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Overview:

¢ In this talk we will look at validated numerical methods for computing complex convolutions.

¢ Such convolutions appear when using the Borel Transform to study functional equations that
have solutions which are C'*° but not analytic as the Borel Transform turns products into convolutions.
These include parabolic center manifolds, solns. of heat type equations, Painlevé equations, ...

¢ As an illustrative example, we will focus on a “quadratic” Euler equation:
2’y +ytey’ ==z

¢ When the Borel Transform is applied to this equation we obtain the following:

zu(z) + u(z) + E/OZ u(w)u(z — w)dw =1
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Borel Resummation

Strategy for Borel Resummation:

Step 0: Move singularity to infinity by doing a change of variables.

Step 1: Take the Borel Transform of the equation.

Step 2: Study solution at 0.

Step 3: Analytically continue the solution to a set containing RT.

Step 4: Compute the Laplace Transform.
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An illustrative Example of Euler: [ Stratesy for Borel resummation:
. = Step zero: change variables so singularity is at infinity.
Consider the ODE

Borel transform your functional equation

ZEQy/ +y=u Study the (analytic) solution at the origin on C
| Analytically continue the solution to a set which contains the positive real axis.
¢ Change variables x — n Compute the Laplace transform.
Obtain
v -1
a7 T ¢ Analytic continuation of u(z)?
1
Lit"f]=(-1)"F™(s) and L[1] =~
[ f] ( ) (S) LI(C [] S U(Z)(]_—l—Z):l
1
— B[-y'(t)]=2B[y] and B 7= 1 Of '
o u(z)zlﬁ z # —1
Letting Bly] = u(z) T
zu(z) +ulz) =1
(2) + u(z) ¢ Since C\{—1} contains |0, 00) we define
has solution
0 > —tz d
u(z) = Z(—l)”z” analytic on |z] < 1 y(t) = Llu(z)] = /0 1+ 2 y
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An illustrative Example of Euler: [ Stratesy for Borel resummation:
. = Step zero: change variables so singularity is at infinity.
Consider the ODE

Borel transform your functional equation
/ . : -
ny +y=u Study the (analytic) solution at the origin on C

Analytically continue the solution to a set which contains the positive real axis.
Does it have a bounded solution at x = 07

N

y(z) =y (z) = Y (=1)"H(n— D"

n=1

y(z) — yN (2)] < (N + 1)1V +3

Compute the Laplace transform.

r=0.1 |y(0.1) —y (0.1)] <4.032 x 107°

(0.1) — y®(0.1)] < 3.6288 x 107°
(0.1) — 4”(0.1)] < 3.6288 x 10~°
(0.1) — y'°(0.1)] < 3.99168 x 10~

r = 0.05 |y(0.05) —4*(0.05)] <1.2x 107"

z = 0.025 [y(0.025) — y°?(0.025)] < 1.69 x 107'% |
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Dealing with Convolutions

Modification of Euler’s

¢ We now consider Euler’s equation with an extra quadratic term:

2y +y+ey’ =

¢ The term y? it’s introduces a convolution once we take the Borel transform, since in general we have:

LIf +g) = LIf1Llg), where (f +g) (2 / F(2 — w)g(w)du

¢ For € = 0, we have Euler’s equation 2%y’ + y = x which does not have a quadratic term, hence the equation
won’t contain a convolution once it’s transtorm.
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Modification of Euler’s (on D)
Step 0: Change of variables

1
¢ Apply change of variables to send singularity to infinity by setting x = 7

Then, the equation turns into:

Step 1: Borel Transform

¢ Take Borel Transform of equation.

Recall:
Lit"fl=(-1)"F"™(s) and L[1]= !

—  B[-y'(t)]=zB[y] and B % =1

So, the equation is transformed to:

zBly| + Bly] + eBly| * Bly] = 1 OR zu(z) + u(z) + 8/02 u(w)u(z — w)dw = 1, setting Bly| = u(z)
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Modification of Euler’s (on D)
Step 2: Solution at 0

Matching powers bellow: Yields:

(4 mn n an — n— .
)STEISH ORI o (z K) AT e e aKoss 0>
n=0 n=0 n=0 \k=0

1
where: K, i := / s"F1—-s)fds=B(n—-k+1,k+1).
0

So our goal is to obtain the error bounds for

y(#) — N ()] = |£[a] — L] = /Oooa(z) e_tzdz—/ooouN(z) et dlz| = /Ooo(ﬂ(z)—uN(z))e_tzdz -
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A Fixed Point Problem

let X be a Banach space, z € X, and T": X — X a continuously differentiable map. Assume there exists a constant Y and a non-
decreasingmap Z : [0, 00) — [0, 0c0) such that

IT(z) —
|DT(2)|| < Z(||z — Z||), Vz € X.

If there exists » > 0 such that

then 7" has a unique fixed point z* such that ||z* — Z|| < 7.

We make use of this Newton-Kantorovich type theorem, twice. One to obtain control of the tail in Dy,
and another for our continuation argument.



S0,
/O T la(z) — u (2)) et dz|

VAN
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A Fixed Point Problem

let X’ be a Banach space, z € X, and T : X — & a continuously differentiable map. Assume there exists a constant Y and a non-
decreasing map Z : [0, 00) — |0, c0) such that

HT(E) BB :EH < Y7
|IDT(z)|| < Z(||lz — z||), Vz e X.

If there exists » > 0 such that

Y—I—/ Z(s)ds <,
0

) < 1
then T has a unique fixed point z* such that ||z* — Z|| < r.
Define T as So I’ becomes
To = ag, Th(ao,...,0n_1)= an. T(a)==—S(a)—!S(a" a) + a &
And S, 9; Here, we are interested in obtaining a bound o
a such that
0 itn=0 1 ifn=1
S(a) = : 0 = o - (Al ) — 1! N Y —
Qp_1 1UHn>1 0 ifn+#1 T"(a )=!"T(a"+a )= a
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A Fixed Point Problem Note: The R here is the radius ofDy.

let X’ be a Banach space, z € X, and T : X — & a continuously differentiable map. Assume there exists a constant Y and a non-
decreasing map Z : [0, 00) — |0, c0) such that

HT(E) BB :EH < Y7
|IDT(z)|| < Z(||lz — z||), Vz e X.

If there exists » > 0 such that

Y—I—/ Z(s)ds <,
0

Z(r) <1,
then 7" has a unique fixed point z* such that ||z* — Z|| < r.
Consider T' the space!:' with norm "1, = ' _ |",|R". And note that T' can be written out as
. I | Jl .
! 19! |
So, we have uniqguear suchthat!a !;r | rolif DT 1= sup IDT' (1)(B)! in
"b'y g =1
! 2! IR |
Y + Z(s)ds=Y + R 1+N+2!aN!1,R o+ N+2I’8" o "!"'”S!"'NZiRZ!aN!l,R"‘NZiRZ”!l,R
0 2HR
' 'R+N+2(!aN!1,R+!!!1,R)
Y =laya!na + "% S@" $a" )R

= Zo('! '1R)
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A Fixed Point Problem

Continuation onto the real axis:

Debne the operatorH by

H [u](2) = 1iz- 11 OZ swu(z! W) dw

Consider the following space with the debned nort ! h! max = max{!h!,.,!h!.}

R

X:= h! A()[h™M©0)=0,n=0,...,N,"h" ey < #

Y Sh(M(0). ,,
h!y, = il (O)--R“, Lh!. =sup |h(2)|(1+ !?|z|*)e" ?]
" n=N +1 n z" |

OBizarro norm¢

We will do a NK type argument on the operator ¥ : X | X 9[h] = H[a" + h]! &"
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A Fixed Point Problem
Why the OBizarro normO

'h!y =sup |h(2)|(1+ ! %|z])e ¥ (P. Bonckaert, P. De Maesschalck 200’

z! 1

V4 I

u(w)v(z" w) dw g U 1

((u! v)(2)] =

|
|
! | !|Z||| nm on n 4
l"ol : L |z]e M u™y v a, 722, 1+ !2(%})2 dt
o ’ 4] l
= u(zt)v(z" zt) &z dt _ Lzl e 2 8 Hz|
> 1 |zt | | |z! zt] ’ S a! (4 +!2]z]?) arctan 2
u e Zt ) e z! zt |
# |Z| $ $: 2 2 a $\/?|2 " 2 dt l 4_" u" IIVII e! |Z|
o 1+ 1efztfs 11+ 1 2]z" zt| T VT a2z
1
# |zle' 12$u dt
[z]e ™ SuS Sv o L+ 121zt + 12|1z" zt|?)
- 1/ 2 1
= 2|z|le "“'$u dt 4l
I B R P D = UtV # —-lul v
# 2|z|e *1$us $v$ 4 dt

1+12(14z))2 , 1+ !12(z1)2
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. . — (n) /Ay — _ "
A Fixed Point Problem X = hlLAl)|Ih(0)=0,n=0,...,N,"h" max < #
. . . 3 ::h(n)(o) : n "z
Continuation onto the real axis: 'hly = ——R" 1hl. :szgp|h(z)|(1+ 121212y " 12!
n=N +1 !

B[h]= H[a" + h]! "

Hig + hl(z) = N az"+ _yu T (Dnz". =1 rii’[h](z)!Do(R) = TN (1),2"
nN=N +1
T |
. | . | |
'R[0]! py(ry,r = SUP ! T (0)nz" (1 + 1?z])e" " 1!

2! Do(R) *n= N +1 '

" osup T (0)nllz]"
z! Do(R) n= N +1

) T (0)n|R"
n=N +1

— YO

Note: Yy IS the same as theY from the previous proof



ICMS, July 2026

A Fixed Point Problem

Juan Miranda

X:= h! AC)[h™M©0)=0,n=0,...,N,"h" nay < #

I Th(M () ,,
Continuation onto the real axis: 'hly = . m(o)--R”, Ih!. :szgp|h(z)|(1+ 12122)e* " 12
n=N +1 .
9[h]= H[a" + h]! "
=" "+ ! " m— K [h](2)! =T ()"
HiB" + hl(2) =~ [ @z"+ oy T (a2 = [h](2)! (1 )nz

H[0] \ Do(R),! Sup

z! 1 \ Do(R)

$ sup

z! 1 \ Do(R)

$ %
1+ R?

Y1

@ #e)@)" 1+ 9 @) e

l l

L sup 1 1@ 4@ @+ 28 (@) "zie
"1+ Z° 5 1 \Dy(R)

117 18" #8V)(2)" 1+ 2)8" (2)!1 10y (r).
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. . — (n) /Ay — _ "
A Fixed Point Problem X = hlLAl)|Ih(0)=0,n=0,...,N,"h" max < #
Continuation onto the real axis: 'ty = T R5 thte=sup[h(2)|(L+ EEz)e
n=N +1 -

9Th] = H[g" + h]! &V

H[g" + h](z) = r'\]':O A !n:N+1 T (1),2z". — | 19 [h](2)! - T (1),2"

For the derivative we do the same approach of split and reus

DR[N] o, Ryt " Zo(!! 11R) = Zo(!h! 1) DR[N]y \po(r) = Sup !DIINIG \py(r),
gt =1 |
| oo |
Then, = sup | 1+2.z((ﬂN + h) #9),
IDH (M) max ™ Zo('h! max ) + Z1('h! max ) = B(!h! max ) o= " '\ Do(R).!
$ mms%Z! éi4dV+mdgh
g,=1 1+ R2 # B
So, there existsA ! X such that I19[B] = B and "B" .« [# 1 $ 0,8 (el + 1hi )
# 1+R2
P+ '2(s)ds! ry Y = max{ Yo, Y1} = Z1('h!y)
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Error Bound

Going back to our objective

| R | i " i
I I
wt) ! yN ()= |Llel! LNt T (Bo(2)! uN(z) € Pdzi+ | (8(2)! uN(2)€ Zdz]" ‘)
. O . R ®
: R ; R r . !
lao(z) ! uN(2)|e Zdz" ro€ 7 dz = 70(1! e R Why not 7
0 0 0
| N "tz o N e’ ,
| N : L He(2) N @D# g, , 1B w@le Fdzt Al g, e Tz
l@(z) ! uN (z)|e  dz ———el’le ¥ dz L ey
R (R 1+1 ‘Zi\# = #g! uN# 1+|222dz
. - 0 '
. g () . e
- 1+ 12R2 e (t" 1)z dz " riymin . 1+T222dz’ O o (t" 1)z 45
N 1 I'1 # (" 1)R =rymin{"/(2"), (! 1)}
it | 1+ 1 2RZ2 €

Putting it all together

. T0 1 | 1
w(t) !y (1)) —(1! e Rty 4 TR g (' DR



ICMS, July 2026 Juan Miranda

Some Computations

N =35,x=0.02R=0.2,! =40

! o 1 y(0.02)! y3>(0.02)] "
0.5 | 1.82169193391086& 10 34 | 5.982878018285794 10 '° 1.3643# 10 1°
0.75| 2.182511302790228 10 2° | 5.402480219404258 10 *2 1.1248# 10 1
1 | 1.105694178445778 10 2 | 5.332936946629158 10 ! 1.1104# 10 4
- o Note: For this example we could do a fully analytical proof by
ol | =1 ] taking advantage of the particularities of the operator, I.e
LR 1/1+ z, and using this as the center of our ball in function
1! o : space.
os L | N=35x=0.02R=0.2! =49
: | " ly(0.02)! y3°(0.02)| "
. 10 4 | 5.0089# 10 b 1.7363# 10 1°
s ‘ 10 7 | 5.0089# 10 °© 1.7362# 10 °
0.1 | 5.4557# 10 © 1.8802# 10 *°

| |
0 0.5 1 1.5 2 2.5 3 3.5 < 4.5 5
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Cubic Euler X°y' + y+ ly3 = x | zu(z)+ u(2)+ '(ul u!l u)(2) =1
N =35,x=0.0LR=0.41! =75

! o g y(0.01)! y3(0.01) "
0.5 | 5.52507938794249% 10 ° | 8.320748559069655 10 5.5419# 10 18
0.75 | 3.483447486489138 10 '° | 1.283977121916328 10 - 3.5093# 10 °
1 | 1.09193312092450# 10 7 | 1.775231538381258 10 ! 1.4497# 10 1°
renon Map X+ y!l x? We are looking for the curves parametrized by
%10 F(X,y)= y1 X2 | )}
4 b ) (t) — U (t)
i 1 2x 1 vy
DF (x,y) = 1 2 1 which satisfy the invariance equation
2 It \\ | .
| _ _u(t+1)
1 X F(u(t),v(t)) =
| DF (0.0) = (1) 1 (V) = i+ 1)
| such that
1 has double eigenvalue of .
d lim P(®)= g .
3 u(t+21) ! 2u(t)+ u(t! 1) =1 u?(t) tl =
| @(35) ! u®’(35)| " 8.456# 10 *°

} ; } (4 | ] i | |
-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03



Thank you for listening!!
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