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εp+ varies slightly and is monitored to ensure it stays small. The heteroclinic orbit hetpn and
the associated bifurcation curve can then be found and continued in exactly the same way by
replacing p+ by p− in (18)–(19).
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[24] Hénon M 1976 A two-dimensional mapping with a strange attractor Commun. Math. Phys. 50 69–77
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1 Introduction

The Lorenz system...

f(x, y, z, ‡, —, fl) =

Q

cccca

‡(y ≠ x)

x(fl ≠ z) ≠ y

xy ≠ —z

R

ddddb
(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =

Q

cccca

≠‡ ‡ 0

fl ≠ z ≠1 ≠x

y x ≠—

R

ddddb
. (2)

The system has equilibrium solutions located at p0,1,2 œ R3 given by

p0 =

Q

cccca

0

0

0

R

ddddb
, and p1,2 =

Q

cccca

±


—(fl ≠ 1))

±


—(fl ≠ 1)

fl ≠ 1

R

ddddb
.

A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .

2

16 Knut H. Alfsen and Jan Fr4yland 

Fig. 1. x-y and x-z projections of the heteroclinic orbits at the principal 
terminal point b = b ,  = 2.6123 . . . and r = r ,  % 30.475 , , , For compu- 
tational reasons, the orbits from CC to 0 are started a finite distance 
from the fixed points, but on the unstable, two-dimensional manifolds of 
C? . 

(i.e. x2y = xxy). This superscript will sometimes be denoted as a 
winding number. Only orbits terminating in a fixed point will 
form finite words. However, we shall also describe periodic 
orbits with words of finite length, with the understanding that 
the complete description is obtained by repeating infinitely the 
sequence given. 

Unfortunately, there are cases where this simple notation is 
inadequate. In particular when the parameter b is small it turns 
out to be necessary to introduce an additional subscript on the 
symbols in order to describe the additional half-twist the orbits 
can make around the z-axis in this region of parameter space. 

In this investigation we require the parameter U to be fixed at 
the value of 10, while b is allowed to vary between 0.05 and 9. 
For b-values larger than 9 the fixed points C? are no longer 
unstable for any positive value of the parameter r, while for very 
low b-values the system becomes increasingly difficult to study 
numerically. 

Our main results are presented in Fig. 2, and the next section 
is essentially devoted to the description and explanation of this 
figure. The lines in the figure will be called invariant paths. 
Along such a path orbits may be found (providing appropriate 
initial conditions are given) with essentially unchanged topology. 
Hence, we may use the same notation for characterizing invariant 
paths as for orbits. We note, however, that unlike orbits, paths 
may cross each other. 

Physica Scripta 31 

r 

Fig. 2. Overview of some prominent invariant paths and terminal points 
in the r-b plane at U = 10. r o :  invariant path of the first homoclinic orbit 
(of type x) to the origin. rn (n = 1, 2, . . . , -): the invariant path of the 
orbit xy” homoclinic to th,” origin. (See also Fig. 3). r,; the principal 
heteroclinic path x (or y ). rH: the position of the Hopf bifurcation. 
Invariant paths a, b, c, d, e, and fare  associated with limit cycles xy (sym), 
xy (asym), (xy) ’ ,  x 2 y 2  (sym). xy ’ ,  and x3y3  (sym), respectively. Invariant 
paths g, h, and i are associated with limit cycles xlxl, x l ,  and x 1 y , ,  
respectively. See also main text for a description of these paths. Crosses 
denote terminal points associated with heteroclinic orbits x (yx)” (n = 
0, 1 ,  . . . , 6 )  from the origin to C- alternating with orbits (xy)” (n = 
1, 2, . . . , 7 )  from the origin to C,. The open circles denote terminal 
points for homoclinic orbitsxmyn to C, for n = 2, 3 ,4 ,  and 5, i.e. where 
these orbits turn into a heteroclinic orbit including the origin. 

3. Results 
3.1. Overview 
Figure 2 shows the U =  10 plane in the three dimensional 
parameter space on a double logarithmic scale with r and b as 
axis. The lines in the figure represent various bifurcations, 
homo- and heteroclinic-orbits, and some prominent stable 
periodic orbits. We shall deal with each of these classes of 
invariant paths in turn. But let us initially explain the two most 
extreme paths found on the left- and right-hand side in Fig. 2, 
respectively. 

The invariant path marked ro on the left hand side marks the 
“birth” of the interesting behaviour of the Lorenz model when 
b is kept fixed and r increases. At this point a homoclinic 
“explosion” (i.e. a bifurcation where a strange invariant set is 
created) takes place [ 5 ] ,  associated with a homoclinic orbit of 
type x (or y) of the origin. The model then evolves through 
a series of bifurcations of various kinds before reaching the 
asymptotic state where the system exhibits a single stable 
periodic orbit of relative simple geometry. This happens in the 
neighbourhood of the rightmost curve labelled a in Fig. 2 .  

We also note that many of the invariant paths approach 
straight lines in the large-r and low4 region. This behaviour can 
be understood as follows. By making the transformation 2 = 
r + Z in eqs. (2.1) we obtain: 

x = - u(X- Y) 
y = -Zx-y 
2 = XY-bZ-br  

(3.1) 

For small b- and large r-values the term b i  can be neglected in 
the last equation. The parmeters b and r then only appear in 
the combination br. Consequently, the invariant paths of the 
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εp+ varies slightly and is monitored to ensure it stays small. The heteroclinic orbit hetpn and
the associated bifurcation curve can then be found and continued in exactly the same way by
replacing p+ by p− in (18)–(19).
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Phys., vol. 66, Birkhäuser/Springer, Basel, 2013, pp. 1–54. MR 3204181

15. John Guckenheimer and Robert F. Williams, Structural stability of lorenz attrac-
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Figure 8. (A) Kneading-based bi-parametric scan revealing multiple T-points and saddles that organize globally complex
chaotic dynamics of the Lorenz equation in the (r,�) parameter plane. Solid-color regions associated with constant values of
the kneading invariant correspond to simple dynamics dominated by stable equilibria or stable periodic orbits. The borderline
between the brown and blue region corresponds to the bifurcation curve of the homoclinic butterfly. The border line between
the blue and yellow-reddish region corresponds to the formation of the Lorenz attractor (below � ' 50). (B) Zoom of the
vicinity of the primary T-point at (r = 30.4,� = 10.2) to which a homoclinic bifurcation curve spirals onto. Data for the
homoclinic curves (in blue) are courtesy of Yu. Kuznetsov. (C) Original bifurcation diagram of the Lorenz equation depicting
the two detected T-points and primary homoclinic bifurcation curves; courtesy of [Bykov, 1993]
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Figure 8. (A) Kneading-based bi-parametric scan revealing multiple T-points and saddles that organize globally complex
chaotic dynamics of the Lorenz equation in the (r,�) parameter plane. Solid-color regions associated with constant values of
the kneading invariant correspond to simple dynamics dominated by stable equilibria or stable periodic orbits. The borderline
between the brown and blue region corresponds to the bifurcation curve of the homoclinic butterfly. The border line between
the blue and yellow-reddish region corresponds to the formation of the Lorenz attractor (below � ' 50). (B) Zoom of the
vicinity of the primary T-point at (r = 30.4,� = 10.2) to which a homoclinic bifurcation curve spirals onto. Data for the
homoclinic curves (in blue) are courtesy of Yu. Kuznetsov. (C) Original bifurcation diagram of the Lorenz equation depicting
the two detected T-points and primary homoclinic bifurcation curves; courtesy of [Bykov, 1993]
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vicinity of the primary T-point at (r = 30.4,� = 10.2) to which a homoclinic bifurcation curve spirals onto. Data for the
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the two detected T-points and primary homoclinic bifurcation curves; courtesy of [Bykov, 1993]
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εp+ varies slightly and is monitored to ensure it stays small. The heteroclinic orbit hetpn and
the associated bifurcation curve can then be found and continued in exactly the same way by
replacing p+ by p− in (18)–(19).
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Figure 8. (A) Kneading-based bi-parametric scan revealing multiple T-points and saddles that organize globally complex
chaotic dynamics of the Lorenz equation in the (r,�) parameter plane. Solid-color regions associated with constant values of
the kneading invariant correspond to simple dynamics dominated by stable equilibria or stable periodic orbits. The borderline
between the brown and blue region corresponds to the bifurcation curve of the homoclinic butterfly. The border line between
the blue and yellow-reddish region corresponds to the formation of the Lorenz attractor (below � ' 50). (B) Zoom of the
vicinity of the primary T-point at (r = 30.4,� = 10.2) to which a homoclinic bifurcation curve spirals onto. Data for the
homoclinic curves (in blue) are courtesy of Yu. Kuznetsov. (C) Original bifurcation diagram of the Lorenz equation depicting
the two detected T-points and primary homoclinic bifurcation curves; courtesy of [Bykov, 1993]
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2 Barrio, Shilnikov and Shilnikov

parametric planes [Afraimovich et al., 1977; Bykov, 1993; Shilnikov, 1991; Shilnikov et al., 1993; Barrio
et al., 2011b; Gallas, 2010]. Such patterns turn out to be ubiquitously alike in both time-discrete [Lorenz,
2008] and time-continuous systems [Gaspard et al., 1984; Barrio et al., 2009; Gallas, 2010], and they are
easily located when the spiral patterns have regular and chaotic spiral “arms” in the systems with the
Shilnikov saddle-focus [Shilnikov & Shilnikov, 2007].

Application of the Lyapunov exponents technique fails, in general, to reveal fine structures embedded
in the bi-parametric scans of Lorenz-like systems. As such it cannot deliver the desired insights into intrinsic
bifurcations because regions of chaotic dynamics appear to be uniformly. This basically means that the
instability of the Lorenz attractors does not vary noticeably as control parameters of the system are varied.
This holds true too when one attempts to find the presence of characteristic spiral structures that are known
to exist theoretically in the Lorenz-like systems [Bykov, 1993; Glendinning & Sparrow, 1986] and therefore
could only be identified using accurate bifurcation continuation approaches [Shilnikov, 1991; Shilnikov et al.,
1993]. Such spirals in a bi-parametric parameter plane of the system in question are organized around the
so-called T[erminal]-points corresponding to codimension-two or -higher heteroclinic connections between
two or more saddle equilibria. For Z2-symmetric systems with the Lorenz attractor, the degeneracy is
reduced to a cod-2 bifurcation of a closed heteroclinic connection involving two saddle-foci and a saddle at
the origin. T-points have been located in various models of diverse origins including electronic oscillators
[Bykov, 1998; Fernández-Sánchez et al., 2002] and nonlinear optics [Forysiak et al., 1991; Wieczorek &
Krauskopf, 2005], etc.

1-hom O

1-hom O

1-het O

1,2

1,2

T-point

1-hom O

1-het     , 1-hom O1,2
subsidiary T-points

OO

1,2

Figure 1. Caricature of the bifurcation unfolding of the ordinary T-point for symmetric Lorenz-like systems with a closed
heteroclinic connection evolving both saddle-foci and the saddle. Point out that with each revolution approaching the T-point
along the curve (1-hom O), the number of turns of the one-dimensional separatrix of the saddle, O, around the saddle-focus
increases by one in the homoclinic loop and becomes infinite at the T-point.

Figure 1 sketches an idea of the structure of the bifurcation unfolding near an ordinary T-point in
the parameter plane in a symmetric system [Bykov, 1993; Glendinning & Sparrow, 1986]; various T-
points configurations for other heteroclinic connections were examined in detail in [Bykov, 1993]. Here, the
heteroclinic connection is formed by a pair of symmetric saddle-foci and a saddle whose one-dimensional
stable (incoming) and unstable (outgoing), respectively, separatrices merge only at the codimension-two
T-point in the bi-parametric space of the Lorenz model. It follows from the theoretical analysis that the
unfolding of this bifurcation includes three main curves ending at the T-point: a spiraling bifurcation curve,
(1-hom O) corresponding to two simultaneous (due to the symmetry) homoclinic loops of the saddle, a
curve, (1-hom O1,2), corresponding to two simultaneous homoclinic loops of the saddle-foci, and another
codimension-one bifurcation curve, (1-het O1,2), corresponding to a heteroclinic correction between both
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Figure 12. The first six T-point orbits shown in purple, together with the codimension-
zero connections shown in pink, projected onto the (x, z)-plane in (a1)–(f 1) and onto
the (y, z)-plane in (a2)–(f 2). The configuration of T1 is shown for −1 ! z ! 54,
|x| ! 26, |y| ! 36 (a), T2 for −3 ! z ! 161, |x| ! 55, |y| ! 95 (b), T3 for
−6 ! z ! 318, |x| ! 86, |y| ! 179 (c), T4 for −10 ! z ! 524, |x| ! 119, |y| ! 287
(d), T5 for −15 ! z ! 779, |x| ! 152, |y| ! 419 (e) and T6 for −21 ! z ! 1081,
|x| ! 186, |y| ! 575 (f ).

that !σ
n decreases and !

ρ
n increases as n increases. The ratios of both sequences of differences

appear to tend to 1; however, the ρT
n values appear to increase in an exponential way rather

than linearly.
We now wish to follow Ws

A(p+) by continuation for large ρ-values to detect further α-flips.
Tables 1 and 2 show that the ρ-values of the α-flips and associated T-points appear to grow
exponentially. Therefore, to improve the efficiency of the computations, we use ln(ρ) instead
of ρ as the continuation parameter in the BVP set-up; the radius of the sphere SR remains
R = 4.5ρ throughout. As ln(ρ) increases we detect an additional 15 α-flips in the interval
ρ ∈ [400, 1300]. As before, we continue the α-flips in the direction of increasing ln(ρ) and σ ,
starting at the α-flip values ln(ρ

f
n ) for σ = 10 and n = 11, . . . , 25. Each continuation stops

at a T-point, which is then computed by a separate BVP as before. The T-point values ln(ρT
n )

and σ T
n for n = 1, . . . , 25, are listed in table 3. The differences between the T-point values in

both ln(ρT
n ), denoted !

ln(ρ)
n , and σ T

n , denoted !σ
n , and the ratios of these distances, are also
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Table 3. The α-flip values ρf
n and ln(ρT

n ) for σ = 10, and the T-point values
σ T

n , ρT
n and ln(ρT

n ) for n = 1, . . . , 25. The differences $σ
n = σ T

n − σ T
n−1 and

$ln(ρ)
n = ln(ρT

n ) − ln(ρT
n−1) are shown, as well as the ratios $σ

n /$σ
n−1 and $ln(ρ)

n /$
ln(ρ)
n−1 .

n ρ
f
n ln(ρ

f
n ) σ T

n $σ
n $σ

n /$σ
n−1 ρT

n ln(ρT
n ) $

ln(ρ)
n $

ln(ρ)
n /$

ln(ρ)
n−1

1 29.7191 3.3918 10.1673 30.8680 3.4297
2 57.6817 4.0549 11.8279 1.6606 85.0292 4.4430 1.0133
3 89.5040 4.4943 12.9661 1.1382 0.6854 164.1376 5.1007 0.6577 0.6491
4 124.4925 4.8242 13.8424 0.8763 0.7699 267.6019 5.5895 0.4888 0.7432
5 162.2217 5.0890 14.5578 0.7154 0.8164 394.9239 5.9787 0.3892 0.7962
6 202.4018 5.3103 15.1633 0.6055 0.8464 545.6849 6.3020 0.3233 0.8308
7 244.8209 5.5005 15.6888 0.5254 0.8677 719.5287 6.5786 0.2766 0.8553
8 289.3161 5.6675 16.1530 0.4642 0.8835 916.1474 6.8202 0.2416 0.8735
9 335.7575 5.8164 16.5689 0.4159 0.8959 1135.2714 7.0346 0.2144 0.8877

10 384.0383 5.9507 16.9456 0.3767 0.9058 1376.6619 7.2274 0.1928 0.8990
11 434.0686 6.0732 17.2900 0.3443 0.9140 1640.1053 7.4025 0.1751 0.9082
12 485.7715 6.1857 17.6070 0.3171 0.9208 1925.4086 7.5629 0.1604 0.9159
13 539.0803 6.2899 17.9009 0.2938 0.9266 2232.3962 7.7108 0.1479 0.9224
14 593.9360 6.3868 18.1746 0.2737 0.9317 2560.9072 7.8481 0.1373 0.9280
15 650.2864 6.4774 18.4308 0.2562 0.9360 2910.7937 7.9762 0.1281 0.9328
16 708.0843 6.5626 18.6716 0.2408 0.9399 3281.9182 8.0962 0.1200 0.9370
17 767.2874 6.6429 18.8988 0.2272 0.9433 3674.1533 8.2091 0.1129 0.9408
18 827.8569 6.7188 19.1137 0.2150 0.9463 4087.3797 8.3157 0.1066 0.9441
19 889.7575 6.7909 19.3177 0.2040 0.9490 4521.4856 8.4166 0.1009 0.9470
20 952.9566 6.8596 19.5118 0.1941 0.9515 4976.3659 8.5125 0.0959 0.9497
21 1017.4240 6.9250 19.6969 0.1851 0.9537 5451.9213 8.6037 0.0913 0.9521
22 1083.1319 6.9876 19.8739 0.1769 0.9557 5948.0582 8.6908 0.0871 0.9543
23 1150.0540 7.0476 20.0433 0.1694 0.9576 6464.6875 8.7741 0.0833 0.9563
24 1218.1662 7.1051 20.2058 0.1625 0.9593 7001.7246 8.8539 0.0798 0.9581
25 1287.4456 7.1604 20.3620 0.1562 0.9609 7559.0891 8.9305 0.0766 0.9598

the best fit. Apart from being interesting in its own right, (7) can be used to predict the values
of subsequent T-points by computing T (σ ) for larger values of σ , and estimating the position
of the next T-point along the curve using the fact that $

ln(ρ)
n /$

ln(ρ)
n−1 ≈ 1.

Figure 14 shows all 25 T-point values Tn for n = 1, . . . , 25, and the curve T (σ ), in the
(ln(ρ), σ )-plane. The curves αn of the α-flips are also shown and the α-flip values are shown
as dots on the line σ = 10. The curves hetpn and homp

n of the main homoclinic and heteroclinic
bifurcations all lie above T (σ ). They are still extremely close to each other; indeed, they
cannot be distinguished in figure 14 and again are labelled hn The curve H and the curve D

are as in figure 13, but note the logarithmic scaling in figure 14. We can make the natural
conjecture from this numerical evidence that there are infinitely many α-flips and T-points
in the Lorenz system. Moreover the T-point values scale as given by (7) and it is quite a
straightforward exercise to compute α-flips and T-points for higher ρ-values using our BVP
set-up.

5. Discussion and outlook

We investigated a transition in the Lorenz system that was first observed by Sparrow in the
1980s [41], namely, where the large-amplitude branches of Ws(p±) ‘swing’ around the z-
axis. We showed that these swings are the effect of α-flips. An α-flip is a codimension-one
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Uses Chen’s theorem to show

8 TALI PINSKY

p
+). We construct this ledge as follows: Take a union of a planar region within the
plane {z = ⇢ � 1} connecting k to the paraboloid P , and a region contained in P
connecting its intersection with the plane to �+. The ledge is a union of these regions
smoothened along their intersection. The flow is transverse to the ledge, pointing
upwards through it.
consider the half of �+ and its image under the flow. locally near p+ each half of

�+ flows, forming a two dimensional spiral with a cone point at p+. Its image cannot
intersect the original curve �+: Suppose that it does. Consider the compact region in
space, composed of the spiral shell of �+ and its flowlines, and the union of the ledge
and @Q+. The flow only exists from this region, contradicting the fact the Lorenz
flow has negative divergence everywhere.
Taking into account the flow directions on @Q+, one thus concludes that the image

of the half of �+ contained there may either wind around �+ and intersect the ledge,
or it may exit Q through one of the faces where the flow points outwards. In both
cases, the union of the shell of flowlines

S
t�0  

t(��) together with the ledge and the
outflowing part of @Q+ bounds an open cone with tip at p

+, to which the flow is
either tangent or exiting. Therefore, a component of the stable manifold of p+ must
be contained in this cone. As flowlines can enter this cone only from infinity (passing
through the sphere S), this half of the stable manifold connects p+ to infinity without
intersecting the cross section R.
The same claim for p� follows from the symmetry. ⇤

Theorem 2.4. There exists a point in the parameter space at which there exists a
heteroclinic trefoil for the Lorenz equations.

A central tool of this proof is the following theorem, proving existence of homoclinic
orbits and their linking with the vertical lines

L
± = {x = y = ±

p
�(⇢� 1)}

through the two wing centers.

Theorem 2.5 (Chen, Theorem 1.1 and Lemma 4.3 of [10]). For any given positive
number � and non-negative integer N , there exists a large positive constant R0(N, �)
such that for each R > R0 there is a positive number s = s(N, �, R) = (2� + 1)/3 +
O(R�1/2) such that the Lorenz system has a homoclinic orbit associated with the
origin which rotates around L

+ exactly N+1
2 times, and rotates N�1

2 times around
L
�.

proof of Theorem 2.4. For each parameter , we define two loops l
+
 and l

�
 each

passing through infinity and through one of the wing centers, as follows. One half of
the loop is the half of Ws(p±) that connects p± to infinity by Proposition 2.3. Now
consider the image of half of �± that is on the other side of p± (and is not in the

Analytical Results for T-points in Lorenz:
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which rotates around the origin N/2 times.
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has an orbit homoclinic to the origin which rotates around the z-axis N/2 times.
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AROUND SMALE’S 14TH PROBLEM 3

Figure 1. The trefoil knot at the first T-point, see also [11].

Theorem 1.1. There exists a parameter value for the Lorenz equations for which a
trefoil-shaped heteroclinic connection exists. At this parameter value, the flow defined
by the Lorenz equations is isotopic to the extended geometric model.

The main tool is the existence of a convenient cross section for the flow, which
allows us to establish the return map corresponds to a symbolic dynamics on two
symbols. Deformations of flows in general need not behave nicely with respect to the
dynamics. Our second result is to show that the deformation of the Lorenz equations
to the geometric model cannot create new periodic orbits, and thus we know that
anything we can prove for the geometric model exists also for the original equations.
This is done using the section in order to apply methods from two dimensional
dynamics [23, 8, 4].

Theorem 1.2. Any periodic orbit in the geometric model is isotopic to a periodic
orbit for the Lorenz equations at the T-point.

An immediate corollary of our results above and Ghys’ theorem [13] is thus the
following.

Corollary 1.3. The geodesic flow on the modular surface is the minimal represen-
tative to the Lorenz equation at the trefoil T-point. Namely, a periodic geodesic is
isotopic to a periodic orbit of the Lorenz equations.

Note that at the classical parameters it follows from Tucker’s proof that any pe-
riodic orbit for the Lorenz equation is isotopic to a modular geodesic, however, not
every geodesic appears. Thus our theorem is in a sense a converse to Ghys’.

Acknowledgments. The author wishes to thank Lilya and Misha Lyubich, Omri
Sarig, Andrey Shilnikov and Gershon Wolansky for helpful discussions.
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Uses Chen’s theorem to show

8 TALI PINSKY

p
+). We construct this ledge as follows: Take a union of a planar region within the
plane {z = ⇢ � 1} connecting k to the paraboloid P , and a region contained in P
connecting its intersection with the plane to �+. The ledge is a union of these regions
smoothened along their intersection. The flow is transverse to the ledge, pointing
upwards through it.
consider the half of �+ and its image under the flow. locally near p+ each half of

�+ flows, forming a two dimensional spiral with a cone point at p+. Its image cannot
intersect the original curve �+: Suppose that it does. Consider the compact region in
space, composed of the spiral shell of �+ and its flowlines, and the union of the ledge
and @Q+. The flow only exists from this region, contradicting the fact the Lorenz
flow has negative divergence everywhere.
Taking into account the flow directions on @Q+, one thus concludes that the image

of the half of �+ contained there may either wind around �+ and intersect the ledge,
or it may exit Q through one of the faces where the flow points outwards. In both
cases, the union of the shell of flowlines

S
t�0  

t(��) together with the ledge and the
outflowing part of @Q+ bounds an open cone with tip at p

+, to which the flow is
either tangent or exiting. Therefore, a component of the stable manifold of p+ must
be contained in this cone. As flowlines can enter this cone only from infinity (passing
through the sphere S), this half of the stable manifold connects p+ to infinity without
intersecting the cross section R.
The same claim for p� follows from the symmetry. ⇤

Theorem 2.4. There exists a point in the parameter space at which there exists a
heteroclinic trefoil for the Lorenz equations.

A central tool of this proof is the following theorem, proving existence of homoclinic
orbits and their linking with the vertical lines

L
± = {x = y = ±

p
�(⇢� 1)}

through the two wing centers.

Theorem 2.5 (Chen, Theorem 1.1 and Lemma 4.3 of [10]). For any given positive
number � and non-negative integer N , there exists a large positive constant R0(N, �)
such that for each R > R0 there is a positive number s = s(N, �, R) = (2� + 1)/3 +
O(R�1/2) such that the Lorenz system has a homoclinic orbit associated with the
origin which rotates around L

+ exactly N+1
2 times, and rotates N�1

2 times around
L
�.

proof of Theorem 2.4. For each parameter , we define two loops l
+
 and l

�
 each

passing through infinity and through one of the wing centers, as follows. One half of
the loop is the half of Ws(p±) that connects p± to infinity by Proposition 2.3. Now
consider the image of half of �± that is on the other side of p± (and is not in the
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T-points of Pinsky/Chen seem to be related to the asymptotics suggested by Osinga/Krauskof/Creaser.
<latexit sha1_base64="EAy8Jz8EnSat9DD48z+4zitgwoA="></latexit>

These are perturbative in nature - prove them by hand.

<latexit sha1_base64="9IhIOLtcY4cJTGUgIX0bjA/v7SM="></latexit>

We are interested in proving the existence of the T-points in the non-perturbative regime.
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This is an excellent example of how computer assisted and perturbative methods work together.
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Main result: Let � = 8/3. The Lorenz system has a T-pooint (�̄, ⇢̄) with

<latexit sha1_base64="vC8jidPoHSopUU6zG+KsEMP3Uac="></latexit>

�̄ = 10.167289454815913± 8.5⇥ 10�12

⇢̄ = 30.868087468178345± 8.5⇥ 10�12
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T-points:
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1 Introduction

The Lorenz system...

f(x, y, z, ‡, —, fl) =

Q

cccca

‡(y ≠ x)

x(fl ≠ z) ≠ y

xy ≠ —z

R

ddddb
(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =

Q

cccca

≠‡ ‡ 0

fl ≠ z ≠1 ≠x

y x ≠—

R

ddddb
. (2)

The system has equilibrium solutions located at p0,1,2 œ R3 given by

p0 =

Q

cccca

0

0

0

R

ddddb
, and p1,2 =

Q

cccca

±


—(fl ≠ 1))

±


—(fl ≠ 1)

fl ≠ 1

R

ddddb
.

A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .

2
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1 Introduction

The Lorenz system...

f(x, y, z, ‡, —, fl) =

Q

cccca

‡(y ≠ x)

x(fl ≠ z) ≠ y

xy ≠ —z

R

ddddb
(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =

Q

cccca

≠‡ ‡ 0

fl ≠ z ≠1 ≠x

y x ≠—

R

ddddb
. (2)

The system has equilibrium solutions located at p0,1,2 œ R3 given by

p0 =

Q

cccca

0

0

0

R

ddddb
, and p1,2 =

Q

cccca

±

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±
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R

ddddb
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A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .

2
• ⁄ is an eigenvalue of Df(p0) with eigenvector P

Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.

3
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(Parameterization method for 1d manifolds)
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Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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1 Introduction

The Lorenz system...

f(x, y, z, ‡, —, fl) =

Q

cccca

‡(y ≠ x)

x(fl ≠ z) ≠ y

xy ≠ —z

R

ddddb
(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =

Q

cccca

≠‡ ‡ 0

fl ≠ z ≠1 ≠x

y x ≠—

R

ddddb
. (2)

The system has equilibrium solutions located at p0,1,2 œ R3 given by

p0 =

Q

cccca

0

0

0

R

ddddb
, and p1,2 =

Q

cccca

±


—(fl ≠ 1))

±


—(fl ≠ 1)

fl ≠ 1

R

ddddb
.

A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .
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Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying
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Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .

2
• ⁄ is an eigenvalue of Df(p0) with eigenvector P

Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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R
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(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =
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A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .
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and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .
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• ⁄ is an eigenvalue of Df(p0) with eigenvector P

Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
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.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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1 Introduction

The Lorenz system...

f(x, y, z, ‡, —, fl) =

Q

cccca

‡(y ≠ x)

x(fl ≠ z) ≠ y

xy ≠ —z

R

ddddb
(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =

Q

cccca

≠‡ ‡ 0

fl ≠ z ≠1 ≠x

y x ≠—

R

ddddb
. (2)

The system has equilibrium solutions located at p0,1,2 œ R3 given by

p0 =

Q

cccca

0

0

0

R

ddddb
, and p1,2 =

Q

cccca

±


—(fl ≠ 1))

±


—(fl ≠ 1)

fl ≠ 1

R

ddddb
.

A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .
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Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .

2
• ⁄ is an eigenvalue of Df(p0) with eigenvector P

Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.

3
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A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
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ddddb
, and p1,2 =
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cccca

±

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.

A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .
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• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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1 Introduction

The Lorenz system...

f(x, y, z, ‡, —, fl) =

Q

cccca

‡(y ≠ x)

x(fl ≠ z) ≠ y

xy ≠ —z

R

ddddb
(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =

Q

cccca

≠‡ ‡ 0

fl ≠ z ≠1 ≠x

y x ≠—

R

ddddb
. (2)

The system has equilibrium solutions located at p0,1,2 œ R3 given by

p0 =

Q

cccca

0

0

0

R

ddddb
, and p1,2 =

Q

cccca

±


—(fl ≠ 1))

±


—(fl ≠ 1)

fl ≠ 1

R

ddddb
.

A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .

2
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Main Result

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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(Parameterization method for 1d manifolds)

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
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the observation that P
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1 Introduction

The Lorenz system...

f(x, y, z, ‡, —, fl) =

Q

cccca

‡(y ≠ x)

x(fl ≠ z) ≠ y

xy ≠ —z

R

ddddb
(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =

Q

cccca

≠‡ ‡ 0

fl ≠ z ≠1 ≠x

y x ≠—

R

ddddb
. (2)

The system has equilibrium solutions located at p0,1,2 œ R3 given by

p0 =

Q

cccca

0

0

0

R

ddddb
, and p1,2 =

Q

cccca

±


—(fl ≠ 1))

±


—(fl ≠ 1)

fl ≠ 1

R

ddddb
.

A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .
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(Parameterization method for 1d manifolds)

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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with P (0) the equilibrium solution.
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To see that �(t) solves the di↵erential equation,

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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Main Result

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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1 Introduction

The Lorenz system...

f(x, y, z, ‡, —, fl) =

Q

cccca

‡(y ≠ x)

x(fl ≠ z) ≠ y

xy ≠ —z

R

ddddb
(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =

Q

cccca

≠‡ ‡ 0

fl ≠ z ≠1 ≠x

y x ≠—

R

ddddb
. (2)

The system has equilibrium solutions located at p0,1,2 œ R3 given by

p0 =

Q

cccca

0

0

0

R

ddddb
, and p1,2 =

Q

cccca

±


—(fl ≠ 1))

±


—(fl ≠ 1)

fl ≠ 1

R

ddddb
.

A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .

2
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(Parameterization method for 1d manifolds)

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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with P (0) the equilibrium solution.
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To see that �(t) solves the di↵erential equation,

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
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Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
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= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
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1 Introduction

The Lorenz system...

f(x, y, z, ‡, —, fl) =

Q

cccca

‡(y ≠ x)

x(fl ≠ z) ≠ y

xy ≠ —z

R

ddddb
(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =

Q

cccca

≠‡ ‡ 0

fl ≠ z ≠1 ≠x

y x ≠—

R

ddddb
. (2)

The system has equilibrium solutions located at p0,1,2 œ R3 given by

p0 =

Q

cccca

0

0

0

R

ddddb
, and p1,2 =

Q

cccca

±


—(fl ≠ 1))

±


—(fl ≠ 1)

fl ≠ 1

R

ddddb
.

A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .
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(Parameterization method for 1d manifolds)

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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Letting P (0) = p0, this is
f(p0) = 0,
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Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define
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Note that,
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as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P
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⁄t)u0⁄e
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.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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Main Result

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P
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“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
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Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
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connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
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1 Introduction

The Lorenz system...

f(x, y, z, ‡, —, fl) =

Q

cccca

‡(y ≠ x)

x(fl ≠ z) ≠ y

xy ≠ —z

R

ddddb
(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =

Q

cccca

≠‡ ‡ 0

fl ≠ z ≠1 ≠x

y x ≠—

R

ddddb
. (2)

The system has equilibrium solutions located at p0,1,2 œ R3 given by

p0 =

Q

cccca

0

0

0

R

ddddb
, and p1,2 =

Q

cccca

±


—(fl ≠ 1))

±


—(fl ≠ 1)

fl ≠ 1

R

ddddb
.

A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .
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(Parameterization method for 1d manifolds)

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
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with P (0) the equilibrium solution.
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Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
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connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
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Main Result

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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1 Introduction

The Lorenz system...

f(x, y, z, ‡, —, fl) =

Q

cccca

‡(y ≠ x)

x(fl ≠ z) ≠ y

xy ≠ —z

R

ddddb
(1)

Note that x, y, z are considered as the variables of the system, and fl, ‡, — œ R are thought of
as parameters. With this in mind, we record that the Jacobian matrix of the Lorenz field (with
respect to the spatial variables x, y, and z) is given by

Df(x, y, z, ‡, —, fl) =

Q

cccca

≠‡ ‡ 0

fl ≠ z ≠1 ≠x

y x ≠—

R

ddddb
. (2)

The system has equilibrium solutions located at p0,1,2 œ R3 given by

p0 =

Q

cccca

0

0

0

R

ddddb
, and p1,2 =

Q

cccca

±


—(fl ≠ 1))

±


—(fl ≠ 1)

fl ≠ 1

R

ddddb
.

A main point: we reduce the question of the existence of a T-point for the Lorenz system
to an equivalent question about the existence of a “good enough” approximate zero of a (large)
explicitly given finite dimensional system of polynomial equations.

2 Heteroclinic connections involving one dimensional stable/unstable

manifolds

2.1 Parameterization of the 1D stable/unstable manifolds

Suppose that � µ Rd is an open set and let f : � æ Rd be a smooth vector field. We claim that
if ⁄ ”= 0 and P : [≠1, 1] æ Rd is a smooth function satisfying

P
Õ(u)⁄u = f(P (u)), (3)

then P parameterizes a one dimensional subset of a stable or unstable manifold, for some
equilibrium solutions of f . More precisely, we have the following proposition.

Proposition 2.1 (Parameterization method for a 1d stable/unstable manifold of a vector field).
Suppose that P : [≠1, 1] æ Rd is a smooth mapping and that ⁄ œ R. Assume that ⁄, ÎP

Õ(0)Î ”= 0,
and that P takes values in �. If P (u) solves Equation (3) on (≠1, 1) then

• p0 = P (0) is an equilibrium solution for the vector field f .

2

<latexit sha1_base64="7v5QBMLTLRiK4q+DcCJYppW6z/U=">AAACGnicbVC7TsMwFHXKq5RXgJHFokIqS5UgEIwVLIxFog+prSrHcVqrfkS2gyhRv4OFX2FhACE2xMLf4KYZoOVMx+fcK597gphRbTzv2yksLa+srhXXSxubW9s77u5eU8tEYdLAkknVDpAmjArSMNQw0o4VQTxgpBWMrqZ+644oTaW4NeOY9DgaCBpRjIyV+q7f5YG8Tyt1pBAnhij6kDnQPoYyhJFU0A8hR3ZJslAfT/pu2at6GeAi8XNSBjnqffezG0qccCIMZkjrju/FppciZShmZFLqJprECI/QgHQsFTaH7qXZaRN4ZJVZikgKAzP190aKuNZjHthJjsxQz3tT8T+vk5joopdSESeGCDz7KEoYNBJOe4IhVQQbNrYEYUVtVoiHtiRsO9IlW4I/f/IiaZ5U/bOqd3Narl3mdRTBATgEFeCDc1AD16AOGgCDR/AMXsGb8+S8OO/Ox2y04OQ7++APnK8fkpqhLQ==</latexit>

(Parameterization method for 1d manifolds)

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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To see that �(t) solves the di↵erential equation,

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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Let

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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u 2 (�1, 1)

• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
Suppose now that ⁄ < 0 and choose u0 œ [≠1, 1] with u0 ”= 0. Define

“(t) = P (u0e
⁄t).

Note that,
lim

tæŒ
“(t) = P (0) = p0,

as P is continuous and ⁄ < 0. That is, “(t) accumulates to p0 as t æ Œ. We claim that “ is a
solution curve for the vector field f .

To see this, note that for t > 0 we have that
d

dt
“(t) = P

Õ(u0e
⁄t)u0⁄e

⁄t
.

Since ⁄ < 0, we have that u0e
⁄t = u1 œ [≠1, 1], for all t Ø 0 and u1 ”= 0. Applying the invariance

of Equation (3) with u = u1 gives

P
Õ(u0e

⁄t)u0⁄e
⁄t = P

Õ(u1)⁄u1

= f(P (u1))
= f(P (e⁄t))
= f(“(t)).

Summarizing, we have “(t) is the forward orbit of P (u0) and that this orbit accumulates to the
equilibrium p0. Then, by definition, P (u0) is on the stable manifold of p0. Combining this with
the observation that P

Õ(0) is a (stable) eigenvector associated with the (stable) eigenvalue “,
we have the theorem in the “ < 0 cases. The ⁄ > 0 case proceeds similarly, by taking limits as
t æ ≠Œ.

2.2 Nonlinear map whose zeros correspond to codimension two heteroclinic

connection

Let � µ Rd be an open set, and suppose that f : � ◊ Rk æ Rd is a k-parameter family of
smooth vector fields, depending smoothly on all k parameters. We denote the parameter vector
by � œ Rk, and write

f�(x) = f(x, �),
to denote this family of vector fields.
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• ⁄ is an eigenvalue of Df(p0) with eigenvector P
Õ(0).

• If ⁄ < 0 then the image of P is a forward invariant submanifold of the stable manifold
attached to p0. If ⁄ > 0 then the image of P is a backward invariant submanifold of the
unstable manifold attached to p0. In either event the submanifold is tangent at p0 to the
stable/unstable eigenspace spanned by P

Õ(0).
Proof. Evaluating Equation (3) at u = 0 leads to

P
Õ(0) · ⁄ · 0 = f(P (0)).

Letting P (0) = p0, this is
f(p0) = 0,

so that p0 is an equilibrium solution of the di�erential equation x
Õ = f(x).

Similarly, by di�erentiating Equation (3) with respect to u we obtain

P
ÕÕ(u)⁄u + ⁄P

Õ(u) = Df(P (u))P Õ(u).

Evaluating at u = 0 and letting P
Õ(0) = › we have that ⁄› = Df(p0)›. Since › ”= 0 by

hypothesis, we have that (⁄, ›) is an eigenpair for Df(p0).
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Main Result
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Define the map
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where we fix r, ⌧, C > 0
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T > 0
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and

<latexit sha1_base64="9fesEuW4go0E9JSWsRG/DABEve0="></latexit>
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0

@
P1(u)
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P3(u)

1
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<latexit sha1_base64="EO5/GzmAzl9poYSzFsQ+PRqyIJM="></latexit>
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1
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<latexit sha1_base64="qEzkKr9dttoZz16UcPjeirYFqYg="></latexit>

Q(t) =

0

@
Q1(t)
Q2(t)
Q3(t)

1

A
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analytic on the unit disk in C.
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Define the map
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Truncate and look for polynomial approximations to the power series of P,Q,R.
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The truncated problem is a large system of (quadratic!) polynomial equaitons.
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Use a Newton-Kantorovich Theorem to show there is a true solution near the approximate solution.
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Validated computations for connecting orbits in polynomial vector fields. (English summary) 
Indag. Math. (N.S.) 31 (2020), no. 2, 310–373. 
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T-points:

16 Knut H. Alfsen and Jan Fr4yland 

Fig. 1. x-y and x-z projections of the heteroclinic orbits at the principal 
terminal point b = b ,  = 2.6123 . . . and r = r ,  % 30.475 , , , For compu- 
tational reasons, the orbits from CC to 0 are started a finite distance 
from the fixed points, but on the unstable, two-dimensional manifolds of 
C? . 

(i.e. x2y = xxy). This superscript will sometimes be denoted as a 
winding number. Only orbits terminating in a fixed point will 
form finite words. However, we shall also describe periodic 
orbits with words of finite length, with the understanding that 
the complete description is obtained by repeating infinitely the 
sequence given. 

Unfortunately, there are cases where this simple notation is 
inadequate. In particular when the parameter b is small it turns 
out to be necessary to introduce an additional subscript on the 
symbols in order to describe the additional half-twist the orbits 
can make around the z-axis in this region of parameter space. 

In this investigation we require the parameter U to be fixed at 
the value of 10, while b is allowed to vary between 0.05 and 9. 
For b-values larger than 9 the fixed points C? are no longer 
unstable for any positive value of the parameter r, while for very 
low b-values the system becomes increasingly difficult to study 
numerically. 

Our main results are presented in Fig. 2, and the next section 
is essentially devoted to the description and explanation of this 
figure. The lines in the figure will be called invariant paths. 
Along such a path orbits may be found (providing appropriate 
initial conditions are given) with essentially unchanged topology. 
Hence, we may use the same notation for characterizing invariant 
paths as for orbits. We note, however, that unlike orbits, paths 
may cross each other. 

Physica Scripta 31 

r 

Fig. 2. Overview of some prominent invariant paths and terminal points 
in the r-b plane at U = 10. r o :  invariant path of the first homoclinic orbit 
(of type x) to the origin. rn (n = 1, 2, . . . , -): the invariant path of the 
orbit xy” homoclinic to th,” origin. (See also Fig. 3). r,; the principal 
heteroclinic path x (or y ). rH: the position of the Hopf bifurcation. 
Invariant paths a, b, c, d, e, and fare  associated with limit cycles xy (sym), 
xy (asym), (xy) ’ ,  x 2 y 2  (sym). xy ’ ,  and x3y3  (sym), respectively. Invariant 
paths g, h, and i are associated with limit cycles xlxl, x l ,  and x 1 y , ,  
respectively. See also main text for a description of these paths. Crosses 
denote terminal points associated with heteroclinic orbits x (yx)” (n = 
0, 1 ,  . . . , 6 )  from the origin to C- alternating with orbits (xy)” (n = 
1, 2, . . . , 7 )  from the origin to C,. The open circles denote terminal 
points for homoclinic orbitsxmyn to C, for n = 2, 3 ,4 ,  and 5, i.e. where 
these orbits turn into a heteroclinic orbit including the origin. 

3. Results 
3.1. Overview 
Figure 2 shows the U =  10 plane in the three dimensional 
parameter space on a double logarithmic scale with r and b as 
axis. The lines in the figure represent various bifurcations, 
homo- and heteroclinic-orbits, and some prominent stable 
periodic orbits. We shall deal with each of these classes of 
invariant paths in turn. But let us initially explain the two most 
extreme paths found on the left- and right-hand side in Fig. 2, 
respectively. 

The invariant path marked ro on the left hand side marks the 
“birth” of the interesting behaviour of the Lorenz model when 
b is kept fixed and r increases. At this point a homoclinic 
“explosion” (i.e. a bifurcation where a strange invariant set is 
created) takes place [ 5 ] ,  associated with a homoclinic orbit of 
type x (or y) of the origin. The model then evolves through 
a series of bifurcations of various kinds before reaching the 
asymptotic state where the system exhibits a single stable 
periodic orbit of relative simple geometry. This happens in the 
neighbourhood of the rightmost curve labelled a in Fig. 2 .  

We also note that many of the invariant paths approach 
straight lines in the large-r and low4 region. This behaviour can 
be understood as follows. By making the transformation 2 = 
r + Z in eqs. (2.1) we obtain: 

x = - u(X- Y) 
y = -Zx-y 
2 = XY-bZ-br  

(3.1) 

For small b- and large r-values the term b i  can be neglected in 
the last equation. The parmeters b and r then only appear in 
the combination br. Consequently, the invariant paths of the 
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The transverse connections can be proven using the techniques developed in

MR3792792   JDMJ Validated numerics for equilibria of analytic vector fields: invariant manifolds and connecting orbits.  
Rigorous numerics in dynamics, 27–80, 
 Proc. Sympos. Appl. Math., 74, Amer. Math. Soc., Providence, RI, 2018.  Figure 9: A transverse heteroclinic connecting orbit from p0 to p1. The existence of the

orbit is validated using Theorem 2.7, in conjunction with the validated local stable/unstable
manifolds and the validated Taylor integrator of Sections 3.5 and 4.4.

the stable manifold. The orbits are examined by eye until we find a reasonable candidate.
Bisection is used to refine the guess. Since the boundary of the unstable manifold is one
dimensional this scheme is relatively e�cient, and a few minutes of experimentation provied
a viable initial guess for the multiple shooting connecting orbit operator. This initial guess
is refined via Newton’s method until we have defect on the order of machine precision.

Remark 5.7 (Generalized connecting orbit operators). While we have written the connect-
ing orbit operators in a very specific form, namely the one used to study connections from
eye to origin in the Lorenz system. However, the functional analytic setup introduced here
generalizes to vector fields in any dimension and to hyperbolic equilibria with any stability
type. The details are found for example in [62], and are generalized for connections between
periodic orbits in [101].

5.2 Computer assisted proof of a transverse connecting orbit via a
finite dimensional Newton like argument

Once we have an approximate connecting orbit via numerical experimentation as described
above, it is a simple matter of applying Proposition 2.7 to get the computer assisted proof of
existence as long as we have the requisite bounds �(x, t), P (u) and Q(s). But the methods
of Sections 3.5 and 4.4 provide these bounds.

For example, using the validated parameterizations discussed in Sections 3.5 and 4.4 i.e.

47
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Future work and extensions:

<latexit sha1_base64="WH5nbXWuReEY303MfLJABsTWplI="></latexit>

Try to understand the boundary between CAP values and perturbative results.
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Other systems/bifurcations?
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Prove it’s a trefoil.
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Thank you to the organizers!
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Thank you all for listening!
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A specific example problem: T-points in the Lorenz system.
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Fig. 1. x-y and x-z projections of the heteroclinic orbits at the principal 
terminal point b = b ,  = 2.6123 . . . and r = r ,  % 30.475 , , , For compu- 
tational reasons, the orbits from CC to 0 are started a finite distance 
from the fixed points, but on the unstable, two-dimensional manifolds of 
C? . 

(i.e. x2y = xxy). This superscript will sometimes be denoted as a 
winding number. Only orbits terminating in a fixed point will 
form finite words. However, we shall also describe periodic 
orbits with words of finite length, with the understanding that 
the complete description is obtained by repeating infinitely the 
sequence given. 

Unfortunately, there are cases where this simple notation is 
inadequate. In particular when the parameter b is small it turns 
out to be necessary to introduce an additional subscript on the 
symbols in order to describe the additional half-twist the orbits 
can make around the z-axis in this region of parameter space. 

In this investigation we require the parameter U to be fixed at 
the value of 10, while b is allowed to vary between 0.05 and 9. 
For b-values larger than 9 the fixed points C? are no longer 
unstable for any positive value of the parameter r, while for very 
low b-values the system becomes increasingly difficult to study 
numerically. 

Our main results are presented in Fig. 2, and the next section 
is essentially devoted to the description and explanation of this 
figure. The lines in the figure will be called invariant paths. 
Along such a path orbits may be found (providing appropriate 
initial conditions are given) with essentially unchanged topology. 
Hence, we may use the same notation for characterizing invariant 
paths as for orbits. We note, however, that unlike orbits, paths 
may cross each other. 
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Fig. 2. Overview of some prominent invariant paths and terminal points 
in the r-b plane at U = 10. r o :  invariant path of the first homoclinic orbit 
(of type x) to the origin. rn (n = 1, 2, . . . , -): the invariant path of the 
orbit xy” homoclinic to th,” origin. (See also Fig. 3). r,; the principal 
heteroclinic path x (or y ). rH: the position of the Hopf bifurcation. 
Invariant paths a, b, c, d, e, and fare  associated with limit cycles xy (sym), 
xy (asym), (xy) ’ ,  x 2 y 2  (sym). xy ’ ,  and x3y3  (sym), respectively. Invariant 
paths g, h, and i are associated with limit cycles xlxl, x l ,  and x 1 y , ,  
respectively. See also main text for a description of these paths. Crosses 
denote terminal points associated with heteroclinic orbits x (yx)” (n = 
0, 1 ,  . . . , 6 )  from the origin to C- alternating with orbits (xy)” (n = 
1, 2, . . . , 7 )  from the origin to C,. The open circles denote terminal 
points for homoclinic orbitsxmyn to C, for n = 2, 3 ,4 ,  and 5, i.e. where 
these orbits turn into a heteroclinic orbit including the origin. 

3. Results 
3.1. Overview 
Figure 2 shows the U =  10 plane in the three dimensional 
parameter space on a double logarithmic scale with r and b as 
axis. The lines in the figure represent various bifurcations, 
homo- and heteroclinic-orbits, and some prominent stable 
periodic orbits. We shall deal with each of these classes of 
invariant paths in turn. But let us initially explain the two most 
extreme paths found on the left- and right-hand side in Fig. 2, 
respectively. 

The invariant path marked ro on the left hand side marks the 
“birth” of the interesting behaviour of the Lorenz model when 
b is kept fixed and r increases. At this point a homoclinic 
“explosion” (i.e. a bifurcation where a strange invariant set is 
created) takes place [ 5 ] ,  associated with a homoclinic orbit of 
type x (or y) of the origin. The model then evolves through 
a series of bifurcations of various kinds before reaching the 
asymptotic state where the system exhibits a single stable 
periodic orbit of relative simple geometry. This happens in the 
neighbourhood of the rightmost curve labelled a in Fig. 2 .  

We also note that many of the invariant paths approach 
straight lines in the large-r and low4 region. This behaviour can 
be understood as follows. By making the transformation 2 = 
r + Z in eqs. (2.1) we obtain: 

x = - u(X- Y) 
y = -Zx-y 
2 = XY-bZ-br  

(3.1) 

For small b- and large r-values the term b i  can be neglected in 
the last equation. The parmeters b and r then only appear in 
the combination br. Consequently, the invariant paths of the 
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T-points:
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εp+ varies slightly and is monitored to ensure it stays small. The heteroclinic orbit hetpn and
the associated bifurcation curve can then be found and continued in exactly the same way by
replacing p+ by p− in (18)–(19).
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parametric planes [Afraimovich et al., 1977; Bykov, 1993; Shilnikov, 1991; Shilnikov et al., 1993; Barrio
et al., 2011b; Gallas, 2010]. Such patterns turn out to be ubiquitously alike in both time-discrete [Lorenz,
2008] and time-continuous systems [Gaspard et al., 1984; Barrio et al., 2009; Gallas, 2010], and they are
easily located when the spiral patterns have regular and chaotic spiral “arms” in the systems with the
Shilnikov saddle-focus [Shilnikov & Shilnikov, 2007].

Application of the Lyapunov exponents technique fails, in general, to reveal fine structures embedded
in the bi-parametric scans of Lorenz-like systems. As such it cannot deliver the desired insights into intrinsic
bifurcations because regions of chaotic dynamics appear to be uniformly. This basically means that the
instability of the Lorenz attractors does not vary noticeably as control parameters of the system are varied.
This holds true too when one attempts to find the presence of characteristic spiral structures that are known
to exist theoretically in the Lorenz-like systems [Bykov, 1993; Glendinning & Sparrow, 1986] and therefore
could only be identified using accurate bifurcation continuation approaches [Shilnikov, 1991; Shilnikov et al.,
1993]. Such spirals in a bi-parametric parameter plane of the system in question are organized around the
so-called T[erminal]-points corresponding to codimension-two or -higher heteroclinic connections between
two or more saddle equilibria. For Z2-symmetric systems with the Lorenz attractor, the degeneracy is
reduced to a cod-2 bifurcation of a closed heteroclinic connection involving two saddle-foci and a saddle at
the origin. T-points have been located in various models of diverse origins including electronic oscillators
[Bykov, 1998; Fernández-Sánchez et al., 2002] and nonlinear optics [Forysiak et al., 1991; Wieczorek &
Krauskopf, 2005], etc.
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Figure 1. Caricature of the bifurcation unfolding of the ordinary T-point for symmetric Lorenz-like systems with a closed
heteroclinic connection evolving both saddle-foci and the saddle. Point out that with each revolution approaching the T-point
along the curve (1-hom O), the number of turns of the one-dimensional separatrix of the saddle, O, around the saddle-focus
increases by one in the homoclinic loop and becomes infinite at the T-point.

Figure 1 sketches an idea of the structure of the bifurcation unfolding near an ordinary T-point in
the parameter plane in a symmetric system [Bykov, 1993; Glendinning & Sparrow, 1986]; various T-
points configurations for other heteroclinic connections were examined in detail in [Bykov, 1993]. Here, the
heteroclinic connection is formed by a pair of symmetric saddle-foci and a saddle whose one-dimensional
stable (incoming) and unstable (outgoing), respectively, separatrices merge only at the codimension-two
T-point in the bi-parametric space of the Lorenz model. It follows from the theoretical analysis that the
unfolding of this bifurcation includes three main curves ending at the T-point: a spiraling bifurcation curve,
(1-hom O) corresponding to two simultaneous (due to the symmetry) homoclinic loops of the saddle, a
curve, (1-hom O1,2), corresponding to two simultaneous homoclinic loops of the saddle-foci, and another
codimension-one bifurcation curve, (1-het O1,2), corresponding to a heteroclinic correction between both
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