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<latexit sha1_base64="NSCAVS7w3DRgIaoajPn0JO3JUkY="></latexit>

In this talk we will look at validated numerical methods for computing complex convolutions.

<latexit sha1_base64="M3STmdmUqtWweKhpiEshsae24eo="></latexit>

Such convolutions appear when using the Borel Transform to study functional equations that
have solutions which are C1 but not analytic as the Borel Transform turns products into convolutions.
These include parabolic center manifolds, solns. of heat type equations, Painlevé equations, ...

<latexit sha1_base64="NE2bgjbtQCgqGxbnd2iZwbf8jaw="></latexit>

As an illustrative example, we will focus on a “quadratic” Euler equation:

<latexit sha1_base64="8jz44qvqT2JvP3bP3uoMkMTfZ7A=">AAAB+3icbVC7TgJBFJ3FF+JrxdJmIzGxIrsUaKyINnZiIo8ENmR2uAsTZh+ZuYuQDb9iY6Extv6InX/jAFsoeJJJTs45N/fO8WLBFdr2t5Hb2Nza3snvFvb2Dw6PzONiU0WJZNBgkYhk26MKBA+hgRwFtGMJNPAEtLzR7dxvjUEqHoWPOI3BDegg5D5nFLXUM4tdhAl6fnqvU2MOT9eznlmyy/YC1jpxMlIiGeo986vbj1gSQIhMUKU6jh2jm1KJnAmYFbqJgpiyER1AR9OQBqDcdHH7zDrXSt/yI6lfiNZC/T2R0kCpaeDpZEBxqFa9ufif10nQv3JTHsYJQsiWi/xEWBhZ8yKsPpfAUEw1oUxyfavFhlRShrqugi7BWf3yOmlWyk61XH2olGo3WR15ckrOyAVxyCWpkTtSJw3CyIQ8k1fyZsyMF+Pd+FhGc0Y2c0L+wPj8AajdlNo=</latexit>

Overview:
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<latexit sha1_base64="RAwUO04805G1ylG/OZtysOkAb0c=">AAACHXicbVC7TgMxEPTxDOEVoKSxiJCoorsIAaJCoaHkFYiURJHP2QtWfPbJ3kNEp/wIDb9CQwFCFDSIv8E5UkBgq9HMjnZ2wkQKi77/6U1Nz8zOzRcWiotLyyurpbX1K6tTw6HOtdSmETILUiioo0AJjcQAi0MJ12H/eKRf34KxQqtLHCTQjllPiUhwho7qlHZbqeqCGdmzFsIdhlF2gYYh9AY00obWtAFJz8GmcZx7hsPDTqnsV/x86F8QjEGZjOe0U3pvdTVPY1DIJbO2GfgJtjNmUHAJw2IrtZAw3mc9aDqoWAy2neXfDem2Y7p5lkgrpDn705Gx2NpBHLpNl/DGTmoj8j+tmWJ00M6ESlIExb8PRamkqOmoKtoVBjjKgQOMG+GyUn7DDOPoCi26EoLJl/+Cq2ol2KvsnVXLR7VxHQWySbbIDgnIPjkiJ+SU1Akn9+SRPJMX78F78l69t+/VKW/s2SC/xvv4ApITo3M=</latexit>

Strategy for Borel Resummation:
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<latexit sha1_base64="nZoGlldol0oios9lbo/+Yk9SOVo=">AAACE3icbVA9SwNBEN3zM8avU0ubxSCIRbgTv7CKimCpYKKQHGFvM5cs2ds7dufEcOQ/2PhXbCwUsbWx89+4iSnU+GDg8d4MM/PCVAqDnvfpTExOTc/MFuaK8wuLS8vuymrNJJnmUOWJTPRNyAxIoaCKAiXcpBpYHEq4DrunA//6FrQRibrCXgpBzNpKRIIztFLT3W4g3GEY5ceKCikzg9o6t0DP7licSqBJRM8yCfqo33RLXtkbgo4Tf0RKZISLpvvRaCU8i0Ehl8yYuu+lGORMo+AS+sVGZiBlvMvaULdUsRhMkA9/6tNNq7RolGhbCulQ/TmRs9iYXhzazphhx/z1BuJ/Xj3D6DDIhUozBMW/F0WZpJjQQUC0JTRwlD1LGNfC3kp5h2nG0cZYtCH4f18eJ7Wdsr9f3rvcLVVORnEUyDrZIFvEJwekQs7JBakSTu7JI3kmL86D8+S8Om/frRPOaGaN/ILz/gVJFZ5p</latexit>

An illustrative Example of Euler:
<latexit sha1_base64="tpSm8PfZSx1GnsjHss19wr1pvaI=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BRmxO0YjII3I5gFkiH09FSSJj3dQ3ePGIZc/BUvHhTx6md482/sLAdNfFDweK+KqnpBzJk2rvvtZBYWl5ZXsqu5tfWNza389k5Ny0RRqFLJpWoERANnAqqGGQ6NWAGJAg71oF8e+fUHUJpJcW8GMfgR6QrWYZQYK7Xze60okI9pWQrNQlDY9ADfXl0P2/mCW3THwPPEm5ICmqLSzn+1QkmTCIShnGjd9NzY+ClRhlEOw1wr0RAT2iddaFoqSATaT8cPDPGhVULckcqWMHis/p5ISaT1IApsZ0RMT896I/E/r5mYzoWfMhEnBgSdLOokHBuJR2ngkCmghg8sIVQxeyumPaIINTaznA3Bm315ntSOi95Z8fTupFC6nMaRRfvoAB0hD52jErpBFVRFFA3RM3pFb86T8+K8Ox+T1owzndlFf+B8/gBH85Y1</latexit>

Consider the ODE

<latexit sha1_base64="9ASzmx/UUk9sODpcsWmM4UOgpa4=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQyiIISZ4HYRgl48RjALJGPo6fQkTXoWunsk45Av8eJBEa9+ijf/xk4yB018UPB4r4qqem7EmVSW9W3klpZXVtfy64WNza3tormz25BhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3gz8ZuPVEgWBvcqiajj437APEaw0lLXLI4eKig5QicoQVdohLpmySpbU6BFYmekBBlqXfOr0wtJ7NNAEY6lbNtWpJwUC8UIp+NCJ5Y0wmSI+7StaYB9Kp10evgYHWqlh7xQ6AoUmqq/J1LsS5n4ru70sRrIeW8i/ue1Y+VdOikLoljRgMwWeTFHKkSTFFCPCUoUTzTBRDB9KyIDLDBROquCDsGef3mRNCpl+7x8dndaql5nceRhHw7gGGy4gCrcQg3qQCCGZ3iFN+PJeDHejY9Za87IZvbgD4zPH33YkQw=</latexit>

x2y0 + y = x

<latexit sha1_base64="HLRfN5klyGnHPsNsR6cfaWZKhdE="></latexit>

Borel transform your functional equation (regularity improving)
<latexit sha1_base64="KtWjIj0Lyj6x36Xsz2rbeBwmeFs="></latexit>

Study the (analytic) solution at the origin on C
<latexit sha1_base64="3oKWXpYCMAgvRQoBCimGFTtgZ/w="></latexit>

Analytically continue the solution to a set which contains the positive real axis.
<latexit sha1_base64="q8QyEeZR33L9MVYWFG2moHLdx6A=">AAACDnicbVC7TgJBFJ31ifhCLW0mEhIrsmt8lUQaCwtM5JEAIXeHASbMYzMzayQbvsDGX7Gx0Bhbazv/xlmgUPAkk5ycc2/unBNGnBnr+9/e0vLK6tp6ZiO7ubW9s5vb268ZFWtCq0RxpRshGMqZpFXLLKeNSFMQIaf1cFhO/fo91YYpeWdHEW0L6EvWYwSskzq5QkuE6iEpKxHFlmI7oPgGIg7EcQ3S9JQWxXEnl/eL/gR4kQQzkkczVDq5r1ZXkVhQaQkHY5qBH9l2Atoywuk424oNjYAMoU+bjkoQ1LSTSZwxLjili91l96TFE/X3RgLCmJEI3aQAOzDzXir+5zVj27tsJ0ymUSWZHurFHFuF025wl2lKLB85AkQz91dMBqCBWNdg1pUQzEdeJLWTYnBePLs9zZeuZnVk0CE6QscoQBeohK5RBVURQY/oGb2iN+/Je/HevY/p6JI32zlAf+B9/gCGHpxr</latexit>

Compute the Laplace transform.

<latexit sha1_base64="mfXYV82I8/9bDKB84j+sw+q3izE=">AAACD3icbVC7TgJBFJ3FF+ILtbSZSDRWZNf4ihXBxhKjPBIgZHa4CxNmdjYzs0ay4Q9s/BUbC42xtbXzbxwWCgVvdXLOubnnHj/iTBvX/XYyC4tLyyvZ1dza+sbmVn57p6ZlrChUqeRSNXyigbMQqoYZDo1IARE+h7o/uBrr9XtQmsnwzgwjaAvSC1nAKDGW6uQPW8KXD8mtUcRAb4gDqXBZKuBYgY6FSG2Xo06+4BbddPA88KaggKZT6eS/Wl1JYwGhoZxo3fTcyLQTogyjHEa5VqwhInRAetC0MCQCdDtJ/xnhA8t00yiBDA1O2d8bCRFaD4VvnTZgX89qY/I/rRmb4KKdsDCKDYR0ciiIOTYSj8vBXaaAGj60gFDFbFZM+0QRamyFOVuCN/vyPKgdF72z4unNSaFUntaRRXtoHx0hD52jErpGFVRFFD2iZ/SK3pwn58V5dz4m1owz3dlFf8b5/AGzEZ0X</latexit>

Strategy for Borel resummation:
<latexit sha1_base64="/8B2dT1gyL3JOvA+J+mjr73lGtI="></latexit>

Step zero: change variables so singularity is at infinity.

<latexit sha1_base64="geIQp8LNJSzVbKgWhNg/TB1Hc5A=">AAACDnicbVC7SgNBFJ31GeMramkzGAKxCbviqxFCbCwsIpgHJEuYnUySIbOzy8xdcV3yBTb+io2FIrbWdv6Nk2QLTTxw4XDOvdx7jxcKrsG2v62FxaXlldXMWnZ9Y3NrO7ezW9dBpCir0UAEqukRzQSXrAYcBGuGihHfE6zhDS/HfuOOKc0DeQtxyFyf9CXvcUrASJ1coe17wX1yzQC47OMRbvsEBpSIpDJqxS6+wFHx4bCTy9slewI8T5yU5FGKaif31e4GNPKZBCqI1i3HDsFNiAJOBRtl25FmIaFD0mctQyXxmXaTyTsjXDBKF/cCZUoCnqi/JxLiax37nukcH6tnvbH4n9eKoHfuJlyGETBJp4t6kcAQ4HE2uMsVoyBiQwhV3NyK6YAoQsEkmDUhOLMvz5P6Uck5LZ3cHOfLlTSODNpHB6iIHHSGyugKVVENUfSIntErerOerBfr3fqYti5Y6cwe+gPr8wdbJ5um</latexit>

Letting B[y] = u(z)
<latexit sha1_base64="DPupAf7xfuXVHjhQrfNdxzST6LY=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxCRSgz4msjFN24rGAf0A4lk6ZtaCYzJBmlHfspblwo4tYvceffmLaz0NYDl3s4515yc/yIM6Ud59vKLC2vrK5l13Mbm1vbO3Z+t6bCWBJaJSEPZcPHinImaFUzzWkjkhQHPqd1f3Az8esPVCoWins9jKgX4J5gXUawNlLbzo9QXBwdoeNZu0Ju2y44JWcKtEjclBQgRaVtf7U6IYkDKjThWKmm60TaS7DUjHA6zrViRSNMBrhHm4YKHFDlJdPTx+jQKB3UDaUpodFU/b2R4ECpYeCbyQDrvpr3JuJ/XjPW3UsvYSKKNRVk9lA35kiHaJID6jBJieZDQzCRzNyKSB9LTLRJK2dCcOe/vEhqJyX3vHR2d1ooX6dxZGEfDqAILlxAGW6hAlUg8AjP8Apv1pP1Yr1bH7PRjJXu7MEfWJ8/fd6Rkg==</latexit>

zu(z) + u(z) = 1

<latexit sha1_base64="VmI8FVZPCjdhoTqp4xzro3RWXtI="></latexit>

u(z) =
1X

n=0

(�1)nzn analytic on |z| < 1

<latexit sha1_base64="X2mHLFSMl//9lDWzVeAIJzmXYSg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTia1l047KCfUAbymQ6aYfOI8xMxBDqr7hxoYhbP8Sdf+OkzUJbD1w4nHMv994Txoxq43nfTmlldW19o7xZ2dre2d1z9w/aWiYKkxaWTKpuiDRhVJCWoYaRbqwI4iEjnXByk/udB6I0leLepDEJOBoJGlGMjJUGbrXPQ/mYjZGGWrIkF6cDt+bVvRngMvELUgMFmgP3qz+UOOFEGMyQ1j3fi02QIWUoZmRa6SeaxAhP0Ij0LBWIEx1ks+On8NgqQxhJZUsYOFN/T2SIa53y0HZyZMZ60cvF/7xeYqKrIKMiTgwReL4oShg0EuZJwCFVBBuWWoKwovZWiMdIIWxsXhUbgr/48jJpn9b9i/r53VmtcV3EUQaH4AicAB9cgga4BU3QAhik4Bm8gjfnyXlx3p2PeWvJKWaq4A+czx9/iJVW</latexit>

has solution

<latexit sha1_base64="IDHUXZofoaR7pDSBq5sMtBsqJTs=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVpUoQr40CC2OR6ENqo8pxndaqY0e2gwhR/4CFX2FhACFWVjb+BjftAC1HutLROffq6B4/YlRpx/m2cnPzC4tL+eXCyura+oa9uVVXIpaY1LBgQjZ9pAijnNQ01Yw0I0lQ6DPS8AdXI79xR6Sigt/qJCJeiHqcBhQjbaSOvd8OfXGfXnDEEk0xxIJryuPMhSKAQxiXHg7OO3bRKTsZ4CxxJ6QIJqh27K92V+A4JFxjhpRquU6kvRRJE8LIsNCOFYkQHqAeaRnKUUiUl2b/DOGeUbowENIM1zBTf1+kKFQqCX2zGSLdV9PeSPzPa8U6OPNSyqNYE47HQUHMoBZwVA7sUkmwZokhCEuaFdJHEmFtKiyYEtzpl2dJ/bDsnpSPb46KlctJHXmwA3ZBCbjgFFTANaiCGsDgETyDV/BmPVkv1rv1MV7NWZObbfAH1ucPngScXw==</latexit>

Analytic continuation of u(z)?

<latexit sha1_base64="M4a8P7EhRHgVPs4LagwRCsS247s=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahIpSZ4msjFN24rGAf0A4lk2ba0ExmSDKFOvRP3LhQxK1/4s6/MW1noa0HLvdwzr3k5vgxZ0o7zreVW1ldW9/Ibxa2tnd29+z9g4aKEklonUQ8ki0fK8qZoHXNNKetWFIc+pw2/eHd1G+OqFQsEo96HFMvxH3BAkawNlLXtpPS0ykquegMmX6D3K5ddMrODGiZuBkpQoZa1/7q9CKShFRowrFSbdeJtZdiqRnhdFLoJIrGmAxxn7YNFTikyktnl0/QiVF6KIikKaHRTP29keJQqXHom8kQ64Fa9Kbif1470cG1lzIRJ5oKMn8oSDjSEZrGgHpMUqL52BBMJDO3IjLAEhNtwiqYENzFLy+TRqXsXpYvHs6L1dssjjwcwTGUwIUrqMI91KAOBEbwDK/wZqXWi/VufcxHc1a2cwh/YH3+ADAmkMo=</latexit>

u(z)(1 + z) = 1

<latexit sha1_base64="RCEeMiaxMazs6r3wHMxPDU/1Jlg=">AAACG3icbVDLSgMxFM3UV62vUZdugkWoiGWm+NoIRTcuK9gHdIaSSTNtaCYzTTJCO8x/uPFX3LhQxJXgwr8xfSxs64F7OZxzL8k9XsSoVJb1Y2SWlldW17LruY3Nre0dc3evJsNYYFLFIQtFw0OSMMpJVVHFSCMSBAUeI3Wvdzvy649ESBryBzWIiBugDqc+xUhpqWWW4sLwGF5DxxcIJ3aa2PAEDlPo9GPUnulD6HDSh6d2y8xbRWsMuEjsKcmDKSot88tphzgOCFeYISmbthUpN0FCUcxImnNiSSKEe6hDmppyFBDpJuPbUniklTb0Q6GLKzhW/24kKJByEHh6MkCqK+e9kfif14yVf+UmlEexIhxPHvJjBlUIR0HBNhUEKzbQBGFB9V8h7iKdktJx5nQI9vzJi6RWKtoXxfP7s3z5ZhpHFhyAQ1AANrgEZXAHKqAKMHgCL+ANvBvPxqvxYXxORjPGdGcfzMD4/gXsNp7i</latexit>

u(z) =
1

1 + z
z 6= �1

<latexit sha1_base64="6Qt3uI0nr5joINIpoysObG4c418=">AAAB8HicbVDJSgNBEK1xjXGLevTSGARPYUbcjkEvHiOYRZIh9HR6kia9DN09YhjyFV48KOLVz/Hm39hJ5qCJDwoe71VRVS9KODPW97+9peWV1bX1wkZxc2t7Z7e0t98wKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98pNowJe/tKKGhwH3JYkawddJDR0TqKVN63C2V/Yo/BVokQU7KkKPWLX11eoqkgkpLODamHfiJDTOsLSOcjoud1NAEkyHu07ajEgtqwmx68BgdO6WHYqVdSYum6u+JDAtjRiJynQLbgZn3JuJ/Xju18VWYMZmklkoyWxSnHFmFJt+jHtOUWD5yBBPN3K2IDLDGxLqMii6EYP7lRdI4rQQXlfO7s3L1Oo+jAIdwBCcQwCVU4RZqUAcCAp7hFd487b14797HrHXJy2cO4A+8zx9aeZDJ</latexit>or

<latexit sha1_base64="3oS3wf5RwfBqYnydQTgZcaBD48E="></latexit>

Since C\{�1} contains [0,1) we define

<latexit sha1_base64="Qsukc5OOhAHbsAcRZlpLjcnkV1c="></latexit>

y(t) = L[u(z)] =
Z 1

0

1

1 + z
e�tz dz

<latexit sha1_base64="N5bYuWvK78MCf2doMI3JufawoHs=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0EQi7ArvspgGssI5gHZEO5OZpMhs7PLzGxIWPYfbPwVGwtFbG3s/Bsnj0ITDwwczrmHO/f4MWdKO863lVtZXVvfyG8WtrZ3dvfs/YO6ihJJaI1EPJJNHxTlTNCaZprTZiwphD6nDX9QmfiNIZWKReJBj2PaDqEnWMAIaCN17DMv9KNRWumD6FE8BMnARBXO8Ah7OsJeIIGkbpbqrGMXnZIzBV4m7pwU0RzVjv3ldSOShFRowkGpluvEup2C1IxwmhW8RNEYyAB6tGWogJCqdjq9KcMnRuniIJLmCY2n6u9ECqFS49A3kyHovlr0JuJ/XivRwU07ZSJONBVktihIODbHTgrCXSYp0XxsCBDJzF8x6YNpQZsaC6YEd/HkZVI/L7lXpcv7i2L5dl5HHh2hY3SKXHSNyugOVVENEfSIntErerOerBfr3fqYjeaseeYQ/YH1+QMI5J5G</latexit>

Change variables x ! 1

t
<latexit sha1_base64="aVS/yuEOqLdA9QVRdwTuOzCC4R0=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx68WYEs0AyhJ5OJ2nSy9hdEwxDvsOLB0W8+jHe/Bs7yRw0+qDg8V4VVfWiWHALvv/l5ZaWV1bX8uuFjc2t7Z3i7l7d6sRQVqNaaNOMiGWCK1YDDoI1Y8OIjARrRMPrqd8YMWO5VvcwjlkoSV/xHqcEnBS2ZaQf09sICFeTTrHkl/0Z8F8SZKSEMlQ7xc92V9NEMgVUEGtbgR9DmBIDnAo2KbQTy2JCh6TPWo4qIpkN09nRE3zklC7uaeNKAZ6pPydSIq0dy8h1SgIDu+hNxf+8VgK9yzDlKk6AKTpf1EsEBo2nCeAuN4yCGDtCqOHuVkwHxBAKLqeCCyFYfPkvqZ+Ug/Py2d1pqXKVxZFHB+gQHaMAXaAKukFVVEMUPaAn9IJevZH37L157/PWnJfN7KNf8D6+AT9Nkm0=</latexit>

Obtain
<latexit sha1_base64="f5G+GwZplm891WKc54W1SrJ6h1Q=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRBLEk4m0jFN24rGAv0IYymUzaoZMLMydCCFm78VXcuFDErU/gzrdx2mah1R8Gfr5zDmfO78aCK7CsL6M0N7+wuFRerqysrq1vmJtbLRUlkrImjUQkOy5RTPCQNYGDYJ1YMhK4grXd0fW43r5nUvEovIM0Zk5ABiH3OSWgUd/cPer5ktDMS/PMgxwf4hRf4imz80yTvlm1atZE+K+xC1NFhRp987PnRTQJWAhUEKW6thWDkxEJnAqWV3qJYjGhIzJgXW1DEjDlZJNTcryviYf9SOoXAp7QnxMZCZRKA1d3BgSGarY2hv/Vugn4F07GwzgBFtLpIj8RGCI8zgV7XDIKItWGUMn1XzEdEh0D6PQqOgR79uS/pnVcs89qp7cn1fpVEUcZ7aA9dIBsdI7q6AY1UBNR9ICe0At6NR6NZ+PNeJ+2loxiZhv9kvHxDQIgmdc=</latexit>

�dy

dt
+ y =

1

t
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<latexit sha1_base64="nZoGlldol0oios9lbo/+Yk9SOVo=">AAACE3icbVA9SwNBEN3zM8avU0ubxSCIRbgTv7CKimCpYKKQHGFvM5cs2ds7dufEcOQ/2PhXbCwUsbWx89+4iSnU+GDg8d4MM/PCVAqDnvfpTExOTc/MFuaK8wuLS8vuymrNJJnmUOWJTPRNyAxIoaCKAiXcpBpYHEq4DrunA//6FrQRibrCXgpBzNpKRIIztFLT3W4g3GEY5ceKCikzg9o6t0DP7licSqBJRM8yCfqo33RLXtkbgo4Tf0RKZISLpvvRaCU8i0Ehl8yYuu+lGORMo+AS+sVGZiBlvMvaULdUsRhMkA9/6tNNq7RolGhbCulQ/TmRs9iYXhzazphhx/z1BuJ/Xj3D6DDIhUozBMW/F0WZpJjQQUC0JTRwlD1LGNfC3kp5h2nG0cZYtCH4f18eJ7Wdsr9f3rvcLVVORnEUyDrZIFvEJwekQs7JBakSTu7JI3kmL86D8+S8Om/frRPOaGaN/ILz/gVJFZ5p</latexit>

An illustrative Example of Euler:
<latexit sha1_base64="tpSm8PfZSx1GnsjHss19wr1pvaI=">AAACAHicbVDJSgNBEO2JW4xb1IMHL41B8BRmxO0YjII3I5gFkiH09FSSJj3dQ3ePGIZc/BUvHhTx6md482/sLAdNfFDweK+KqnpBzJk2rvvtZBYWl5ZXsqu5tfWNza389k5Ny0RRqFLJpWoERANnAqqGGQ6NWAGJAg71oF8e+fUHUJpJcW8GMfgR6QrWYZQYK7Xze60okI9pWQrNQlDY9ADfXl0P2/mCW3THwPPEm5ICmqLSzn+1QkmTCIShnGjd9NzY+ClRhlEOw1wr0RAT2iddaFoqSATaT8cPDPGhVULckcqWMHis/p5ISaT1IApsZ0RMT896I/E/r5mYzoWfMhEnBgSdLOokHBuJR2ngkCmghg8sIVQxeyumPaIINTaznA3Bm315ntSOi95Z8fTupFC6nMaRRfvoAB0hD52jErpBFVRFFA3RM3pFb86T8+K8Ox+T1owzndlFf+B8/gBH85Y1</latexit>

Consider the ODE

<latexit sha1_base64="9ASzmx/UUk9sODpcsWmM4UOgpa4=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQyiIISZ4HYRgl48RjALJGPo6fQkTXoWunsk45Av8eJBEa9+ijf/xk4yB018UPB4r4qqem7EmVSW9W3klpZXVtfy64WNza3tormz25BhLAitk5CHouViSTkLaF0xxWkrEhT7LqdNd3gz8ZuPVEgWBvcqiajj437APEaw0lLXLI4eKig5QicoQVdohLpmySpbU6BFYmekBBlqXfOr0wtJ7NNAEY6lbNtWpJwUC8UIp+NCJ5Y0wmSI+7StaYB9Kp10evgYHWqlh7xQ6AoUmqq/J1LsS5n4ru70sRrIeW8i/ue1Y+VdOikLoljRgMwWeTFHKkSTFFCPCUoUTzTBRDB9KyIDLDBROquCDsGef3mRNCpl+7x8dndaql5nceRhHw7gGGy4gCrcQg3qQCCGZ3iFN+PJeDHejY9Za87IZvbgD4zPH33YkQw=</latexit>

x2y0 + y = x

<latexit sha1_base64="6YKCqX/lfnxTy4Fgy8+l/MDoYBo=">AAACGnicbVBNSyNBEO3R/dCsu8b16KXYsOApzCzrx2VRdj14VNiokIRQ01MxjT3dQ3eNGIb8Di/+FS97UMSbePHf2Ik5rB8PGh7vvaK6Xlpo5TmOH6KZ2XfvP3ycm699Wvj8ZbG+9PXA29JJakmrrTtK0ZNWhlqsWNNR4QjzVNNhevJn7B+ekvPKmr88LKib47FRfSWRg9SrJ508tWfVjiUPimGApwQIqS1NRhl4q8txDpBhBGfwC+KtXr0RN+MJ4DVJpqQhptjr1e86mZVlToalRu/bSVxwt0LHSmoa1TqlpwLlCR5TO1CDOfluNTltBN+DkkHfuvAMw0T9f6LC3PthnoZkjjzwL72x+JbXLrm/2a2UKUomI58W9UsNbGHcE2TKkWQ9DASlU+GvIAfoUHJosxZKSF6e/Joc/Ggm6821/Z+N7d/TOubEivgmVkUiNsS22BV7oiWkOBeX4kpcRxfRv+gmun2KzkTTmWXxDNH9IzCVn60=</latexit>

Does it have a bounded solution at x = 0?

<latexit sha1_base64="HLRfN5klyGnHPsNsR6cfaWZKhdE="></latexit>

Borel transform your functional equation (regularity improving)
<latexit sha1_base64="KtWjIj0Lyj6x36Xsz2rbeBwmeFs="></latexit>

Study the (analytic) solution at the origin on C
<latexit sha1_base64="3oKWXpYCMAgvRQoBCimGFTtgZ/w="></latexit>

Analytically continue the solution to a set which contains the positive real axis.
<latexit sha1_base64="q8QyEeZR33L9MVYWFG2moHLdx6A=">AAACDnicbVC7TgJBFJ31ifhCLW0mEhIrsmt8lUQaCwtM5JEAIXeHASbMYzMzayQbvsDGX7Gx0Bhbazv/xlmgUPAkk5ycc2/unBNGnBnr+9/e0vLK6tp6ZiO7ubW9s5vb268ZFWtCq0RxpRshGMqZpFXLLKeNSFMQIaf1cFhO/fo91YYpeWdHEW0L6EvWYwSskzq5QkuE6iEpKxHFlmI7oPgGIg7EcQ3S9JQWxXEnl/eL/gR4kQQzkkczVDq5r1ZXkVhQaQkHY5qBH9l2Atoywuk424oNjYAMoU+bjkoQ1LSTSZwxLjili91l96TFE/X3RgLCmJEI3aQAOzDzXir+5zVj27tsJ0ymUSWZHurFHFuF025wl2lKLB85AkQz91dMBqCBWNdg1pUQzEdeJLWTYnBePLs9zZeuZnVk0CE6QscoQBeohK5RBVURQY/oGb2iN+/Je/HevY/p6JI32zlAf+B9/gCGHpxr</latexit>

Compute the Laplace transform.

<latexit sha1_base64="mfXYV82I8/9bDKB84j+sw+q3izE=">AAACD3icbVC7TgJBFJ3FF+ILtbSZSDRWZNf4ihXBxhKjPBIgZHa4CxNmdjYzs0ay4Q9s/BUbC42xtbXzbxwWCgVvdXLOubnnHj/iTBvX/XYyC4tLyyvZ1dza+sbmVn57p6ZlrChUqeRSNXyigbMQqoYZDo1IARE+h7o/uBrr9XtQmsnwzgwjaAvSC1nAKDGW6uQPW8KXD8mtUcRAb4gDqXBZKuBYgY6FSG2Xo06+4BbddPA88KaggKZT6eS/Wl1JYwGhoZxo3fTcyLQTogyjHEa5VqwhInRAetC0MCQCdDtJ/xnhA8t00yiBDA1O2d8bCRFaD4VvnTZgX89qY/I/rRmb4KKdsDCKDYR0ciiIOTYSj8vBXaaAGj60gFDFbFZM+0QRamyFOVuCN/vyPKgdF72z4unNSaFUntaRRXtoHx0hD52jErpGFVRFFD2iZ/SK3pwn58V5dz4m1owz3dlFf8b5/AGzEZ0X</latexit>

Strategy for Borel resummation:
<latexit sha1_base64="/8B2dT1gyL3JOvA+J+mjr73lGtI="></latexit>

Step zero: change variables so singularity is at infinity.

<latexit sha1_base64="AQyp82NIzSjF2BIJ89wHUy6U7mU="></latexit>

y(x) ⇡ yN (x) =
NX

n=1

(�1)n�1(n� 1)!xn

<latexit sha1_base64="EEaGo9Lw5O6h0cYfcHmEllJcqm4=">AAACDXicbZDLTgIxFIY7XhFvoy7dVNEEQiQzxNuS6MYVwUQuCbd0SoGGzsW2Y5gMvIAbX8WNC41x696db2MHZqHgnzT58p9zcnp+y2NUSMP41hYWl5ZXVhNryfWNza1tfWe3IlyfY1LGLnN5zUKCMOqQsqSSkZrHCbItRqrW4DqqVx8IF9R17mTgkaaNeg7tUoykstr60ShIDzPwBAatYgQj2GDkHqaLWTNzAIetsJjNj9t6ysgZE8F5MGNIgViltv7V6LjYt4kjMUNC1E3Dk80QcUkxI+NkwxfEQ3iAeqSu0EE2Ec1wcs0YHiunA7suV8+RcOL+ngiRLURgW6rTRrIvZmuR+V+t7svuZTOkjudL4uDpoq7PoHRhFA3sUE6wZIEChDlVf4W4jzjCUgWYVCGYsyfPQyWfM89zZ7enqcJVHEcC7INDkAYmuAAFcANKoAwweATP4BW8aU/ai/aufUxbF7R4Zg/8kfb5AwphmGU=</latexit>

|y(x)� yN (x)|  (N + 1)!xN+2

<latexit sha1_base64="cJWAcI19sC+Acm+Y09SjhISgLq4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgadkVXxch6MVjBPOAZAmzk0kyZHZ2mekVw5KP8OJBEa9+jzf/xkmyB40WNBRV3XR3hYkUBj3vyyksLa+srhXXSxubW9s75d29holTzXidxTLWrZAaLoXidRQoeSvRnEah5M1wdDP1mw9cGxGrexwnPIjoQIm+YBSt1HwkV8Rz/W654rneDOQv8XNSgRy1bvmz04tZGnGFTFJj2r6XYJBRjYJJPil1UsMTykZ0wNuWKhpxE2SzcyfkyCo90o+1LYVkpv6cyGhkzDgKbWdEcWgWvan4n9dOsX8ZZEIlKXLF5ov6qSQYk+nvpCc0ZyjHllCmhb2VsCHVlKFNqGRD8Bdf/ksaJ65/7p7dnVaq13kcRTiAQzgGHy6gCrdQgzowGMETvMCrkzjPzpvzPm8tOPnMPvyC8/ENYp6OTg==</latexit>

x = 0.1

<latexit sha1_base64="C7c5CtG2ESQTOzD8aZ0pqh03N9I="></latexit>

|y(0.1)� y10(0.1)|  3.99168⇥ 10�5

<latexit sha1_base64="wM+jbIxsbWJyo4RlzpZnTLLweoQ=">AAACGnicbVDLTgIxFO3gC/GFunTTSExwwWQGBXFHdOMSE3kkzEA6pUBD52HbMZkMfIcbf8WNC41xZ9z4N5aBhYInaXLuOffm9h4nYFRIw/jWUiura+sb6c3M1vbO7l52/6Ah/JBjUsc+83nLQYIw6pG6pJKRVsAJch1Gms7oeuo3HwgX1PfuZBQQ20UDj/YpRlJJ3aw5jvKGbp7CAow68eUkKcbQYuQewjO9XKxUoCWpSwQ0jU5cKE262ZyhGwngMjHnJAfmqHWzn1bPx6FLPIkZEqJtGoG0Y8QlxYxMMlYoSIDwCA1IW1EPqWV2nJw2gSdK6cG+z9XzJEzU3xMxcoWIXEd1ukgOxaI3Ff/z2qHsV+yYekEoiYdni/ohg9KH05xgj3KCJYsUQZhT9VeIh4gjLFWaGRWCuXjyMmkUdbOsl27Pc9WreRxpcASOQR6Y4AJUwQ2ogTrA4BE8g1fwpj1pL9q79jFrTWnzmUPwB9rXD6gonFM=</latexit>

|y(0.1)� y9(0.1)|  3.6288⇥ 10�5

<latexit sha1_base64="xfbWGVVHGknCts7XggJNiy00t+k=">AAACGnicbVDLTgIxFO34RHyhLt00EhNcMJlBwVkS3bjERB4JM5BOKdDQedh2TCYD3+HGX3HjQmPcGTf+jQVmoeBJmpx7zr25vccNGRXSML61ldW19Y3NzFZ2e2d3bz93cNgQQcQxqeOABbzlIkEY9UldUslIK+QEeS4jTXd0PfWbD4QLGvh3Mg6J46GBT/sUI6mkbs4cxwVDN89gEcadxJrMijG0GbmH8FyvlCwL2pJ6REDT6CTF8qSbyxu6MQNcJmZK8iBFrZv7tHsBjjziS8yQEG3TCKWTIC4pZmSStSNBQoRHaEDaivpILXOS2WkTeKqUHuwHXD1fwpn6eyJBnhCx56pOD8mhWPSm4n9eO5J9y0moH0aS+Hi+qB8xKAM4zQn2KCdYslgRhDlVf4V4iDjCUqWZVSGYiycvk0ZJNyt6+fYiX71K48iAY3ACCsAEl6AKbkAN1AEGj+AZvII37Ul70d61j3nripbOHIE/0L5+AKaBnFI=</latexit>

|y(0.1)� y8(0.1)|  3.6288⇥ 10�5

<latexit sha1_base64="LRjidXAuCXLS00Xi7cBg8aBIyfg=">AAACGXicbVDLTgIxFO34RHyhLt00EhNcMOkgiEuiG5eYyCOBgXRKBxo6D9uOyWTgN9z4K25caIxLXfk3lsdCwZM0Ofece3N7jxNyJhVC38bK6tr6xmZqK729s7u3nzk4rMsgEoTWSMAD0XSwpJz5tKaY4rQZCoo9h9OGM7ye+I0HKiQL/DsVh9T2cN9nLiNYaambQaM4h0zrDOZh3EnK42kxgm1O7yEsmui8ANuKeVRCC3WSfGnczWSRiaaAy8SakyyYo9rNfLZ7AYk86ivCsZQtC4XKTrBQjHA6TrcjSUNMhrhPW5r6WC+zk+llY3iqlR50A6Gfr+BU/T2RYE/K2HN0p4fVQC56E/E/rxUp99JOmB9GivpktsiNOFQBnMQEe0xQonisCSaC6b9CMsACE6XDTOsQrMWTl0m9YFoXZum2mK1czeNIgWNwAnLAAmVQATegCmqAgEfwDF7Bm/FkvBjvxsesdcWYzxyBPzC+fgAO6ZwF</latexit>

|y(0.1)� y7(0.1)|  4.032⇥ 10�5

<latexit sha1_base64="dbTg433lQi7h1KgzWy0r0XFUE9o=">AAACGnicbVDLSgMxFM3UV62vUZdugkWoi5ZJsWp3RTcuK9gH9EUmzbShmYdJRhim8x1u/BU3LhRxJ278G9PHQlsPBM49515u7rEDzqSyrG8jtbK6tr6R3sxsbe/s7pn7B3Xph4LQGvG5L5o2lpQzj9YUU5w2A0Gxa3PasEfXE7/xQIVkvnenooB2XDzwmMMIVlrqmWgc5ayCVTqFeRh1Y1ROZuUYtjm9hxAVirCtmEslRFY3zpeTnpnVHVPAZYLmJAvmqPbMz3bfJ6FLPUU4lrKFrEB1YiwUI5wmmXYoaYDJCA9oS1MP62WdeHpaAk+00oeOL/TzFJyqvydi7EoZubbudLEaykVvIv7ntULlXHZi5gWhoh6ZLXJCDpUPJznBPhOUKB5pgolg+q+QDLHAROk0MzoEtHjyMqkXC+i8ULo9y1au5nGkwRE4BjmAwAWogBtQBTVAwCN4Bq/gzXgyXox342PWmjLmM4fgD4yvH5McnEg=</latexit>

|y(0.05)� y19(0.05)|  1.2⇥ 10�9<latexit sha1_base64="IvCZ5DHFMaiWnXPL8tNuHZ4zvXc=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4Krti1YtQ9OKxgv2AdinZNG1Ds9k1mRXL0j/hxYMiXv073vw3pu0etPVByOO9GWbmBbEUBl3321laXlldW89t5De3tnd2C3v7dRMlmvEai2SkmwE1XArFayhQ8masOQ0DyRvB8GbiNx65NiJS9ziKuR/SvhI9wShaqflErohbcsudQtF+U5BF4mWkCBmqncJXuxuxJOQKmaTGtDw3Rj+lGgWTfJxvJ4bHlA1pn7csVTTkxk+n+47JsVW6pBdp+xSSqfq7I6WhMaMwsJUhxYGZ9ybif14rwd6lnwoVJ8gVmw3qJZJgRCbHk67QnKEcWUKZFnZXwgZUU4Y2orwNwZs/eZHUT0veeal8d1asXGdx5OAQjuAEPLiACtxCFWrAQMIzvMKb8+C8OO/Ox6x0ycl6DuAPnM8f1+GOjA==</latexit>

x = 0.05
<latexit sha1_base64="XqJeu0euolIHWjJJOSyfi4qB7gg=">AAACHnicbVDLTgIxFO34RHyNunTTSExwAZlBQdgR3bjERB4JM5BOKdDQedh2TCYDX+LGX3HjQmNMXOnfWGAWCp6kybnn3Jvbe5yAUSEN41tbWV1b39hMbaW3d3b39vWDw4bwQ45JHfvM5y0HCcKoR+qSSkZaASfIdRhpOqPrqd98IFxQ37uTUUBsFw082qcYSSV19eI4yhp5o1A8gzkYdeLzyiSpx9Bi5B5CM1+qQEtSlwhoGp04Z5YnXT2jmmaAy8RMSAYkqHX1T6vn49AlnsQMCdE2jUDaMeKSYkYmaSsUJEB4hAakraiH1DY7np03gadK6cG+z9XzJJypvydi5AoRuY7qdJEcikVvKv7ntUPZL9sx9YJQEg/PF/VDBqUPp1nBHuUESxYpgjCn6q8QDxFHWKpE0yoEc/HkZdIo5M1Svnh7kaleJXGkwDE4AVlggktQBTegBuoAg0fwDF7Bm/akvWjv2se8dUVLZo7AH2hfP5jGnUM=</latexit>

|y(0.025)� y39(0.025)|  1.69⇥ 10�18<latexit sha1_base64="cvo5+2R+QnCqU2XT2tKMDgcSw7A=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqswUq26EohuXFexD2qFk0kwbmmSGJCOWoV/hxoUibv0cd/6NaTsLbT0QcjjnXu69J4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG6mfuuRKs0ieW/GMfUFHkgWMoKNlR6e0BVyy26l2iuW7D8DWiZeRkqQod4rfnX7EUkElYZwrHXHc2Pjp1gZRjidFLqJpjEmIzygHUslFlT76WzhCTqxSh+FkbJPGjRTf3ekWGg9FoGtFNgM9aI3Ff/zOokJL/2UyTgxVJL5oDDhyERoej3qM0WJ4WNLMFHM7orIECtMjM2oYEPwFk9eJs1K2TsvV+/OSrXrLI48HMExnIIHF1CDW6hDAwgIeIZXeHOU8+K8Ox/z0pyT9RzCHzifP0pfjsg=</latexit>

x = 0.025
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<latexit sha1_base64="9Ffrdckhyrb9NgfizqwPZgdGpDA=">AAACGHicbVDLSgMxFM3UVx1fVZdugkUUF3Wmi+qyKIIboYJ9QGcomUymDc0kQ5IRytDPcOOvuHGhiNvu/BvTdhCtHggczjmXm3uChFGlHefTKiwtr6yuFdftjc2t7Z3S7l5LiVRi0sSCCdkJkCKMctLUVDPSSSRBccBIOxheTf32A5GKCn6vRwnxY9TnNKIYaSP1SmceF5SHhGvbU2mgCJ7qp9mtCL9TUETwOmVEHqtxr1R2Ks4M8C9xc1IGORq90sQLBU5jswEzpFTXdRLtZ0hqihkZ216qSILwEPVJ11COYqL8bHbYGB4ZJYSRkOZxDWfqz4kMxUqN4sAkY6QHatGbiv953VRHF35GeZJqwvF8UZQyqAWctgRDKk0TbGQIwpKav0I8QBJhbbq0TQnu4sl/SatacWuV2l21XL/M6yiCA3AIToALzkEd3IAGaAIMHsEzeAVv1pP1Yr1bH/Nowcpn9sEvWJMvTJ2gjg==</latexit>

Modification of Euler’s

<latexit sha1_base64="uMNBCHt1TsHJUuYNFGgHLqFJubk=">AAACFXicbVA9SwNBEN3zM8avqKXNYhAsJNylUEtRC8sIJgpJCHubuWTJ3u6xO6eGI3/Cxr9iY6GIrWDnv3EvSeHXwMLjvTczOy9MpLDo+5/ezOzc/MJiYam4vLK6tl7a2GxYnRoOda6lNtchsyCFgjoKlHCdGGBxKOEqHJzm+tUNGCu0usRhAu2Y9ZSIBGfoqE5pv6W0UF1QWGwh3GEYZWfA3LQevRXYp6da3WiZ5mY76pTKfsUfF/0Lgikok2nVOqWPVlfzNHbjuWTWNgM/wXbGDAouYVRspRYSxgesB00HFYvBtrPxVSO665gujbRxTyEds987MhZbO4xD54wZ9u1vLSf/05opRkftTKgkRVB8sihKJUVN84hoVxjgKIcOMG6E+yvlfWYYRxdk0YUQ/D75L2hUK8FB5eCiWj4+mcZRINtkh+yRgBySY3JOaqROOLknj+SZvHgP3pP36r1NrDPetGeL/Cjv/Qu9HZ/V</latexit>

Dealing with Convolutions

<latexit sha1_base64="8ESOO9mrTQWd7r9LZRVL2uG1bWA="></latexit>

We now consider Euler’s equation with an extra quadratic term:

<latexit sha1_base64="8Hfk5p6KPdcXdvnxYyXxHoCs8zY=">AAACFXicbVDLSgMxFM3UV62vqks3wVYUKmVmFtWNUHTjsoJ9QGdaMmnahmaSIcmUDqU/4cZfceNCEbeCO//G9LHQ6oELh3PuTe49QcSo0rb9ZaVWVtfWN9Kbma3tnd297P5BTYlYYlLFggnZCJAijHJS1VQz0ogkQWHASD0Y3Ez9+pBIRQW/10lE/BD1OO1SjLSR2tlzjwvKO4TrTD4/arnJKSzABBa8IZIkUpQJDpOWC6/gKJ9vZ3N20Z4B/iXOguTAApV29tPrCByH5nnMkFJNx460P0ZSU8zIJOPFikQID1CPNA3lKCTKH8+umsATo3RgV0hTXMOZ+nNijEKlkjAwnSHSfbXsTcX/vGasu5f+mPIo1oTj+UfdmEEt4DQi2KGSYM0SQxCW1OwKcR9JhLUJMmNCcJZP/ktqbtEpFUt3bq58vYgjDY7AMTgDDrgAZXALKqAKMHgAT+AFvFqP1rP1Zr3PW1PWYuYQ/IL18Q03LpxV</latexit>

x2y0 + y + "y2 = x

<latexit sha1_base64="EsVvTkGlgumVPWF9FTXilf5RWlk="></latexit>

The term y2 it’s introduces a convolution once we take the Borel transform, since in general we have:

<latexit sha1_base64="ypv78sI5zxLMz2Jfii2z5GJAQf8="></latexit>

L[f ⇤ g] = L[f ]L[g], where (f ⇤ g)(z) :=
Z z

0
f(z � w)g(w)dw

<latexit sha1_base64="OQckhor8flnH4zgaMoSO9A0Xmn0="></latexit>

For " = 0, we have Euler’s equation x2y0 + y = x which does not have a quadratic term, hence the equation
won’t contain a convolution once it’s transform.
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<latexit sha1_base64="0PougxJ6XMMmdUw3zovUElX/pcY=">AAACCnicbVC7TsMwFHV4lvIqMLIYKiSmKOlQGKuyMBapL6mtKse9aa06drAdpCrqzMKvsDCAECtfwMbf4KYdoOVIlo7OOVe+9wQxZ9p43reztr6xubWd28nv7u0fHBaOjptaJopCg0ouVTsgGjgT0DDMcGjHCkgUcGgF45uZ33oApZkUdTOJoReRoWAho8RYqV84q5Mx4KpUwHFdEaFDqSIsQwz3SRZx+4Wi53oZ8CrxF6SIFqj1C1/dgaRJBMJQTrTu+F5seilRhlEO03w30RATOiZD6FgqSAS6l2anTPGFVQbYLmGfMDhTf0+kJNJ6EgU2GREz0sveTPzP6yQmvO6lTMSJAUHnH4UJx0biWS94wBRQwyeWEKqY3RXTEVGEGtte3pbgL5+8Spol1y+75btSsVJd1JFDp+gcXSIfXaEKukU11EAUPaJn9IrenCfnxXl3PubRNWcxc4L+wPn8AWsQmhw=</latexit>

Take Borel Transform of equation.
<latexit sha1_base64="T+9kBvNjp+rQ2IC+Zm2riBg5JZo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl2KKFZBG8so5gOSI+xt5pIle3vH7p4QjvwIGwtFbP09dv4bN8kVmvhg4PHeDDPzgkRwbVz321lb39jc2i7sFHf39g8OS0fHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8NJME/YgOJQ85o8ZK7QdkVIjrfqnsVtw5yCrxclKGHI1+6as3iFkaoTRMUK27npsYP6PKcCZwWuylGhPKxnSIXUsljVD72fzcKTm3yoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPIzLpPUoGSLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oaEPwll9eJa1qxatVavfVcv0mj6MAp3AGF+DBJdThDhrQBAZjeIZXeHMS58V5dz4WrWtOPnMCf+B8/gD2iY9W</latexit>

Recall:
<latexit sha1_base64="FxEZOO7o4HNouh4dgKGgMb6dDpY="></latexit>

L[tnf ] = (�1)nF (n)(s) and L[1] = 1

s
<latexit sha1_base64="9KMHFwAdm8tiMuWkGyMhG0SvxSw="></latexit>

=) B[�y0(t)] = zB[y] and B

1

t

�
= 1

<latexit sha1_base64="LQjs78SJ/wS3V0JohNhhhPZodPU="></latexit>

Apply change of variables to send singularity to infinity by setting x =
1

t
<latexit sha1_base64="kc1yOplA96RpwD300MNuReevOsM=">AAACB3icbVA9SwNBEN2LXzF+nVoKshgECwl3KaJYBW0sI+QLkhD2NpNkyd7euTsnhJDOxr9iY6GIrX/Bzn/j5qPQxAcDj/dmmJkXxFIY9LxvJ7Wyura+kd7MbG3v7O65+wdVEyWaQ4VHMtL1gBmQQkEFBUqoxxpYGEioBYObiV97AG1EpMo4jKEVsp4SXcEZWqntHpf7oM4p9oHCfTIVKSZaGSoURldtN+vlvCnoMvHnJEvmKLXdr2Yn4kkICrlkxjR8L8bWiGkUXMI400wMxIwPWA8alioWgmmNpn+M6alVOrQbaVsK6VT9PTFioTHDMLCdIcO+WfQm4n9eI8HuZWskVJwgKD5b1E0kxYhOQqEdoYGjHFrCuBb2Vsr7TDOONrqMDcFffHmZVPM5v5Ar3OWzxet5HGlyRE7IGfHJBSmSW1IiFcLJI3kmr+TNeXJenHfnY9aacuYzh+QPnM8fQ1SY8g==</latexit>

Then, the equation turns into:
<latexit sha1_base64="76lQCts356FhRQEpSnvcHHD8SNY=">AAACHnicbVDLSsNAFJ3UV62vqEs3g40giCUp+NgIRTcuFawKTS2TycQOnUzCzI0QQr7Ejb/ixoUigiv9G6ePha8DFw7nnMvMPUEquAbX/bQqU9Mzs3PV+drC4tLyir26dqmTTFHWpolI1HVANBNcsjZwEOw6VYzEgWBXweBk6F/dMaV5Ii8gT1k3JreSR5wSMFLP3nOcXT9ShBZhXhYhlHgH52b8O6JYqrlIJM5vmkd4HPLKAkrH6dl1t+GOgP8Sb0LqaIKznv3uhwnNYiaBCqJ1x3NT6BZEAaeClTU/0ywldEBuWcdQSWKmu8XovBJvGSXEUaLMSMAj9ftGQWKt8zgwyZhAX//2huJ/XieD6LBbcJlmwCQdPxRlAkOCh13hkCtGQeSGEKq4+SumfWJ6ANNozZTg/T75L7lsNrz9xv55s946ntRRRRtoE20jDx2gFjpFZ6iNKLpHj+gZvVgP1pP1ar2NoxVrsrOOfsD6+ALkeKEh</latexit>

�dy

dt
+ y + "y2 =

1

t

<latexit sha1_base64="sqHR+RzcUw/6/HFBwjIIOzKQXVA=">AAAB6XicbVA9TwJBEJ3DL8Qv1NJmIzGxIncUaEm0sROJfCRwIXvLHGzY27vs7pkQwj+wsdAYW/+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzSRBP6JDyUPOqLFS477RL5bcsrsAWSdeRkqQod4vfvUGMUsjlIYJqnXXcxPjT6kynAmcFXqpxoSyMR1i11JJI9T+dHHpjFxYZUDCWNmShizU3xNTGmk9iQLbGVEz0qveXPzP66YmvPanXCapQcmWi8JUEBOT+dtkwBUyIyaWUKa4vZWwEVWUGRtOwYbgrb68TlqVslctVx8qpdpNFkcezuAcLsGDK6jBHdShCQxCeIZXeHPGzovz7nwsW3NONnMKf+B8/gBMkY04</latexit>

OR
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<latexit sha1_base64="qvFyVM7egFUAv8ZVuZJySl2zOas=">AAACj3icbVFNa9tAEF2pX6maNk567GWpXUhJayQfkkKaYNpLSy8p1EnAcsRqvbIXrWbF7ijgCv2d/KDc8m+6sk1pEw8sPN57w9uZSUslLYbhnec/evzk6bOt58GL7Zevdjq7e+dWV4aLEddKm8uUWaEkiBFKVOKyNIIVqRIXaf611S+uhbFSwy9clGJSsBnITHKGjko6NzFoCVMBGPR6sa2KpIaTsLmqYwkZLhqWAP19VcNB1N ADusFAVw5o1WtmRGml0rDJGSuR4f5KyFsBXG8NH3MXktMfDn7Im9jI2Rzf/808oVGvFwRJpxv2w2XRhyBagy5Z11nSuY2nmleFG4wrZu04Ckuc1Myg5Eo0QVxZUTKes5kYOwisEHZSL/fZ0HeOmdJMG/cA6ZL9t6NmhbWLInXOguHc3tdacpM2rjD7NKkllBUK4KugrFIUNW2PQ6fSCI5q4QDjRrq/Uj5nhnF0J2yXEN0f+SE4H/Sjw/7hz0F3+GW9ji3yhrwl+yQiR2RIvpEzMiLc2/YG3rH32d/1j/xTf7iy+t665zX5r/zvfwC908XG</latexit>

1X

n=0

anz
n+1 +

1X

n=0

anz
n + "

1X

n=0

 
nX

k=0

an�kakKn,k

!
zn+1 = 1

<latexit sha1_base64="FdwzTJkms33mdnW/kRVv+NFmeEY="></latexit>

an =

(
1 if n = 0

�an�1 � "
Pn�1

k=0 an�k�1akKn�1,k if n � 1

<latexit sha1_base64="crErLXsqcHXtiRwR8+AQu4rBe/M=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVmE3RRSroI2NEME8IFnC7GSSDJmdWWbuGsKSxl+xsVDE1s+w82+cJFto4oGBwznncueeMBbcgOd9Oyura+sbm7mt/PbO7t6+e3BYNyrRlNWoEko3Q2KY4JLVgINgzVgzEoWCNcLhzdRvPDJtuJIPMI5ZEJG+5D1OCVip4x7fEaADLvs4ViObwyETQo2uOm7BK3oz4GXiZ6SAMlQ77le7q2gSMQlUEGNavhdDkBINnAo2ybcTw2JCh6TPWpZKEjETpLMDJvjMKl3cU9o+CXim/p5ISWTMOAptMiIwMIveVPzPayXQuwxSLuMEmKTzRb1EYFB42gbucs0oiLElhGpu/4rpgGhCwXaRtyX4iycvk3qp6JeL5ftSoXKd1ZFDJ+gUnSMfXaAKukVVVEMUTdAzekVvzpPz4rw7H/PoipPNHKE/cD5/AI1ulmQ=</latexit>

Matching powers bellow:
<latexit sha1_base64="tvhaFNB8noBMyrEKZepKAe1QyCY=">AAAB7nicbVA9TwJBEJ3DL8Qv1NJmIzGxIncUaKyINpaYCGjgQvb25mDD3t5ld8+EEH6EjYXG2Pp77Pw3LnCFgi+Z5OW9mczMC1LBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jrJFMMWS0SiHgKqUXCJLcONwIdUIY0DgZ1gdDPzO0+oNE/kvRmn6Md0IHnEGTVW6jxyFKG+6pcrbtWdg6wSLycVyNHsl796YcKyGKVhgmrd9dzU+BOqDGcCp6VepjGlbEQH2LVU0hi1P5mfOyVnVglJlChb0pC5+ntiQmOtx3FgO2NqhnrZm4n/ed3MRJf+hMs0MyjZYlGUCWISMvudhFwhM2JsCWWK21sJG1JFmbEJlWwI3vLLq6Rdq3r1av2uVmlc53EU4QRO4Rw8uIAG3EITWsBgBM/wCm9O6rw4787HorXg5DPH8AfO5w8Z0o9t</latexit>

Yields:

<latexit sha1_base64="EtDAM8R1gsUF+cMqd/jfUzlDtWU=">AAACFnicbVDLTgIxFO34RHyhLt00EhM3khkW6JLoxiVGeSRASKdcoKHTTto7JoTwFW78FTcuNMatceff2AEWCt6kyek59/b2nDCWwqLvf3srq2vrG5uZrez2zu7efu7gsGZ1YjhUuZbaNEJmQQoFVRQooREbYFEooR4Or1O9/gDGCq3ucRRDO2J9JXqCM3RUJ3d+p6l7i/Y1k1RYiu4aIhOK4gAoGKMNDXWiupb2tOnk8n7BnxZdBsEc5Mm8Kp3cV6ureRKBQi6Ztc3Aj7E9ZgYFlzDJthILMeND1oemg4pFYNvjqa0JPXVMN13rjkI6ZX9PjFlk7SgKXWfEcGAXtZT8T2sm2Ltsj4WKEwTFZ4t6iUzNpxnRrjDAUY4cYNwI91fKB8wwji7JrAshWLS8DGrFQlAqlG6L+fLVPI4MOSYn5IwE5IKUyQ2pkCrh5JE8k1fy5j15L9679zFrXfHmM0fkT3mfPy1tnso=</latexit>

So our goal is to obtain the error bounds for

<latexit sha1_base64="indq5Y8+FFGsiTvvygaeHlVg2TM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRG8GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+k2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5NnjM4=</latexit>

?
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<latexit sha1_base64="BmfNCVCJ1Ggi4sulJ+RrMknO8QQ="></latexit>

|y(t)� yN (t)| = |L[ū]� L[uN ]| =
����
Z 1

0
ū(z) e�tz dz �

Z 1

0
uN (z) e�tz dz

���� =
����
Z 1

0
(ū(z)� uN (z)) e�tz dz

���� 
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<latexit sha1_base64="Qp23hFgmgfrMLIdHRx/V14HpElU="></latexit>

where: Kn,k :=

Z 1

0
sn�k(1� s)k ds = B(n� k + 1, k + 1).



<latexit sha1_base64="+UjaTvdC6Kj6OblGOdWbe8og450=">AAACB3icbVA9SwNBEN3zM8avqKUgi0GwCncW0TIqiGUEkwjJEfb25uLi3u2xOycJRzob/4qNhSK2/gU7/42bj0KNDxYe783MzrwglcKg6345c/MLi0vLhZXi6tr6xmZpa7tpVKY5NLiSSt8EzIAUCTRQoISbVAOLAwmt4O585LfuQRuhkmscpODHrJeISHCGVuqW9joIfQyi/JReiD6EtK5EgrSulZ0QD7ulsltxx6CzxJuSMpmi3i19dkLFsxgS5JIZ0/bcFP2caRRcwrDYyQykjN+xHrQtTVgMxs/HdwzpgVVCGiltn11irP7syFlszCAObGXM8Nb89Ubif147w+jEz0WSZggJn3wUZZKioqNQaCg0cJQDSxjXwu5K+S3TjKONrmhD8P6ePEuaRxWvWqleHZVrZ9M4CmSX7JND4pFjUiOXpE4ahJMH8kReyKvz6Dw7b877pHTOmfbskF9wPr4BooCZLQ==</latexit>

A Fixed Point Problem

DS25, May 2025                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                   

<latexit sha1_base64="1kkH+xHzi7RmVqUfZV50DZeUgJ8="></latexit>

We make use of this Newton-Kantorovich type theorem, twice. One to obtain control of the tail in D0,

and another for our continuation argument.
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<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R

<latexit sha1_base64="0W4KYZRWtVJ5llFGZd90rwU6icU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgIeEuRbQM2lhGYj4gOcLeZi9Zsrd77O4J4chPsLFQxNZfZOe/cS+5QhMfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tEyUYS2ieRS9QKsKWeCtg0znPZiRXEUcNoNpneZ332iSjMpHs0spn6Ex4KFjGBjpVZLXg3LFbfqLoDWiZeTCuRoDstfg5EkSUSFIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUoEjqv10ceocXVhlhEKpbAmDFurviRRHWs+iwHZG2Ez0qpeJ/3n9xIQ3fspEnBgqyHJRmHBkJMr+RiOmKDF8ZgkmitlbEZlghYmx6ZRsCN7qy+ukU6t69Wr9oVZp3OZxFOEMzuESPLiGBtxDE9pAYAzP8ApvDndenHfnY9lacPKZU/gD5/MH5vGNjw==</latexit>

So,

DS25, May 2025                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                   

<latexit sha1_base64="+KKOQ7FddAie8Fm3GYSiqYLr9Xg=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTa2ImJIAlcyN4ywIa9vXN3z4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMviAXXxnW/ndza+sbmVn67sLO7t39QPDxq6ShRDJssEpFqB1Sj4BKbhhuB7VghDQOBD8H4euY/PKHSPJL3ZhKjH9Kh5APOqLFSu9y9DXFIy71iya24c5BV4mWkBBkaveJXtx+xJERpmKBadzw3Nn5KleFM4LTQTTTGlI3pEDuWShqi9tP5vVNyZpU+GUTKljRkrv6eSGmo9SQMbGdIzUgvezPxP6+TmMGln3IZJwYlWywaJIKYiMyeJ32ukBkxsYQyxe2thI2ooszYiAo2BG/55VXSqla8WqV2Vy3Vr7I48nACp3AOHlxAHW6gAU1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHHHGPYA==</latexit>

⌦

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R

<latexit sha1_base64="BrAx7za/cVQ+lFFf+4x8jTCC7Pk=">AAAB+3icbVDLSsNAFJ3UV62vWJduBluhgpSki+qy6MadFewDmlAm00k7dGYSZiZiCfkVNy4UceuPuPNvnLZZaPXAhcM593LvPUHMqNKO82UV1tY3NreK26Wd3b39A/uw3FVRIjHp4IhFsh8gRRgVpKOpZqQfS4J4wEgvmF7P/d4DkYpG4l7PYuJzNBY0pBhpIw3tcrXmBUimSXbu3XIyRmfVoV1x6s4C8C9xc1IBOdpD+9MbRTjhRGjMkFID14m1nyKpKWYkK3mJIjHCUzQmA0MF4kT56eL2DJ4aZQTDSJoSGi7UnxMp4krNeGA6OdITterNxf+8QaLDSz+lIk40EXi5KEwY1BGcBwFHVBKs2cwQhCU1t0I8QRJhbeIqmRDc1Zf/km6j7jbrzbtGpXWVx1EEx+AE1IALLkAL3IA26AAMHsETeAGvVmY9W2/W+7K1YOUzR+AXrI9veCGTcA==</latexit>

(ū,⌦)
<latexit sha1_base64="CqG7FC6/TBtTJvTaUQA3zxWBBRQ=">AAACA3icbVDLSsNAFJ3UV62vqDvdDLZCBSlJF9VlURcuK9gHNCFMppN26GQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cDAmXPu5d57/JhRqSzr2yisrK6tbxQ3S1vbO7t75v5BR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++Drzuw9ESBrxezWJiRuiIacBxUhpyTOPKlXHRyJNpp517oRIjXw/vdGfs4pnlq2aNQNcJnZOyiBHyzO/nEGEk5BwhRmSsm9bsXJTJBTFjExLTiJJjPAYDUlfU45CIt10dsMUnmplAINI6McVnKm/O1IUSjkJfV2ZbSkXvUz8z+snKrh0U8rjRBGO54OChEEVwSwQOKCCYMUmmiAsqN4V4hESCCsdW0mHYC+evEw69ZrdqDXu6uXmVR5HERyDE1AFNrgATXALWqANMHgEz+AVvBlPxovxbnzMSwtG3nMI/sD4/AE5bZaf</latexit>

(ū0,D0)

<latexit sha1_base64="SHcRx/ReySgp2vc1oZX5I2XZJMI="></latexit>����
Z 1

0
(ū(z)� uN (z)) e�tz dz

���� =

�����

Z R

0
(ū0(z)� uN (z)) e�tz dz +

Z 1

R
(ū(z)� uN (z)) e�tz dz

�����



�����

Z R

0
(ū0(z)� uN (z)) e�tz dz

�����+
����
Z 1

R
(ū(z)� uN (z)) e�tz dz

����
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<latexit sha1_base64="+UjaTvdC6Kj6OblGOdWbe8og450=">AAACB3icbVA9SwNBEN3zM8avqKUgi0GwCncW0TIqiGUEkwjJEfb25uLi3u2xOycJRzob/4qNhSK2/gU7/42bj0KNDxYe783MzrwglcKg6345c/MLi0vLhZXi6tr6xmZpa7tpVKY5NLiSSt8EzIAUCTRQoISbVAOLAwmt4O585LfuQRuhkmscpODHrJeISHCGVuqW9joIfQyi/JReiD6EtK5EgrSulZ0QD7ulsltxx6CzxJuSMpmi3i19dkLFsxgS5JIZ0/bcFP2caRRcwrDYyQykjN+xHrQtTVgMxs/HdwzpgVVCGiltn11irP7syFlszCAObGXM8Nb89Ubif147w+jEz0WSZggJn3wUZZKioqNQaCg0cJQDSxjXwu5K+S3TjKONrmhD8P6ePEuaRxWvWqleHZVrZ9M4CmSX7JND4pFjUiOXpE4ahJMH8kReyKvz6Dw7b877pHTOmfbskF9wPr4BooCZLQ==</latexit>

A Fixed Point Problem

<latexit sha1_base64="qXo66u/ZpD6BnLctCwTn6F16ksI="></latexit>

Define T as

<latexit sha1_base64="TMXUbjpH9Jot07e0N3NdVjOShKk="></latexit>

T0 = a0, Tn(a0, . . . , an�1) = an.
<latexit sha1_base64="oZcl3RQn9bYBfLj2NRy5E3h42e4="></latexit>

And S, �i
<latexit sha1_base64="v7TlpNfnXPgWDhNpNpJOi72rO/c="></latexit>

S(a) =

(
0 if n = 0

an�1 if n � 1

<latexit sha1_base64="qvAkvgsinL58GhDAsi+xFJHHvTw="></latexit>

�i =

(
1 if n = i

0 if n 6= i

<latexit sha1_base64="Z5Zwl1dtSBFslzu4Qrd8cNPK4K0="></latexit>

So T becomes
<latexit sha1_base64="XhhRZCs8XVQW7Vyvs62ERXJx75o="></latexit>

T (a) = �S(a) � ! S(a " a) + a á#0

<latexit sha1_base64="NqgIYt5kODI8H/6z/qE0L1HPZbo="></latexit>

T ! (a! ) = ! ! T(aN + a! ) = a!

<latexit sha1_base64="KHfr3R6AN0Bz13Y9y0Qcyr0TmvI="></latexit>

Here, we are interested in obtaining a bound on
a! such that

DS25, May 2025                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                   ICMS, July 2026                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                  



<latexit sha1_base64="+UjaTvdC6Kj6OblGOdWbe8og450=">AAACB3icbVA9SwNBEN3zM8avqKUgi0GwCncW0TIqiGUEkwjJEfb25uLi3u2xOycJRzob/4qNhSK2/gU7/42bj0KNDxYe783MzrwglcKg6345c/MLi0vLhZXi6tr6xmZpa7tpVKY5NLiSSt8EzIAUCTRQoISbVAOLAwmt4O585LfuQRuhkmscpODHrJeISHCGVuqW9joIfQyi/JReiD6EtK5EgrSulZ0QD7ulsltxx6CzxJuSMpmi3i19dkLFsxgS5JIZ0/bcFP2caRRcwrDYyQykjN+xHrQtTVgMxs/HdwzpgVVCGiltn11irP7syFlszCAObGXM8Nb89Ubif147w+jEz0WSZggJn3wUZZKioqNQaCg0cJQDSxjXwu5K+S3TjKONrmhD8P6ePEuaRxWvWqleHZVrZ9M4CmSX7JND4pFjUiOXpE4ahJMH8kReyKvz6Dw7b877pHTOmfbskF9wPr4BooCZLQ==</latexit>

A Fixed Point Problem

DS25, May 2025                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                   

<latexit sha1_base64="Ld4JgDdxU1gu4yLLArFZXKDS8uA="></latexit>

Note: The R here is the radius ofD0.

<latexit sha1_base64="gQSxyYzKjgSMtIc0/gpC3LcnBSs="></latexit>

Y = ! aN +1 ! N +1 + "# ! S(aN $ aN )! 1,R

<latexit sha1_base64="SbrRNJhoUaBPz9F8vSUPg+mukg8="></latexit>

So, we have uniquea! such that ! a! ! 1,R " r 0 if
<latexit sha1_base64="1Dxh2ZYeVYoZAaEAPUHLt+OoNCY="></latexit>

Y +
! r

0
Z (s) ds = Y + R

"
1 +

2!
N + 2

! aN ! 1,R

#
r0 +

! R
N + 2

r 2
0 " r 0

<latexit sha1_base64="whLGTsfa77sQTRSZjPI1FvCrmsw="></latexit>

Consider T ! the space! 1,!
R with norm ! " ! 1,R =

! !
n =0 |" n |Rn . And note that T ! can be written out as:

<latexit sha1_base64="6Ui+bTkvxL2TRGD6dAT3u7HABPM="></latexit>

T ! (! ) = " ! T(aN + ! ) = ! aN #N +1 ! " ! S(! )! $" ! S(aN %aN )! 2$" ! S(aN %!)! $" ! S(!%! )

<latexit sha1_base64="xV+JYTpGQiqiGCg8yB9cwzMnNBw="></latexit>

! DT ! ! = sup
" b" 1,R =1

! DT ! (! )(b)! 1,R

" ! " ! !! S! +
2#R

N + 2
! aN ! 1,R +

2#R
N + 2

! ! ! 1,R

" R +
2#R

N + 2
(! aN ! 1,R + ! ! ! 1,R )

= Z0(! ! ! 1,R )

ICMS, July 2026                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                  



<latexit sha1_base64="+UjaTvdC6Kj6OblGOdWbe8og450=">AAACB3icbVA9SwNBEN3zM8avqKUgi0GwCncW0TIqiGUEkwjJEfb25uLi3u2xOycJRzob/4qNhSK2/gU7/42bj0KNDxYe783MzrwglcKg6345c/MLi0vLhZXi6tr6xmZpa7tpVKY5NLiSSt8EzIAUCTRQoISbVAOLAwmt4O585LfuQRuhkmscpODHrJeISHCGVuqW9joIfQyi/JReiD6EtK5EgrSulZ0QD7ulsltxx6CzxJuSMpmi3i19dkLFsxgS5JIZ0/bcFP2caRRcwrDYyQykjN+xHrQtTVgMxs/HdwzpgVVCGiltn11irP7syFlszCAObGXM8Nb89Ubif147w+jEz0WSZggJn3wUZZKioqNQaCg0cJQDSxjXwu5K+S3TjKONrmhD8P6ePEuaRxWvWqleHZVrZ9M4CmSX7JND4pFjUiOXpE4ahJMH8kReyKvz6Dw7b877pHTOmfbskF9wPr4BooCZLQ==</latexit>

A Fixed Point Problem

DS25, May 2025                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                   

<latexit sha1_base64="+KKOQ7FddAie8Fm3GYSiqYLr9Xg=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTa2ImJIAlcyN4ywIa9vXN3z4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMviAXXxnW/ndza+sbmVn67sLO7t39QPDxq6ShRDJssEpFqB1Sj4BKbhhuB7VghDQOBD8H4euY/PKHSPJL3ZhKjH9Kh5APOqLFSu9y9DXFIy71iya24c5BV4mWkBBkaveJXtx+xJERpmKBadzw3Nn5KleFM4LTQTTTGlI3pEDuWShqi9tP5vVNyZpU+GUTKljRkrv6eSGmo9SQMbGdIzUgvezPxP6+TmMGln3IZJwYlWywaJIKYiMyeJ32ukBkxsYQyxe2thI2ooszYiAo2BG/55VXSqla8WqV2Vy3Vr7I48nACp3AOHlxAHW6gAU1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHHHGPYA==</latexit>

⌦

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R

<latexit sha1_base64="/sxVJXFwJVfHztBv/IDRMS+psqk=">AAACEnicbVC7SgNBFJ31GeMramkzGARtwq5FFKtgGssI5gFJCLOTu8mQ2dll5q4kLPkGG3/FxkIRWys7/8bJo9DEAwOHc+6dmXP8WAqDrvvtrKyurW9sZray2zu7e/u5g8OaiRLNocojGemGzwxIoaCKAiU0Yg0s9CXU/UF54tcfQBsRqXscxdAOWU+JQHCGVurkzlsIQ/SDtBwpFCqZytTyiGIfqL1KUjYU5nrcyeXdgjsFXSbenOTJHJVO7qvVjXgSgkIumTFNz42xnTKNgksYZ1uJgZjxAetB01LFQjDtdBppTE+t0qVBpO1RSKfq742UhcaMQt9Ohgz7ZtGbiP95zQSDq3YqVJwgKD57KEgknQS2/dCu0MBRjixhXAv7V8r7TDOOtsWsLcFbjLxMahcFr1go3l3kSzfzOjLkmJyQM+KRS1Iit6RCqoSTR/JMXsmb8+S8OO/Ox2x0xZnvHJE/cD5/AOmtnj4=</latexit>

Continuation onto the real axis:

<latexit sha1_base64="/m0wEm0S4gCS8KcW+vnmjRqGRbw="></latexit>

H [u](z) :=
1

1 + z

!
1 ! !

" z

0
u(w)u(z ! w) dw

#

<latexit sha1_base64="DnZGR74+2j5hgci34F7EbZQIkA0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAiKMWSuKhuhKKbrqSCvUASy2Q6aYdOLsxMhBDyDG76Km5cKOLWlbu+jdMLoq0/DPx85xzOnN+NGBXSMMZabmV1bX0jv1nY2t7Z3dP3D1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q5vJvX2I+GChsG9TCLi+KgfUI9iJBXq6qf2AMm0nlkDB17BumW7iKdx9nALy1ChM/gDunrJqBhTwWVjzk2pVrTLo3EtaXT1L7sX4tgngcQMCWGZRiSdFHFJMSNZwY4FiRAeoj6xlA2QT4STTk/K4LEiPeiFXL1Awin9PZEiX4jEd1Wnj+RALNYm8L+aFUvv0klpEMWSBHi2yIsZlCGc5AN7lBMsWaIMwpyqv0I8QBxhqVIsqBDMxZOXTeu8YlYr1TuVxjWYKQ+OQBGcABNcgBqogwZoAgyewDN4BW/aSHvR3rWPWWtOm88cgj/SPr8B9+efZQ==</latexit>

öH [h] = H [øuN + h] ! øuN

<latexit sha1_base64="oPuGGDZeofKoGd3HK CrDX+u8/lw=">AAACA3icbVC7TgJBFJ3FF+ILtdNmIphYkV0KtCRqQYmJPBIgZHa4CxNmdzYzd00IIbHxV2wsNMbWn7DzbxwehYKnOjnnntx7jx9LYdB1v53U2vrG5lZ6O7Ozu7d/kD08qhuVaA41rqTSTZ8ZkCKCGgqU0Iw1sNCX0PCHN1O/8QDaCBXd4yiGTsj6kQgEZ2ilbvbkFgIbpTgAqmLQDJWm+Uqe+qNuNucW3BnoKvEWJEcWqHazX+2e4kkIEXLJjGl5boydMdMouIRJpp0YiBkfsj60LI1YCKYznv0woedW6dHAbg9UhHSm/k6MWWjMKPTtZMhwYJa9qfif10owuOqMRRQnCBGfLwoSSVHRaSG0JzRwlCNLGNfC3kr5gGnG0daWsSV4yy+vknqx4JUKpbtirny9qCNNTskZuSAeuSRlUiFVUiOcPJJn8krenCfnxXl3PuajKWeROSZ/4Hz+ADZblps=</latexit>

DeÞne the operatorH by

<latexit sha1_base64="3lo8KCFb0QaPgD7YGtLjJUIAJAE="></latexit>

X :=
!

h ! A (! ) | h(n ) (0) = 0 , n = 0 , . . . , N, " h" max < #
"

<latexit sha1_base64="dYsBFF7IdhBvpaAjweNEqCvzGiA="></latexit>

! h! ! 1
R

=
!!

n = N +1

"
"
"
"
h(n ) (0)

n!

"
"
"
" Rn , ! h! " = sup

z" !
|h(z)|(1 + ! 2|z|2)e# " |z|

<latexit sha1_base64="pImDlP2uwHWC0pFTETxzoYuCGQs=">AAACIHicbZC7TsMwFIYdrqXcCowsFi0SA6qSDi0LUgULY0H0IjUhclynteo4ke0gqjSPwsKrsDCAEGzwNLg3CVqOZPnX958j+/xexKhUpvllLC2vrK6tZzaym1vbO7u5vf2GDGOBSR2HLBQtD0nCKCd1RRUjrUgQFHiMNL3+5chv3hMhachv1SAiToC6nPoUI6WRm6sU7GHPHrqJHaCHFJ7D0W0nM0gYu7PcmxSewhnicWqnBTeXN4vmuOCisKYiD6ZVc3OfdifEcUC4wgxJ2bbMSDkJEopiRtKsHUsSIdxHXdLWkqOASCcZL5jCY0060A+FPlzBMf09kaBAykHg6c4AqZ6c90bwP68dK//MSSiPYkU4njzkxwyqEI7Sgh0qCFZsoAXCguq/QtxDAmGlM83qEKz5lRdFo1S0ysXydSlfvZjGkQGH4AicAAtUQBVcgRqoAwwewTN4BW/Gk/FivBsfk9YlYzpzAP6U8f0D0ROjZA==</latexit>

! h! max = max { ! h! ! 1
R

, ! h! " }
<latexit sha1_base64="Q5KKDskxFOXZgU2q6gGvYuL0bUo=">AAACG3icbVA9SwNBEN2L3/ErammzGASrcJciWgbTWCoYDSQh7O3NJUv2do/dOUMI+R82/hUbC0WsBAv/jZuPQhMHBh7vzfBmXphKYdH3v73cyura+sbmVn57Z3dvv3BweGd1ZjjUuZbaNEJmQQoFdRQooZEaYEko4T7s1yb6/QMYK7S6xWEK7YR1lYgFZ+ioTqFc08qKCAzFHtBYS6kHQnWpTRkHOhDYmwoRxM4gokqbpFMo+iV/WnQZBHNQJPO67hQ+W5HmWQIKuWTWNgM/xfaIGRRcwjjfyiw4uz7rQtNBxRKw7dH0tzE9dUzkDjOuFdIp+3tjxBJrh0noJhOGPbuoTcj/tGaG8UV7JFSaISg+M4ozSVHTSVA0EgY4yqEDjBvhbqW8xwzj6OLMuxCCxZeXwV25FFRKlZtysXo5j2OTHJMTckYCck6q5Ipckzrh5JE8k1fy5j15L9679zEbzXnznSPyp7yvH/1moWU=</latexit>

Consider the following space with the deÞned norm

<latexit sha1_base64="E9Qvz3LF1RhWolqDkWVTRyvL3/g="></latexit>

We will do a NK type argument on the operator öH : X ! X

<latexit sha1_base64="X6/bABUGcSTFooKvbZjajBFjjXo=">AAAB+HicbVC7TgJBFJ3FF+KDVUubCcTEiuxSoCXBxhITeSSwgdlhFibMYzMzawIbvsTGQmNs/RQ7/8YBtlDwJDc5Oefe3HtPGDOqjed9O7md3b39g/xh4ej45LTonp23tUwUJi0smVTdEGnCqCAtQw0j3VgRxENGOuH0bul3nojSVIpHM4tJwNFY0IhiZKw0cIvDYYPOkVISCql4aeCWvYq3AtwmfkbKIENz4H71RxInnAiDGdK653uxCVKkDMWMLAr9RJMY4Skak56lAnGig3R1+AJeWWUEI6lsCQNX6u+JFHGtZzy0nRyZid70luJ/Xi8x0W2QUhEnhgi8XhQlDBoJlynAEVUEGzazBGFF7a0QT5BC2NisCjYEf/PlbdKuVvxapfZQLdcbWRx5cAlK4Br44AbUwT1oghbAIAHP4BW8OXPnxXl3PtatOSebuQB/4Hz+AFHVkuE=</latexit>

ÒBizarro normÓ
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<latexit sha1_base64="+UjaTvdC6Kj6OblGOdWbe8og450=">AAACB3icbVA9SwNBEN3zM8avqKUgi0GwCncW0TIqiGUEkwjJEfb25uLi3u2xOycJRzob/4qNhSK2/gU7/42bj0KNDxYe783MzrwglcKg6345c/MLi0vLhZXi6tr6xmZpa7tpVKY5NLiSSt8EzIAUCTRQoISbVAOLAwmt4O585LfuQRuhkmscpODHrJeISHCGVuqW9joIfQyi/JReiD6EtK5EgrSulZ0QD7ulsltxx6CzxJuSMpmi3i19dkLFsxgS5JIZ0/bcFP2caRRcwrDYyQykjN+xHrQtTVgMxs/HdwzpgVVCGiltn11irP7syFlszCAObGXM8Nb89Ubif147w+jEz0WSZggJn3wUZZKioqNQaCg0cJQDSxjXwu5K+S3TjKONrmhD8P6ePEuaRxWvWqleHZVrZ9M4CmSX7JND4pFjUiOXpE4ahJMH8kReyKvz6Dw7b877pHTOmfbskF9wPr4BooCZLQ==</latexit>

A Fixed Point Problem

DS25, May 2025                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                   

<latexit sha1_base64="+KKOQ7FddAie8Fm3GYSiqYLr9Xg=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTa2ImJIAlcyN4ywIa9vXN3z4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMviAXXxnW/ndza+sbmVn67sLO7t39QPDxq6ShRDJssEpFqB1Sj4BKbhhuB7VghDQOBD8H4euY/PKHSPJL3ZhKjH9Kh5APOqLFSu9y9DXFIy71iya24c5BV4mWkBBkaveJXtx+xJERpmKBadzw3Nn5KleFM4LTQTTTGlI3pEDuWShqi9tP5vVNyZpU+GUTKljRkrv6eSGmo9SQMbGdIzUgvezPxP6+TmMGln3IZJwYlWywaJIKYiMyeJ32ukBkxsYQyxe2thI2ooszYiAo2BG/55VXSqla8WqV2Vy3Vr7I48nACp3AOHlxAHW6gAU1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHHHGPYA==</latexit>

⌦
<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R

<latexit sha1_base64="+eWYHXQVwyNYufqmjPTk6NllAKk=">AAACAXicbVC7TsMwFHXKq5RXgAWJxWqFxFQlHQobVVkYi0QfUhu1jus0Vh07sh2kEJWFX2FhACFW/oKNv8F9DNBypCsdnXOv7r3HjxlV2nG+rdza+sbmVn67sLO7t39gHx61lEgkJk0smJAdHynCKCdNTTUjnVgSFPmMtP3x9dRv3xOpqOB3Oo2JF6ERpwHFSBupb5+0wxTqkMDBoE4fkJQCciGj4lXfLjllZwa4StwFKYEFGn37qzcUOIkI15ghpbquE2svQ1JTzMik0EsUiREeoxHpGspRRJSXzT6YwDOjDGEgpCmu4Uz9PZGhSKk08k1nhHSolr2p+J/XTXRw6WWUx4kmHM8XBQmDWsBpHHBIJcGapYYgLKm5FeIQSYS1Ca1gQnCXX14lrUrZrZart5VSrb6IIw9OQRGcAxdcgBq4AQ3QBBg8gmfwCt6sJ+vFerc+5q05azFzDP7A+vwBW9SWMw==</latexit>

Why the ÒBizarro normÓ?

<latexit sha1_base64="i613jFSJOyrHkn1hFqXiVcYIeOM="></latexit>

! h! ! = sup
z! !

|h(z)|(1 + ! 2|z|2)e" ! |z| <latexit sha1_base64="ItgN9/XPaaQ1AeNknSTNc9jFMVA=">AAACD3icbVDLSgMxFM3UV62vqks3waJUkDLTReuyVBduhAr2Ae1QMumdNjSTDElGKKV/4MZfceNCEbdu3fk3po+FVg8Ezj3nXm7uCWLOtHHdLye1srq2vpHezGxt7+zuZfcPGlomikKdSi5VKyAaOBNQN8xwaMUKSBRwaAbDy6nfvAelmRR3ZhSDH5G+YCGjxFipmz3N1wq4KgUdElDmHNvqCvANAa3pgHA6xEXXLZ91szm34M6A/xJvQXJogVo3+9npSZpEIAzlROu258bGHxNlGOUwyXQSDTGxW/vQtlSQCLQ/nt0zwSdW6eFQKvuEwTP158SYRFqPosB2RsQM9LI3Ff/z2okJL/wxE3FiQND5ojDh2Eg8DQf3mAJq+MgSQhWzf8U2BUWosRFmbAje8sl/SaNY8EqF0m0xV6ku4kijI3SM8shDZVRB16iG6oiiB/SEXtCr8+g8O2/O+7w15SxmDtEvOB/fU5uZsw==</latexit>

(P. Bonckaert, P. De Maesschalck 2007)

<latexit sha1_base64="ApKfXrgMkUAMh9pU7OyDGJf0tUg="></latexit>

|(u ! v)(z)| =

!
!
!
!

" z

0
u(w)v(z " w) dw

!
!
!
!

=

!
!
!
!

" 1

0
u(zt)v(z " zt) áz dt

!
!
!
!

# |z|
" 1

0

$u$! e! |zt |

1 + ! 2|zt|2
á

$v$! e! |z! zt |

1 + ! 2|z " zt|2
dt

# |z|e! |z|$u$! $v$!

" 1

0

1
(1 + ! 2|zt|2)(1 + ! 2|z " zt|2)

dt

= 2 |z|e! |z|$u$! $v$!

" 1/ 2

0

1
(1 + ! 2(zt)2)(1 + ! 2|z|2(1 " t)2)

dt

# 2|z|e! |z|$u$! $v$! á
1

1 + ! 2(1/ 4|z|)2

" 1/ 2

0

1
1 + ! 2(zt)2 dt

<latexit sha1_base64="DP988GD7sIoOyxVVD8lHq3M0vqo="></latexit>

! |z|e! |z| " u" ! " v" ! á
8

4 + ! 2|z|2

! 1/ 2

0

1
1 + ! 2(zt)2 dt

= e! |z| " u" ! " v" ! á
8

! (4 + ! 2|z|2)
arctan

"
! |z|

2

#

!
4"
!

" u" ! " v" !
e! |z|

! (4 + ! 2|z|2)

<latexit sha1_base64="cHUM5pMZTNHEh5kgsU3CM1rc0eQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6fHIbkHdL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m987JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZPU8GXCEzYmIJZYrbWwkbUUWZsRGVbAje8surpHVR9WrV2v1lpX6Tx1GEEziFc/DgCupwBw1oAgMBz/AKb86j8+K8Ox+L1oKTzxzDHzifP0W9kCQ=</latexit>=!
<latexit sha1_base64="MS11Hc5ZF6HDSCQm64nkyBpyZsw=">AAACIXicbVDLSgMxFM3UV62vqks3wSKIizIjpXZZdOOygn1Ap5RMmmlDM5kxj0KZmV9x46+4caFId+LPmD4o2nogcDjnXG7u8SJGpbLtLyuzsbm1vZPdze3tHxwe5Y9PGjLUApM6DlkoWh6ShFFO6ooqRlqRICjwGGl6w7up3xwRIWnIH9U4Ip0A9Tn1KUbKSN18xU301chNurHLdeoy8gRdXyAcl9yIpnMx0Us/WUa7+YJdtGeA68RZkAJYoNbNT9xeiHVAuMIMSdl27Eh1YiQUxYykOVdLEiE8RH3SNpSjgMhOPLswhRdG6UE/FOZxBWfq74kYBVKOA88kA6QGctWbiv95ba38SiemPNKKcDxf5GsGVQindcEeFQQrNjYEYUHNXyEeIFOQMqXmTAnO6snrpHFddMrF8kOpUL1d1JEFZ+AcXAIH3IAquAc1UAcYPINX8A4+rBfrzfq0JvNoxlrMnII/sL5/ACX1pgY=</latexit>

! u " v! ! #
4!
"

! u! ! ! v! !
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<latexit sha1_base64="+UjaTvdC6Kj6OblGOdWbe8og450=">AAACB3icbVA9SwNBEN3zM8avqKUgi0GwCncW0TIqiGUEkwjJEfb25uLi3u2xOycJRzob/4qNhSK2/gU7/42bj0KNDxYe783MzrwglcKg6345c/MLi0vLhZXi6tr6xmZpa7tpVKY5NLiSSt8EzIAUCTRQoISbVAOLAwmt4O585LfuQRuhkmscpODHrJeISHCGVuqW9joIfQyi/JReiD6EtK5EgrSulZ0QD7ulsltxx6CzxJuSMpmi3i19dkLFsxgS5JIZ0/bcFP2caRRcwrDYyQykjN+xHrQtTVgMxs/HdwzpgVVCGiltn11irP7syFlszCAObGXM8Nb89Ubif147w+jEz0WSZggJn3wUZZKioqNQaCg0cJQDSxjXwu5K+S3TjKONrmhD8P6ePEuaRxWvWqleHZVrZ9M4CmSX7JND4pFjUiOXpE4ahJMH8kReyKvz6Dw7b877pHTOmfbskF9wPr4BooCZLQ==</latexit>

A Fixed Point Problem

DS25, May 2025                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                   

<latexit sha1_base64="+KKOQ7FddAie8Fm3GYSiqYLr9Xg=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTa2ImJIAlcyN4ywIa9vXN3z4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMviAXXxnW/ndza+sbmVn67sLO7t39QPDxq6ShRDJssEpFqB1Sj4BKbhhuB7VghDQOBD8H4euY/PKHSPJL3ZhKjH9Kh5APOqLFSu9y9DXFIy71iya24c5BV4mWkBBkaveJXtx+xJERpmKBadzw3Nn5KleFM4LTQTTTGlI3pEDuWShqi9tP5vVNyZpU+GUTKljRkrv6eSGmo9SQMbGdIzUgvezPxP6+TmMGln3IZJwYlWywaJIKYiMyeJ32ukBkxsYQyxe2thI2ooszYiAo2BG/55VXSqla8WqV2Vy3Vr7I48nACp3AOHlxAHW6gAU1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHHHGPYA==</latexit>

⌦

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R

<latexit sha1_base64="/sxVJXFwJVfHztBv/IDRMS+psqk=">AAACEnicbVC7SgNBFJ31GeMramkzGARtwq5FFKtgGssI5gFJCLOTu8mQ2dll5q4kLPkGG3/FxkIRWys7/8bJo9DEAwOHc+6dmXP8WAqDrvvtrKyurW9sZray2zu7e/u5g8OaiRLNocojGemGzwxIoaCKAiU0Yg0s9CXU/UF54tcfQBsRqXscxdAOWU+JQHCGVurkzlsIQ/SDtBwpFCqZytTyiGIfqL1KUjYU5nrcyeXdgjsFXSbenOTJHJVO7qvVjXgSgkIumTFNz42xnTKNgksYZ1uJgZjxAetB01LFQjDtdBppTE+t0qVBpO1RSKfq742UhcaMQt9Ohgz7ZtGbiP95zQSDq3YqVJwgKD57KEgknQS2/dCu0MBRjixhXAv7V8r7TDOOtsWsLcFbjLxMahcFr1go3l3kSzfzOjLkmJyQM+KRS1Iit6RCqoSTR/JMXsmb8+S8OO/Ox2x0xZnvHJE/cD5/AOmtnj4=</latexit>

Continuation onto the real axis:

<latexit sha1_base64="3lo8KCFb0QaPgD7YGtLjJUIAJAE="></latexit>

X :=
!

h ! A (! ) | h(n ) (0) = 0 , n = 0 , . . . , N, " h" max < #
"

<latexit sha1_base64="dYsBFF7IdhBvpaAjweNEqCvzGiA="></latexit>

! h! ! 1
R

=
!!

n = N +1

"
"
"
"
h(n ) (0)

n!

"
"
"
" Rn , ! h! " = sup

z" !
|h(z)|(1 + ! 2|z|2)e# " |z|

<latexit sha1_base64="DnZGR74+2j5hgci34F7EbZQIkA0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAiKMWSuKhuhKKbrqSCvUASy2Q6aYdOLsxMhBDyDG76Km5cKOLWlbu+jdMLoq0/DPx85xzOnN+NGBXSMMZabmV1bX0jv1nY2t7Z3dP3D1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q5vJvX2I+GChsG9TCLi+KgfUI9iJBXq6qf2AMm0nlkDB17BumW7iKdx9nALy1ChM/gDunrJqBhTwWVjzk2pVrTLo3EtaXT1L7sX4tgngcQMCWGZRiSdFHFJMSNZwY4FiRAeoj6xlA2QT4STTk/K4LEiPeiFXL1Awin9PZEiX4jEd1Wnj+RALNYm8L+aFUvv0klpEMWSBHi2yIsZlCGc5AN7lBMsWaIMwpyqv0I8QBxhqVIsqBDMxZOXTeu8YlYr1TuVxjWYKQ+OQBGcABNcgBqogwZoAgyewDN4BW/aSHvR3rWPWWtOm88cgj/SPr8B9+efZQ==</latexit>

öH [h] = H [øuN + h] ! øuN

<latexit sha1_base64="cNI5uwOrhexSZmWUicLvpqhrJ6I="></latexit>

H [øuN + h](z) =
! N

n =0 øan zn +
! !

n = N +1 T ! (! )n zn .

<latexit sha1_base64="Sli2OZnTrvq7gTeEmQJZgwJKhbg="></latexit>

öH [h](z)
!
!
!
D0 (R )

=
!"

n = N +1

T ! (! )n zn<latexit sha1_base64="ZX8VYaXtFNucrlnsaHBCNFAJ7P0=">AAAB8HicbVC7SgNBFJ2Nr7i+opY2g0GwCrsW0UYM2lhGMA9JljA7uZsMmZldZmaFsOQrbCwUETt/xN5G/Bsnj0ITD1w4nHMv594bJpxp43nfTm5peWV1Lb/ubmxube8UdvfqOk4VhRqNeayaIdHAmYSaYYZDM1FARMihEQ6uxn7jHpRmsbw1wwQCQXqSRYwSY6W7NhM2BTTuFIpeyZsALxJ/RooXH+558vblVjuFz3Y3pqkAaSgnWrd8LzFBRpRhlMPIbacaEkIHpActSyURoINssvAIH1mli6NY2ZIGT9TfExkRWg9FaDsFMX09743F/7xWaqKzIGMySQ1IOg2KUo5NjMfX4y5TQA0fWkKoYnZXTPtEEWrsj1z7BH/+5EVSPyn55VL5xitWLtEUeXSADtEx8tEpqqBrVEU1RJFAD+gJPTvKeXRenNdpa86ZzeyjP3DefwD+BZOL</latexit>=!
<latexit sha1_base64="thjO7LyvNcNNEuG8RdLe6qdqaCU="></latexit>

! öH [0]! D0 (R ) ,! = sup
z! D0 (R )

!
!
!
!
!

""

n = N +1

T" (0)n zn

!
!
!
!
!
(1 + ! 2|z|)e# ! |z|

" sup
z! D0 (R )

""

n = N +1

|T " (0)n ||z|n

"
""

n = N +1

|T " (0)n |Rn

= Y0

<latexit sha1_base64="rCcC6jK6BHB3y+rmN6M07E8IWUo=">AAACI3icbZA9T8MwEIYdvilfAUYWixaJqUo6AGKqYGFCIFFoVarIcS+tVSeO7EulKuK/sPBXWBhAiIWB/4LbZgDKSZYev3dn371hKoVBz/t05uYXFpeWV1ZLa+sbm1vu9s6tUZnm0OBKKt0MmQEpEmigQAnNVAOLQwl34eB8nL8bgjZCJTc4SqETs14iIsEZWilwTy8VwimttAKvQoWh2AdqWAyUTbnSqtBIq3hysS8PhcqMBaWiwC17VW8SdBb8AsqkiKvAfb/vKp7FkCCXzJi276XYyZlGwSU8lO4zAynjA9aDtsXEjmE6+WTHB3pglS6NlLYnQTpRf3bkLDZmFIe2MmbYN39zY/G/XDvD6KSTiyTNEBI+/SjKJEVFx4bRrtDAUY4sMK6FnZXyPtOMo7W1ZE3w/648C7e1qn9UPbquletnhR0rZI/sk0Pik2NSJxfkijQIJ4/kmbySN+fJeXHenY9p6ZxT9OySX+F8fQN2JaJp</latexit>

Note: Y0 is the same as theY from the previous proof
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<latexit sha1_base64="+UjaTvdC6Kj6OblGOdWbe8og450=">AAACB3icbVA9SwNBEN3zM8avqKUgi0GwCncW0TIqiGUEkwjJEfb25uLi3u2xOycJRzob/4qNhSK2/gU7/42bj0KNDxYe783MzrwglcKg6345c/MLi0vLhZXi6tr6xmZpa7tpVKY5NLiSSt8EzIAUCTRQoISbVAOLAwmt4O585LfuQRuhkmscpODHrJeISHCGVuqW9joIfQyi/JReiD6EtK5EgrSulZ0QD7ulsltxx6CzxJuSMpmi3i19dkLFsxgS5JIZ0/bcFP2caRRcwrDYyQykjN+xHrQtTVgMxs/HdwzpgVVCGiltn11irP7syFlszCAObGXM8Nb89Ubif147w+jEz0WSZggJn3wUZZKioqNQaCg0cJQDSxjXwu5K+S3TjKONrmhD8P6ePEuaRxWvWqleHZVrZ9M4CmSX7JND4pFjUiOXpE4ahJMH8kReyKvz6Dw7b877pHTOmfbskF9wPr4BooCZLQ==</latexit>

A Fixed Point Problem

DS25, May 2025                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                   

<latexit sha1_base64="+KKOQ7FddAie8Fm3GYSiqYLr9Xg=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTa2ImJIAlcyN4ywIa9vXN3z4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMviAXXxnW/ndza+sbmVn67sLO7t39QPDxq6ShRDJssEpFqB1Sj4BKbhhuB7VghDQOBD8H4euY/PKHSPJL3ZhKjH9Kh5APOqLFSu9y9DXFIy71iya24c5BV4mWkBBkaveJXtx+xJERpmKBadzw3Nn5KleFM4LTQTTTGlI3pEDuWShqi9tP5vVNyZpU+GUTKljRkrv6eSGmo9SQMbGdIzUgvezPxP6+TmMGln3IZJwYlWywaJIKYiMyeJ32ukBkxsYQyxe2thI2ooszYiAo2BG/55VXSqla8WqV2Vy3Vr7I48nACp3AOHlxAHW6gAU1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHHHGPYA==</latexit>

⌦

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R

<latexit sha1_base64="/sxVJXFwJVfHztBv/IDRMS+psqk=">AAACEnicbVC7SgNBFJ31GeMramkzGARtwq5FFKtgGssI5gFJCLOTu8mQ2dll5q4kLPkGG3/FxkIRWys7/8bJo9DEAwOHc+6dmXP8WAqDrvvtrKyurW9sZray2zu7e/u5g8OaiRLNocojGemGzwxIoaCKAiU0Yg0s9CXU/UF54tcfQBsRqXscxdAOWU+JQHCGVurkzlsIQ/SDtBwpFCqZytTyiGIfqL1KUjYU5nrcyeXdgjsFXSbenOTJHJVO7qvVjXgSgkIumTFNz42xnTKNgksYZ1uJgZjxAetB01LFQjDtdBppTE+t0qVBpO1RSKfq742UhcaMQt9Ohgz7ZtGbiP95zQSDq3YqVJwgKD57KEgknQS2/dCu0MBRjixhXAv7V8r7TDOOtsWsLcFbjLxMahcFr1go3l3kSzfzOjLkmJyQM+KRS1Iit6RCqoSTR/JMXsmb8+S8OO/Ox2x0xZnvHJE/cD5/AOmtnj4=</latexit>

Continuation onto the real axis:

<latexit sha1_base64="DnZGR74+2j5hgci34F7EbZQIkA0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAiKMWSuKhuhKKbrqSCvUASy2Q6aYdOLsxMhBDyDG76Km5cKOLWlbu+jdMLoq0/DPx85xzOnN+NGBXSMMZabmV1bX0jv1nY2t7Z3dP3D1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q5vJvX2I+GChsG9TCLi+KgfUI9iJBXq6qf2AMm0nlkDB17BumW7iKdx9nALy1ChM/gDunrJqBhTwWVjzk2pVrTLo3EtaXT1L7sX4tgngcQMCWGZRiSdFHFJMSNZwY4FiRAeoj6xlA2QT4STTk/K4LEiPeiFXL1Awin9PZEiX4jEd1Wnj+RALNYm8L+aFUvv0klpEMWSBHi2yIsZlCGc5AN7lBMsWaIMwpyqv0I8QBxhqVIsqBDMxZOXTeu8YlYr1TuVxjWYKQ+OQBGcABNcgBqogwZoAgyewDN4BW/aSHvR3rWPWWtOm88cgj/SPr8B9+efZQ==</latexit>

öH [h] = H [øuN + h] ! øuN

<latexit sha1_base64="3lo8KCFb0QaPgD7YGtLjJUIAJAE="></latexit>

X :=
!

h ! A (! ) | h(n ) (0) = 0 , n = 0 , . . . , N, " h" max < #
"

<latexit sha1_base64="dYsBFF7IdhBvpaAjweNEqCvzGiA="></latexit>

! h! ! 1
R

=
!!

n = N +1

"
"
"
"
h(n ) (0)

n!

"
"
"
" Rn , ! h! " = sup

z" !
|h(z)|(1 + ! 2|z|2)e# " |z|

<latexit sha1_base64="cNI5uwOrhexSZmWUicLvpqhrJ6I="></latexit>

H [øuN + h](z) =
! N

n =0 øan zn +
! !

n = N +1 T ! (! )n zn .

<latexit sha1_base64="Sli2OZnTrvq7gTeEmQJZgwJKhbg="></latexit>

öH [h](z)
!
!
!
D0 (R )

=
!"

n = N +1

T ! (! )n zn<latexit sha1_base64="ZX8VYaXtFNucrlnsaHBCNFAJ7P0=">AAAB8HicbVC7SgNBFJ2Nr7i+opY2g0GwCrsW0UYM2lhGMA9JljA7uZsMmZldZmaFsOQrbCwUETt/xN5G/Bsnj0ITD1w4nHMv594bJpxp43nfTm5peWV1Lb/ubmxube8UdvfqOk4VhRqNeayaIdHAmYSaYYZDM1FARMihEQ6uxn7jHpRmsbw1wwQCQXqSRYwSY6W7NhM2BTTuFIpeyZsALxJ/RooXH+558vblVjuFz3Y3pqkAaSgnWrd8LzFBRpRhlMPIbacaEkIHpActSyURoINssvAIH1mli6NY2ZIGT9TfExkRWg9FaDsFMX09743F/7xWaqKzIGMySQ1IOg2KUo5NjMfX4y5TQA0fWkKoYnZXTPtEEWrsj1z7BH/+5EVSPyn55VL5xitWLtEUeXSADtEx8tEpqqBrVEU1RJFAD+gJPTvKeXRenNdpa86ZzeyjP3DefwD+BZOL</latexit>=!

<latexit sha1_base64="1aa28ZBiHfDP229B4awDgYv2A+I="></latexit>

! öH [0]! ! \ D0 (R ) ,! = sup
z! ! \ D0 (R )

!
!
!
!

1
1 + z

(1 " ! (øuN # øuN )(z) " (1 + z)øuN (z))

!
!
!
! (1 + " 2|z|2)e" ! |z|

$ sup
z! ! \ D0 (R )

!
!
!
!

1
1 + z

!
!
!
! sup

z! ! \ D0 (R )
|1 " ! (øuN # øuN )(z) " (1 + z)øuN (z)) |(1 + " 2|z|2)e" ! |z|

$
1

%
1 + R2

! 1 " ! (øuN # øuN )(z) " (1 + z)øuN (z)! ! \ D0 (R ) ,!

= Y1
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<latexit sha1_base64="+UjaTvdC6Kj6OblGOdWbe8og450=">AAACB3icbVA9SwNBEN3zM8avqKUgi0GwCncW0TIqiGUEkwjJEfb25uLi3u2xOycJRzob/4qNhSK2/gU7/42bj0KNDxYe783MzrwglcKg6345c/MLi0vLhZXi6tr6xmZpa7tpVKY5NLiSSt8EzIAUCTRQoISbVAOLAwmt4O585LfuQRuhkmscpODHrJeISHCGVuqW9joIfQyi/JReiD6EtK5EgrSulZ0QD7ulsltxx6CzxJuSMpmi3i19dkLFsxgS5JIZ0/bcFP2caRRcwrDYyQykjN+xHrQtTVgMxs/HdwzpgVVCGiltn11irP7syFlszCAObGXM8Nb89Ubif147w+jEz0WSZggJn3wUZZKioqNQaCg0cJQDSxjXwu5K+S3TjKONrmhD8P6ePEuaRxWvWqleHZVrZ9M4CmSX7JND4pFjUiOXpE4ahJMH8kReyKvz6Dw7b877pHTOmfbskF9wPr4BooCZLQ==</latexit>

A Fixed Point Problem

DS25, May 2025                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                   

<latexit sha1_base64="+KKOQ7FddAie8Fm3GYSiqYLr9Xg=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTa2ImJIAlcyN4ywIa9vXN3z4Rc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMviAXXxnW/ndza+sbmVn67sLO7t39QPDxq6ShRDJssEpFqB1Sj4BKbhhuB7VghDQOBD8H4euY/PKHSPJL3ZhKjH9Kh5APOqLFSu9y9DXFIy71iya24c5BV4mWkBBkaveJXtx+xJERpmKBadzw3Nn5KleFM4LTQTTTGlI3pEDuWShqi9tP5vVNyZpU+GUTKljRkrv6eSGmo9SQMbGdIzUgvezPxP6+TmMGln3IZJwYlWywaJIKYiMyeJ32ukBkxsYQyxe2thI2ooszYiAo2BG/55VXSqla8WqV2Vy3Vr7I48nACp3AOHlxAHW6gAU1gIOAZXuHNeXRenHfnY9Gac7KZY/gD5/MHHHGPYA==</latexit>

⌦

<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R

<latexit sha1_base64="/sxVJXFwJVfHztBv/IDRMS+psqk=">AAACEnicbVC7SgNBFJ31GeMramkzGARtwq5FFKtgGssI5gFJCLOTu8mQ2dll5q4kLPkGG3/FxkIRWys7/8bJo9DEAwOHc+6dmXP8WAqDrvvtrKyurW9sZray2zu7e/u5g8OaiRLNocojGemGzwxIoaCKAiU0Yg0s9CXU/UF54tcfQBsRqXscxdAOWU+JQHCGVurkzlsIQ/SDtBwpFCqZytTyiGIfqL1KUjYU5nrcyeXdgjsFXSbenOTJHJVO7qvVjXgSgkIumTFNz42xnTKNgksYZ1uJgZjxAetB01LFQjDtdBppTE+t0qVBpO1RSKfq742UhcaMQt9Ohgz7ZtGbiP95zQSDq3YqVJwgKD57KEgknQS2/dCu0MBRjixhXAv7V8r7TDOOtsWsLcFbjLxMahcFr1go3l3kSzfzOjLkmJyQM+KRS1Iit6RCqoSTR/JMXsmb8+S8OO/Ox2x0xZnvHJE/cD5/AOmtnj4=</latexit>

Continuation onto the real axis:

<latexit sha1_base64="DnZGR74+2j5hgci34F7EbZQIkA0=">AAACEnicbZDLSsNAFIYn9VbrLerSzdAiKMWSuKhuhKKbrqSCvUASy2Q6aYdOLsxMhBDyDG76Km5cKOLWlbu+jdMLoq0/DPx85xzOnN+NGBXSMMZabmV1bX0jv1nY2t7Z3dP3D1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q5vJvX2I+GChsG9TCLi+KgfUI9iJBXq6qf2AMm0nlkDB17BumW7iKdx9nALy1ChM/gDunrJqBhTwWVjzk2pVrTLo3EtaXT1L7sX4tgngcQMCWGZRiSdFHFJMSNZwY4FiRAeoj6xlA2QT4STTk/K4LEiPeiFXL1Awin9PZEiX4jEd1Wnj+RALNYm8L+aFUvv0klpEMWSBHi2yIsZlCGc5AN7lBMsWaIMwpyqv0I8QBxhqVIsqBDMxZOXTeu8YlYr1TuVxjWYKQ+OQBGcABNcgBqogwZoAgyewDN4BW/aSHvR3rWPWWtOm88cgj/SPr8B9+efZQ==</latexit>

öH [h] = H [øuN + h] ! øuN

<latexit sha1_base64="3lo8KCFb0QaPgD7YGtLjJUIAJAE="></latexit>

X :=
!

h ! A (! ) | h(n ) (0) = 0 , n = 0 , . . . , N, " h" max < #
"

<latexit sha1_base64="dYsBFF7IdhBvpaAjweNEqCvzGiA="></latexit>

! h! ! 1
R

=
!!

n = N +1

"
"
"
"
h(n ) (0)

n!

"
"
"
" Rn , ! h! " = sup

z" !
|h(z)|(1 + ! 2|z|2)e# " |z|

<latexit sha1_base64="cNI5uwOrhexSZmWUicLvpqhrJ6I="></latexit>

H [øuN + h](z) =
! N

n =0 øan zn +
! !

n = N +1 T ! (! )n zn .

<latexit sha1_base64="Sli2OZnTrvq7gTeEmQJZgwJKhbg="></latexit>

öH [h](z)
!
!
!
D0 (R )

=
!"

n = N +1

T ! (! )n zn<latexit sha1_base64="ZX8VYaXtFNucrlnsaHBCNFAJ7P0=">AAAB8HicbVC7SgNBFJ2Nr7i+opY2g0GwCrsW0UYM2lhGMA9JljA7uZsMmZldZmaFsOQrbCwUETt/xN5G/Bsnj0ITD1w4nHMv594bJpxp43nfTm5peWV1Lb/ubmxube8UdvfqOk4VhRqNeayaIdHAmYSaYYZDM1FARMihEQ6uxn7jHpRmsbw1wwQCQXqSRYwSY6W7NhM2BTTuFIpeyZsALxJ/RooXH+558vblVjuFz3Y3pqkAaSgnWrd8LzFBRpRhlMPIbacaEkIHpActSyURoINssvAIH1mli6NY2ZIGT9TfExkRWg9FaDsFMX09743F/7xWaqKzIGMySQ1IOg2KUo5NjMfX4y5TQA0fWkKoYnZXTPtEEWrsj1z7BH/+5EVSPyn55VL5xitWLtEUeXSADtEx8tEpqqBrVEU1RJFAD+gJPTvKeXRenNdpa86ZzeyjP3DefwD+BZOL</latexit>=!
<latexit sha1_base64="S0KBPxyJoduu4p1G6nzby6FS5KE=">AAACJnicbVA9SwNBEN3z2/gVtbRZDIJVuLNQGyEoiKWCSYQYwtzenFnc2z125yIh+Gts/Cs2FoqInT/FNabQxKnevjez8+bFuZKOwvAjmJqemZ2bX1gsLS2vrK6V1zcazhRWYF0YZexVDA6V1FgnSQqvcouQxQqb8e3Jt97soXXS6Evq59jO4EbLVAogT3XKR6fGcuoiT9DKnid7yO/8ywxJBxlyyHNrQHS5SbnznoiDTrjFwmGnXAmr4bD4JIhGoMJGdd4pv1wnRhQZahIKnGtFYU7tAViSQuF96dp/moO4hRtseaj9ftceDM+85zueSXjqDadGEx+yvycGkDnXz2LfmQF13bj2Tf6ntQpKD9sDqfOCUIufRWmhOPkUfGY8kRYFqb4HIKz0XrnoggVBPtmSDyEaP3kSNPaq0X51/2KvUjsexbHAttg222URO2A1dsbOWZ0J9sCe2At7DR6D5+AteP9pnQpGM5vsTwWfX6ezpU0=</latexit>

For the derivative we do the same approach of split and reuse

<latexit sha1_base64="yriE3t5bkZczE5uISFyJsdgTBg0="></latexit>

! D öH [h]! ! \ D0 (R ) ,! = sup
! g! ! =1

! D öH [h]g! ! \ D0 (R ) ,!

= sup
! g! ! =1

!
!
!
!

" 2!
1 + z

((øuN + h) # g)

!
!
!
!

! \ D0 (R ) ,!

$ sup
! g! ! =1

2!
%

1 + R2
á

4"
#

! øuN + h! ! ! g! !

$
8"!

#
%

1 + R2
(! øuN ! ! + ! h! ! )

= Z1(! h! ! )

<latexit sha1_base64="HC3IC+0CtRrXO8dTMvMcZYmvT1o="></latexit>

! D öH (h)! max " Z0(! h! max ) + Z1(! h! max ) = öZ (! h! max )

<latexit sha1_base64="HciMMqGrrA+NMYR+gJCu68r+ggE=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgIeEuRbQM2lhGyBckR9jbzCVr9vaO3T0hhPwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzgkRwbVz328ltbG5t7+R3C3v7B4dHxeOTlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7Gd3O//YRK81g2zCRBP6JDyUPOqLFSqzFCeUX6xZJbdhcg68TLSAky1PvFr94gZmmE0jBBte56bmL8KVWGM4GzQi/VmFA2pkPsWipphNqfLq6dkQurDEgYK1vSkIX6e2JKI60nUWA7I2pGetWbi/953dSEN/6UyyQ1KNlyUZgKYmIyf50MuEJmxMQSyhS3txI2oooyYwMq2BC81ZfXSatS9qrl6kOlVLvN4sjDGZzDJXhwDTW4hzo0gcEjPMMrvDmx8+K8Ox/L1pyTzZzCHzifP8Fnjpo=</latexit>

Then,
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<latexit sha1_base64="T5orlE0A3Hyw485nNc+EaVE/1Us=">AAACGnicbVC7TsNAEDzzDOEVoKQ5kSAFgSI7RaCMoKEMEnlAHKzz5UJOOZ/N3RopsvwdNPwKDQUI0SEa/obLo4DASCuNZna1u+NHgmuw7S9rbn5hcWk5s5JdXVvf2MxtbTd0GCvK6jQUoWr5RDPBJasDB8FakWIk8AVr+oOzkd+8Z0rzUF7CMGKdgNxK3uOUgJG8nFNw+wSSqxQfYpdL8OybRHlOisfydVrUB+5RV2NXsDtsjAL2cnm7ZI+B/xJnSvJoipqX+3C7IY0DJoEKonXbsSPoJEQBp4KlWTfWLCJ0QG5Z21BJAqY7yfi1FO8bpYt7oTIlAY/VnxMJCbQeBr7pDAj09aw3Ev/z2jH0TjoJl1EMTNLJol4sMIR4lBPucsUoiKEhhCpubsW0TxShYNLMmhCc2Zf/kka55FRKlYtyvno6jSODdtEeKiIHHaMqOkc1VEcUPaAn9IJerUfr2Xqz3ietc9Z0Zgf9gvX5DQConvc=</latexit>

öY +
! r 1

0
öZ (s) ds ! r 1

<latexit sha1_base64="qAWLTxo597U0Jc4PV+z8rDRdxUg=">AAACBXicbVC7TsMwFHXKq5RXgBEGixaJAVVJh8KCVMHCWCT6UhNFjuu0Vu0ksh1EFWVh4VdYGECIlX9g429w2wxQONKVjs65V/fe48eMSmVZX0ZhaXllda24XtrY3NreMXf32jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9Lxx1dTv3NHhKRReKsmMXE5GoY0oBgpLXnmYcUZIZX2MngBHY7unbTnWac9z3ayCvTMslW1ZoB/iZ2TMsjR9MxPZxDhhJNQYYak7NtWrNwUCUUxI1nJSSSJER6jIelrGiJOpJvOvsjgsVYGMIiErlDBmfpzIkVcygn3dSdHaiQXvan4n9dPVHDupjSME0VCPF8UJAyqCE4jgQMqCFZsognCgupbIR4hgbDSwZV0CPbiy39Ju1a169X6Ta3cuMzjKIIDcAROgA3OQANcgyZoAQwewBN4Aa/Go/FsvBnv89aCkc/sg18wPr4B5q6W6g==</latexit>

öY = max { Y0, Y1}

<latexit sha1_base64="rwxe48M0my8RHrH5hJPyra9o0PM="></latexit>

So, there existsöh ! X such that öH [øh] = øh and " øh" max # r1

<latexit sha1_base64="m24SYotTHeG7AvMy83RoHIgR7vQ="></latexit>

! D öH [h]! D0 (R ) ,! " Z0(! ! ! 1,R ) = Z0(! h! " 1
R

)



<latexit sha1_base64="CXr4yBuFyaf6/FlsFVw/f8MN6Yw=">AAAB/XicbVC7SgNBFJ31GeMrPjqbwSBYhd0U0TJEBMsI5gHJEmZnZ5MhszPLzF0xLsFfsbFQxNb/sPNvnDwKTTzV4Zx7ueeeIBHcgOt+Oyura+sbm7mt/PbO7t5+4eCwaVSqKWtQJZRuB8QwwSVrAAfB2olmJA4EawXDq4nfumfacCXvYJQwPyZ9ySNOCVipVzjuAnuAIMqutVYa11Qqw3GvUHRL7hR4mXhzUkRz1HuFr26oaBozCVQQYzqem4CfEQ2cCjbOd1PDEkKHpM86lkoSM+Nn0/RjfGaVEEf2eqQk4Kn6eyMjsTGjOLCTMYGBWfQm4n9eJ4Xo0s+4TFJgks4ORanAoPCkChxyzSiIkSWEam6zYjogmlCwheVtCd7iy8ukWS55lVLltlys1uZ15NAJOkXnyEMXqIpuUB01EEWP6Bm9ojfnyXlx3p2P2eiKM985Qn/gfP4A2/2Vfw==</latexit>

Error Bound

<latexit sha1_base64="indq5Y8+FFGsiTvvygaeHlVg2TM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRG8GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+k2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+zOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5NnjM4=</latexit>

?

<latexit sha1_base64="B1KE8eG0Gg9q4MhM6bXqif8jODs=">AAACBHicbVDLTgIxFO34RHyNumTTSExckRkW6JLoQpeYyCOBCemUC1Q67aTtkJAJCzf+ihsXGuPWj3Dn31hgFgrepMnJOffRc8KYM20879tZW9/Y3NrO7eR39/YPDt2j44aWiaJQp5JL1QqJBs4E1A0zHFqxAhKFHJrh6HqmN8egNJPi3kxiCCIyEKzPKDGW6rqFG8nEAIeEjrCR2K7FMnwAatgYum7RK3nzwqvAz0ARZVXrul+dnqRJBMJQTrRu+15sgpQowyiHab6TaIjtJTKAtoWCRKCDdG5iis8s08N9qewTBs/Z3xMpibSeRKHtjIgZ6mVtRv6ntRPTvwxSJuLEgKCLQ/2Ez+zOEsE9pqxfPrGAUMXsXzEdEkWosbnlbQj+suVV0CiX/EqpclcuVq+yOHKogE7ROfLRBaqiW1RDdUTRI3pGr+jNeXJenHfnY9G65mQzJ+hPOZ8/CfuXuw==</latexit>

Going back to our objective

<latexit sha1_base64="bNkYvBIm3/CdKC8S1HXBwc6G8TA=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVmE3RbQM2lhGMA9IljA7uZsMmZ1dZu4KIaTxV2wsFLH1M+z8GyfJFpp4YOBwzr3cOSdMpTDoed/O2vrG5tZ2Yae4u7d/cOgeHTdNkmkODZ7IRLdDZkAKBQ0UKKGdamBxKKEVjm5nfusRtBGJesBxCkHMBkpEgjO0Us89rWeIQg2oQMqkpJgMAIege27JK3tz0FXi56REctR77le3n/AsBoVcMmM6vpdiMGEaBZcwLXYzAynjIzaAjqWKxWCCyTzAlF5YpU+jRNunkM7V3xsTFhszjkM7GTMcmmVvJv7ndTKMroOJUGmGoPjiUJTNYtJZG7QvNHCUY0sY18L+lfIh04yj7axoS/CXI6+SZqXsV8vV+0qpdpPXUSBn5JxcEp9ckRq5I3XSIJxMyTN5JW/Ok/PivDsfi9E1J985IX/gfP4AgU2WXQ==</latexit>

Putting it all together
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<latexit sha1_base64="LnvkY8I4TQ5EUUO2lhNMQ+FLLeU="></latexit>

|øy(t) ! yN (t)| = |L [øu] ! L [uN ]| "

!
!
!
!
!

" R

0
(øu0(z) ! uN (z)) e! tz dz

!
!
!
!
!
+

!
!
!
!

" "

R
(øu(z) ! uN (z)) e! tz dz

!
!
!
! "

<latexit sha1_base64="Ooe1D+jdUdz8h1VOqISkEwnv4iE="></latexit>! R

0
|øu0(z) ! uN (z)| e! tz dz "

! R

0
r 0e! tz dz =

r 0

t
(1 ! e! Rt )

<latexit sha1_base64="5Ie3j115nLNQYYRob4/C1fLlEpY="></latexit>! !

R
|øu(z) ! uN (z)| e" tz dz "

! !

R

#øu(z) ! uN (z)#!

1 + ! 2|z|2
e! |z| e" tz dz

"
! !

R

"
r 1

1 + ! 2R2

#
e" ( t " ! )z dz

"
1

t ! !

"
r 1

1 + ! 2R2

#
e" ( t " ! )R

<latexit sha1_base64="9lfFqqd1oXLtEyvOxPLtmRaPt/E="></latexit>

|øy(t) ! yN (t)| "
r 0

t
(1 ! e! Rt ) +

1
t ! !

!
r 1

1 + ! 2R2

"
e! ( t ! ! )R

<latexit sha1_base64="vijiAeTHHnQbvuPp5SyjTZmGCYo=">AAACEXicbVC7TsMwFHXKq5RXgZHFokXqVCUdChsVLIxFog+pKZXjOq1Vx4nsG6Qo6i+w8CssDCDEysbG3+C2GaDlSFf36Jx7Zd/jRYJrsO1vK7e2vrG5ld8u7Ozu7R8UD4/aOowVZS0ailB1PaKZ4JK1gINg3UgxEniCdbzJ9czvPDCleSjvIIlYPyAjyX1OCRhpUKx0xgmWIeCyO+Q6EiTRkAiGXS5hYN+npvuQTMuXg2LJrtpz4FXiZKSEMjQHxS93GNI4YBKoIFr3HDuCfkoUcCrYtODGmkWETsiI9QyVJGC6n84vmuIzowyxHypTEvBc/b2RkkDrJPDMZEBgrJe9mfif14vBv+inXEYxMEkXD/mxwBDiWTx4yBWjIBJDCFXc/BXTMVGEggmxYEJwlk9eJe1a1alX67e1UuMqiyOPTtApqiAHnaMGukFN1EIUPaJn9IrerCfrxXq3PhajOSvbOUZ/YH3+ADpZnUk=</latexit>

Why not
! !

0
?

<latexit sha1_base64="EJRk5wxeuqxw+hrJSMgtgKbi68U="></latexit>! !

0
|øu(z) ! uN (z)|e" tz dz "

! !

0
#øu ! uN #!

e! z

1 + ! 2z2 e" tz dz

= #øu ! uN #!

! !

0

e" ( t " ! )z

1 + ! 2z2 dz

" r 1 min
" ! !

0

1
1 + ! 2z2 dz,

! !

0
e" ( t " ! )z dz

#

= r 1 min{ " / (2! ), 1/ (t ! ! )}
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<latexit sha1_base64="GsCIfyVRJI0WegN+5qCygUj9n1o=">AAACB3icbVDLSgMxFM3UV62vUZeCBFvBRSkzVaubQtGNK6liH9AOJZNm2tBMZkgyYhm6c+OvuHGhiFt/wZ1/Y9rOQlsPhHs4515u7nFDRqWyrG8jtbC4tLySXs2srW9sbpnbO3UZRAKTGg5YIJoukoRRTmqKKkaaoSDIdxlpuIPLsd+4J0LSgN+pYUgcH/U49ShGSksdcz93XT4+zcOHslWwinl4q6subR7B8omV65hZrU8A54mdkCxIUO2YX+1ugCOfcIUZkrJlW6FyYiQUxYyMMu1IkhDhAeqRlqYc+UQ68eSOETzUShd6gdCPKzhRf0/EyJdy6Lu600eqL2e9sfif14qUd+7ElIeRIhxPF3kRgyqA41BglwqCFRtqgrCg+q8Q95FAWOnoMjoEe/bkeVIvFuxSoXRTzFYukjjSYA8cgCNggzNQAVegCmoAg0fwDF7Bm/FkvBjvxse0NWUkM7vgD4zPH2WwlJM=</latexit>

N = 35, x = 0 .02, R = 0 .2, ! = 40
<latexit sha1_base64="tuG4jaHgtSWNcvvQqNcsEw8opwI="></latexit>

! r 0 r 1 |y(0.02) ! y35(0.02)| "
0.5 1.821691933910861# 10! 34 5.982878018285794# 10! 12 1.3643# 10! 16

0.75 2.182511302790229# 10! 23 5.402480219404250# 10! 12 1.1248# 10! 15

1 1.105694178445770# 10! 22 5.332936946629159# 10! 11 1.1104# 10! 14

<latexit sha1_base64="pJYdLxRKhQtPFZ30qZOAIdJtn9A="></latexit>

Note: For this example we could do a fully analytical proof by
taking advantage of the particularities of the operator, i.e
1/ 1 + z, and using this as the center of our ball in function
space.

<latexit sha1_base64="3GeBSO1+FxyDh93Z0PBOrXtaNSA=">AAACB3icbVDLSgMxFM34rPU16lKQYCu4KGVm1KqLQtGNK6liH9CWkkkzbWgmMyQZsQzdufFX3LhQxK2/4M6/MW1noa0HLvdwzr0k97gho1JZ1rcxN7+wuLScWkmvrq1vbJpb21UZRAKTCg5YIOoukoRRTiqKKkbqoSDIdxmpuf3LkV+7J0LSgN+pQUhaPupy6lGMlJba5l72unh0koMPRStvOTl4q7uTa/IIFuHxebZtZrQ+BpwldkIyIEG5bX41OwGOfMIVZkjKhm2FqhUjoShmZJhuRpKECPdRlzQ05cgnshWP7xjCA610oBcIXVzBsfp7I0a+lAPf1ZM+Uj057Y3E/7xGpLyzVkx5GCnC8eQhL2JQBXAUCuxQQbBiA00QFlT/FeIeEggrHV1ah2BPnzxLqk7eLuQLN06mdJHEkQK7YB8cAhucghK4AmVQARg8gmfwCt6MJ+PFeDc+JqNzRrKzA/7A+PwBdFmUnA==</latexit>

N = 35, x = 0 .02, R = 0 .2, ! = 49

<latexit sha1_base64="C9jRsZ0O5J+N46aJh3VrE6LgO/s="></latexit>

! " |y(0.02) ! y35(0.02)| "
10! 14 5.0089# 10! 15 1.7363# 10! 16

10! 7 5.0089# 10! 8 1.7362# 10! 9

0.1 5.4557# 10! 2 1.8802# 10! 3

ICMS, July 2026                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                  

<latexit sha1_base64="EiN/KRKlKT71Alhtuf4Y0effxWQ=">AAAB+HicbVDLSgMxFM3UVx0fHXXpJlgEV2XGhbopFt24rGAf0A4lk2ba0EwSkkyhDv0SN4KKuPUn3LsR/8b0sdDWAxcO59zLvfdEklFtfP/bya2srq1v5Dfdre2d3YK3t1/XIlWY1LBgQjUjpAmjnNQMNYw0pSIoiRhpRIPrid8YEqWp4HdmJEmYoB6nMcXIWKnjFdpDpIjUlAkOyzDoeEW/5E8Bl0kwJ8XLD7csn77casf7bHcFThPCDWZI61bgSxNmSBmKGRm77VQTifAA9UjLUo4SosNsevgYHlulC2OhbHEDp+rviQwlWo+SyHYmyPT1ojcR//NaqYkvwoxymRrC8WxRnDJoBJykALtUEWzYyBKEFbW3QtxHCmFjs3JtCMHiy8ukfloKzkpnt36xcgVmyINDcAROQADOQQXcgCqoAQxS8ACewYtz7zw6r87brDXnzGcOwB847z9D5JXW</latexit>

! = 1



DS25, May 2025                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                   

<latexit sha1_base64="1/ED4uNBKRvEafAf6AP7xLI78hM=">AAACB3icbVDLSgMxFM3UV62vUZdKCRZRKJSZCtWNUHTjsgX7gL7IpGkbmskMSaZ0GLrThb/ixoUi3foL7vwGf8L0sdDWAxcO59zLvfc4PqNSWdaXEVtZXVvfiG8mtrZ3dvfM/YOy9AKBSQl7zBNVB0nCKCclRRUjVV8Q5DqMVJz+7cSvDIiQ1OP3KvRJw0VdTjsUI6WllpkcNrPhGUzDEKbrAySILynzOAybF/AaDltmyspYU8BlYs9JKn88Ln4/JseFlvlZb3s4cAlXmCEpa7blq0aEhKKYkVGiHkjiI9xHXVLTlCOXyEY0/WMET7XShh1P6OIKTtXfExFypQxdR3e6SPXkojcR//NqgepcNSLK/UARjmeLOgGDyoOTUGCbCoIVCzVBWFB9K8Q9JBBWOrqEDsFefHmZlLMZO5fJFXUaN2CGODgCJ+Ac2OAS5MEdKIASwOABPINX8GY8GS/GuzGetcaM+cwh+APj4wfb5Zse</latexit>

x2y! + y + ! y3 = x
<latexit sha1_base64="u0dnhlj/PZqlDTBqAZl6fLXkloI=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjM5RI/BIHiMYBZIQujp1CRNeha6a8Q4BH/FiwdFvPof3vwbO8kcNPFBweO9KqrqebEUGh3n21pZXVvf2Mxt5bd3dvf27YPDho4SxaHOIxmplsc0SBFCHQVKaMUKWOBJaHqj6tRv3oPSIgrvcBxDN2CDUPiCMzRSzz7uIDyg56fVxBOcXicS1KRnF5yiMwNdJm5GCiRDrWd/dfoRTwIIkUumddt1YuymTKHgEib5TqIhZnzEBtA2NGQB6G46u35Cz4zSp36kTIVIZ+rviZQFWo8Dz3QGDId60ZuK/3ntBP3LbirCOEEI+XyRn0iKEZ1GQftCAUc5NoRxJcytlA+ZYhxNYHkTgrv48jJplIpuuVi+LRUqV1kcOXJCTsk5cckFqZAbUiN1wskjeSav5M16sl6sd+tj3rpiZTNH5A+szx+r6JVg</latexit>

Cubic Euler <latexit sha1_base64="D65XKoMEpjCa/1XF3eXBeUCtJkE=">AAAB6nicbZDLSgMxFIYz9VbHW9Wlm2ARXJUZF9WNWHTjsqK9QDuUTJppQzPJkJwRytBHcONCEZf6Lu7diG9jello6w+Bj/8/h5xzwkRwA5737eSWlldW1/Lr7sbm1vZOYXevblSqKatRJZRuhsQwwSWrAQfBmolmJA4Fa4SDq3HeuGfacCXvYJiwICY9ySNOCVjrtg2qUyh6JW8ivAj+DIoXH+558vblVjuFz3ZX0TRmEqggxrR8L4EgIxo4FWzktlPDEkIHpMdaFiWJmQmyyagjfGSdLo6Utk8Cnri/OzISGzOMQ1sZE+ib+Wxs/pe1UojOgozLJAUm6fSjKBUYFB7vjbtcMwpiaIFQze2smPaJJhTsdVx7BH9+5UWon5T8cql84xUrl2iqPDpAh+gY+egUVdA1qqIaoqiHHtATenaE8+i8OK/T0pwz69lHf+S8/wDCApEf</latexit>!
<latexit sha1_base64="Moy0onPzcNV/Lfl5FpZx8d0CrNU=">AAACEHicbVDLTgIxFO3gC/E16tJNAzGCJGTGBboxIbpxiYk8EoaQTinQ0OlM+iABwie4Mf6JGxca49alO/7GDrBQ8DTNPTnn3rT3+BGjUjnO1EqsrW9sbiW3Uzu7e/sH9uFRVYZaYFLBIQtF3UeSMMpJRVHFSD0SBAU+IzW/fxv7tQERkob8QQ0j0gxQl9MOxUgZqWWfjXR2lIN5uCjeAAkSScpCntXn5uRi/dpt2Rmn4MwAV4m7IJlS2ss/T0vDcsv+9toh1gHhCjMkZcN1ItUcI6EoZmSS8rQkEcJ91CUNQzkKiGyOZwtN4KlR2rATCnO5gjP198QYBVIOA990Bkj15LIXi/95Da06V80x5ZFWhOP5Qx3NoAphnA5sU0GwYkNDEBbU/BXiHhIIK5NhyoTgLq+8SqoXBbdYKN6bNG7AHElwAtIgC1xwCUrgDpRBBWDwCF7AG3i3nqxX68P6nLcmrMXMMfgD6+sHDkudEw==</latexit>

zu(z) + u(z) + ! (u ! u ! u)(z) = 1

<latexit sha1_base64="WJXoVlwq/moqqjA0FPfITSGuUpI="></latexit>

! r 0 r 1 |y(0.01) ! y35(0.01)| "
0.5 5.525079387942491# 10! 16 8.320748559069655# 10! 12 5.5419# 10! 18

0.75 3.483447486489139# 10! 16 1.283977121916329# 10! 11 3.5093# 10! 18

1 1.091933120924504# 10! 17 1.775231538381258# 10! 11 1.4497# 10! 19

<latexit sha1_base64="0y5cE3tPk3OXWVyrVtq4UHGF700=">AAACBXicbVDLSgMxFM3UV62vUZcWCRbBRSkzals3haIbV9KKfUBbSiZN29BMZkgyYhm6EcRfceNCEenOf3DnN/gTpo+Fth643MM595Lc4/iMSmVZX0ZkYXFpeSW6Gltb39jcMrd3ytILBCYl7DFPVB0kCaOclBRVjFR9QZDrMFJxehcjv3JLhKQev1F9nzRc1OG0TTFSWmqa8avcSToJ73JWyrKT8Fr30ySs8wDmsummmdDyGHCe2FOSyMeHxe+H/WGhaX7WWx4OXMIVZkjKmm35qhEioShmZBCrB5L4CPdQh9Q05cglshGOrxjAQ620YNsTuriCY/X3RohcKfuuoyddpLpy1huJ/3m1QLXPGiHlfqAIx5OH2gGDyoOjSGCLCoIV62uCsKD6rxB3kUBY6eBiOgR79uR5Uj5O2ZlUpqjTOAcTRMEeOABHwAZZkAeXoABKAIN78ARewKvxaDwbb8b7ZDRiTHd2wR8YHz+e1pfp</latexit>

N = 35, x = 0 .01, R = 0 .4, ! = 75

<latexit sha1_base64="PyqgY/la27tqXKg2LHAMILaV+OM=">AAACDXicbVC7SgNBFL3rM8bXGkubwSBYhd0U0TJoYyNEMA9IQpidzCZDZmeWmVkxLPkBG3/FxkIRW3s7P8G/cJJsoYkH7nA4517u3BPEnGnjeV/Oyura+sZmbiu/vbO7t+8eFBpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwehy6jfvqNJMilszjmk3wgPBQkawsZJ0C9ABAxTu7RtACClcwTcIkLYQXAOGGCY9t+iVvBnQMvEzUoQMtZ772elLkkRUGMKx1m3fi003xcowwukk30k0jTEZ4QFtWypwRHU3nV0zQSdW6aNQKlvCoJn6eyLFkdbjKLCdETZDvehNxf+8dmLC827KRJwYKsh8UZhwZCSaRoP6TFFi+NgSTBSzf0VkiBUmxgaYtyH4iycvk0a55FdKlZtysXqRxZGDIziGU/DhDKo23hrUgcADPMELvDqPzrPz5rzPW1ecbOYQ/sD5+AHFdJW1</latexit>

H«enon Map <latexit sha1_base64="3d6Y+XWtH/9zYDYBtBLTi7xEfas="></latexit>

F (x, y) =
!

x + y ! x2

y ! x2

"

<latexit sha1_base64="XGEVkJRlGOOzlu4ZmBOR/L2j8fo=">AAACJXicbVDLSgMxFM3UV62vqks3wVapoGWmi+pCoaiISwX7gE4pmfS2Dc1khiQjLUN/xo2/4saFIoIrf8W0FtHWA4HDOeeSe48Xcqa0bX9Yibn5hcWl5HJqZXVtfSO9uVVRQSQplGnAA1nziALOBJQ10xxqoQTiexyqXu9i5FfvQSoWiDs9CKHhk45gbUaJNlIzfZq9vMr1DwcH+Mz1oMNEHPpES9YfYueo0Mf72MGui38oiNZPIttMZ+y8PQaeJc6EZNAEN830q9sKaOSD0JQTpeqOHepGTKRmlMMw5UYKQkJ7pAN1QwXxQTXi8ZVDvGeUFm4H0jyh8Vj9PRETX6mB75mkWbCrpr2R+J9Xj3T7pBEzEUYaBP3+qB1xrAM8qgy3mASq+cAQQiUzu2LaJZJQbYpNmRKc6ZNnSaWQd4r54m0hUzqf1JFEO2gX5ZCDjlEJXaMbVEYUPaAn9IJerUfr2Xqz3r+jCWsys43+wPr8AuFgodw=</latexit>

DF (x, y) =
!

1 ! 2x 1
! 2x 1

"

<latexit sha1_base64="7b7Nziny/NiUdLHWEsZk08PReU8=">AAACIHicbVDLSgNBEJyNrxhfUY9eBhMlgoTdHBIvQlARjxHMA7IhzE46yZDZ2WVmVgxLPsWLv+LFgyJ6069x8kA0WtBQVHXT3eWFnClt2x9WYmFxaXkluZpaW9/Y3Epv79RUEEkKVRrwQDY8ooAzAVXNNIdGKIH4Hoe6Nzgf+/VbkIoF4kYPQ2j5pCdYl1GijdROl7IXlzn72D7Cp9j1oMdEHPpES3Y3wg4+NOW62B4TF0Tn28u20xk7b0+A/xJnRjJohko7/e52Ahr5IDTlRKmmY4e6FROpGeUwSrmRgpDQAelB01BBfFCtePLgCB8YpYO7gTQlNJ6oPydi4is19D3TaQ7sq3lvLP7nNSPdPWnFTISRBkGni7oRxzrA47Rwh0mgmg8NIVQycyumfSIJ1SbTlAnBmX/5L6kV8k4xX7wuZMpnsziSaA/toxxyUAmV0RWqoCqi6B49omf0Yj1YT9ar9TZtTVizmV30C9bnF46Pn5s=</latexit>

DF (0, 0) =
!

1 1
0 1

"

<latexit sha1_base64="yMIG5IPXge9CpliyqoypZ7CTkJo=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJCYoqRDYaxgYSwSfUhtVTnuTWvVsSPbqVRFHVj4FRYGEGLlI9j4G9w2A7QcydLROefq+p4w4Uwb3/92Nja3tnd2C3vF/YPDo2P35LSpZaooNKjkUrVDooEzAQ3DDId2ooDEIYdWOL6d+60JKM2keDDTBHoxGQoWMUqMlfpuaUQ0HsjU5jGwIYgJ4SlgGeHA67tl3/MXwOskyEkZ5aj33a/uQNI0BmEoJ1p3Aj8xvYwowyiHWbGbakgIHZMhdCwVJAbdyxZHzPCFVQY4kso+YfBC/T2RkVjraRzaZEzMSK96c/E/r5Oa6LqXMZGkBgRdLopSjo3E80bwgCmghk8tIVQx+1dMR0QRamxvRVtCsHryOmlWvKDqVe8r5dpNXkcBldA5ukQBukI1dIfqqIEoekTP6BW9OU/Oi/PufCyjG04+c4b+wPn8AXDtl1I=</latexit>

has double eigenvalue of 1.

<latexit sha1_base64="94tH8vnKkeo7V1AysIpU90t0oNk="></latexit>

We are looking for the curves parametrized by

P(t) =
!

u(t)
v(t)

"

which satisfy the invariance equation

F (u(t), v(t)) =
!

u(t + 1)
v(t + 1)

"
,

such that

lim
t ! ± "

P(t) =
!

0
0

"
.

<latexit sha1_base64="A6dHVe9Ly4jYRP7DxZJfgagU1Ys=">AAACDHicbVDLTgIxFO3gC/GFunTTCCYQApmZBboxIbpxiYk8EhhJpxRo6HQmfZiQCR/gxl9x40Jj3PoB7vwbC8xCwZM0PTnn3LT3+BGjUtn2t5VaW9/Y3EpvZ3Z29/YPsodHTRlqgUkDhywUbR9JwignDUUVI+1IEBT4jLT88fXMbz0QIWnI79QkIl6AhpwOKEbKSL1sLq8LquQUYRm6hhVhCZqrbIRLWNb3rpHyJmVX7DngKnESkgMJ6r3sV7cfYh0QrjBDUnYcO1JejISimJFppqsliRAeoyHpGMpRQKQXz5eZwjOj9OEgFOZwBefq74kYBVJOAt8kA6RGctmbif95Ha0GF15MeaQV4Xjx0EAzqEI4awb2qSBYsYkhCAtq/grxCAmElekvY0pwlldeJU234lQr1Vs3V7tK6kiDE3AKCsAB56AGbkAdNAAGj+AZvII368l6sd6tj0U0ZSUzx+APrM8fiaiWQA==</latexit>

u(t + 1) ! 2u(t) + u(t ! 1) = ! u2(t)
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<latexit sha1_base64="BRi3mfN70bvKeLa9vYxZhWBwumg="></latexit>

|øu(35) ! u27(35)| " 8.456# 10! 16
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Thank you for listening!!

DS25, May 2025                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                   ICMS, July 2026                                                                                                                                                                                                                                                                                                                   Juan Miranda                                                                                                  



<latexit sha1_base64="63z30pKzqK1hlB6/Lhoj4Xng47s=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclUR8LYtuXFaxD2hKmUxv2qGTBzM30hICbvwVNy4UcetPuPNvnLZZaOuBgcM593LnHC8WXKFtfxsLi0vLK6uFteL6xubWtrmzW1dRIhnUWCQi2fSoAsFDqCFHAc1YAg08AQ1vcD32Gw8gFY/CexzF0A5oL+Q+ZxS11DH33cCLhqmLMETPT+/ABwkhA5VlHbNkl+0JrHni5KREclQ75pfbjVgSQIhMUKVajh1jO6USOROQFd1EQUzZgPagpWlIA1DtdJIhs4600rX8SOoXojVRf2+kNFBqFHh6MqDYV7PeWPzPayXoX7ZTHsYJ6mDTQ34iLIyscSFWl0tgKEaaUCa5/qvF+lRShrq2oi7BmY08T+onZee8fHZ7Wqpc5XUUyAE5JMfEIRekQm5IldQII4/kmbySN+PJeDHejY/p6IKR7+yRPzA+fwBg75im</latexit>
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<latexit sha1_base64="J5N6+JsN1Fdd7B3vQTwT86n6tZI="></latexit>
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<latexit sha1_base64="jpwNSt399dDOhiLPlYO8sw2k+LY="></latexit>

Asymptotics and Borel Summability , O. Costin, 2008.

<latexit sha1_base64="PSt5jZ/ZoxHRBYCLuTf0V901m68="></latexit>

Lecture notes of Brent Pym (McGill) on Resurgence in Geometry and Physics.

<latexit sha1_base64="V/1XPeECUM+x9HvJFTAHWPf0u0c="></latexit>

Les fonctions r«esurgentes. Tome I, II et III , «Ecalle (1981, 1985)
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<latexit sha1_base64="G7sQ7bhnqi8kpjQKDPq8RSzT8+g="></latexit>

P. Bonckaert, P. De Maesschalck (2007) ÒGevrey normal forms of vector Þelds with one zero eigenvalueÓ,
<latexit sha1_base64="usWF/qz9X1EscQzF4VTa724OzRg=">AAAB+XicbVDLSgMxFM3UVx1foy7dBIvgqsx0UV22uhFBqGAf0A4lk8m0oZlkSDKFMvRP3LhQxK1/4s6/MdPOQlsPXDicc29y7wkSRpV23W+rtLG5tb1T3rX39g8Oj5zjk44SqcSkjQUTshcgRRjlpK2pZqSXSILigJFuMLnN/e6USEUFf9KzhPgxGnEaUYy0kYaOYw+4oDwkXNv3D82mPXQqbtVdAK4TryAVUKA1dL4GocBpbF7ADCnV99xE+xmSmmJG5vYgVSRBeIJGpG8oRzFRfrbYfA4vjBLCSEhTXMOF+nsiQ7FSszgwnTHSY7Xq5eJ/Xj/V0bWfUZ6kmnC8/ChKGdQC5jHAkEqCNZsZgrCkZleIx0girE1YeQje6snrpFOrevVq/bFWadwUcZTBGTgHl8ADV6AB7kALtAEGU/AMXsGblVkv1rv1sWwtWcXMKfgD6/MHfUySRg==</latexit>
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