d t = 0


  x ( t )


  T ≥   2 𝜋   B .


  f ∈  ℝ n  [ x ]


  B > 0


  V ∈   ℝ [ x ] ,


  w ∈  ℝ m  [ x ]


  Q ≻ 0


  B    a T Q a −    (   ℒ f a ) T Q  (   ℒ f a ) +  ℒ f V  ( x ) ≥   0 ,     ∀ x ∈ Ω ,


  a =  L f w


  n


  x


  m


  w


  T ≥   2 𝜋   B .


  a =  ℒ f w


   b i


  c


   c j


  Φ = U a


  Q =  U T U


  T


     (    2 𝜋 T ) 2 ≤  


  w


  b


  c


   d a


   d b


   d c


  a =  ℒ f w


  Ω =  ℝ 3


  T ≈ 1 . 55865


  T ≈ 6 . 02248

