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Stretch — Fold — Shear operator S

* F = {c(x) complex-valued function of a real
variable x € [—1,1]}

e S:F->F

ia(x—1) _ la(1—x) _
e Sc(x) =e 2 c(%)— e 2 c(l—x)
 a = 0 real parameter

* Model of magnetic field growth in kinematic
dynamo theory studied by Bayly, Childress and
Gilbert

 Eigenvalue A of modulus greater than one means
growing magnetic field leading to dynamo




Kinematic dynamo theory

* Induction equation:

0,B=V x(u xB)+ €V’B

where B magnetic field, u fluid flow, =1 is the
magnetic Reynolds number

u=ulx,yt) = (uyuyu,;) (planar flow case)

Magnetic field lines get stretched and folded
through the action of u,, u,,

Insufficient for dynamo because it is prone to
diffusive cancellation of the field

Shear in the z direction can align field so growth
can occur




Stretch-Fold-Shear mechanism

A.D. Gilbert/! Physica D 166 (2002) 167-196 169
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Fig. 1. The SF5 map. (a) Magnetic field depending on 7 1s stretched and folded with a baker’s map in the (x, v)-plane to give (b). In (c) the field
ornentation is shown in the (x, z)-plane, which after the shear operation gives (d). The effect of the SFS operations from (a) to (d) is to double
the magnitude of field vectors and partially bring like-signed field together.




Stretch — Fold — Shear model

e M:[-1,1]2 X R = [-1,1]2 X R, M = M), M
G(x—l),1+2y,z), y <0
(%(1_36)!1_2.)]!2)! yzo

(Folded Baker’s map)
* Msh (nyJZ) — (nyJZ + OfX)
« Shear in z direction, a = 0 real parameter

 Taking B(x,y,x) = e®*b(x)y + c.c. where b(x) is a
complex-valued function of x € [—1,1]
« The map M induces an operator T on b(x) which

In turn induces the operator S = T* on c(x), the
adjoint of b(x).

° MSF(nyJZ) —




Stretch — Fold — Shear operator S

* F = {c(x) complex-valued function of a real
variable x € [—1,1]}

e S:F->F

ia(x—1) _ la(1—x) _
e Sc(x) =e 2 c(%)— e 2 c(l—x)
 a = 0 real parameter

* Model of magnetic field growth in kinematic
dynamo theory studied by Bayly, Childress and
Gilbert

 Eigenvalue A of modulus greater than one means
growing magnetic field leading to dynamo
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Spectrum of S
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Properties of S, fora > 0

* Fora =0, the spectrum of S can be determined
exactly:

« 1, =1/4",n=0,1,2, ... with eigenfunctions c,, (x)
a polynomial of degree 2n + 1

 For a > 0, no known exact solutions except the
Bayly solution:

e c(x) =e@*xD) _oia(=X%) = 2 isina(x — 1), 1 =
e—ia:

« Other rigorous results only via computer-
assisted proof fora > 0




Gilbert’s Conjectures

« Fora>n/2, Shasan eigenvalue |A|>1 (and so
SFS produces a dynamo)

* For each eigenfunction family c(x;a)
parametrized by a, the limit lim_|1|= V2
In this work we make progress on the first of these
) conjectures.
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Main result

Theorem 1 (Computer assisted)

Let a € [0,5]. Then there exists an eigenvalue-
eigenfunction pair (A, c(x)) of the operator
S satisfying the following:

* c¢(x) is analytic on D,. (disc about 0 of radius r),
for somer > 1.

e Fora€e|0,m/2), |A] < 1.
e Fora € (/2,5], |A|] > 1.
e Fora =n/2, A = —i.

Proof based on two separate but related results




et = ¢ (552) — e (55

Eigenfunctions can be determined in terms of
Bernoulli polynomials via generating function

Din— ocn(x)— = G(x,t) where

o 2t (e(x 1)t __ e(l—x)t)
G(x,t) e2t_o—2t

SG(x,t) = 2G (x, g) functional equation

227B, () (n odd)
0 (n even)
A, =1/2"1 (n odd), 0 (n even)

Cn (x) =




Zeros of c,,(x) (after Mangual ‘07)
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Results away from a = /2

Theorem 2 (Computer assisted)

Let a € |0,5]. Then there exists an eigenvalue-
eigenfunction pair (A, c(x)) of the operator S
satisfying the following:

* c(x) Is analytic on D,. for some r > 1.
« Fora €[0,1.5705], |A] < 1.
« Fora €[1571,5], |1] > 1.
 Fora € |1.5705,1.571], |A| € [0.99624,1.00374].




Description of Proof Method

* Define a map G: CXF - CXF by
GAc) = (c(0)—1, (S — No)
* Normalise eigenfunctions via c(0) = 1

* A normalised eigenvalue-eigenfunction pair
(A, ¢) satisfies G(4,c) = (0,0)

* For fixed a = 0, prove existence of
eigenvalue-eigenfunction pair via Newton
iteration scheme

A c) > (A c) —dGo G, c)




Description of Proof method I

« Start from a = ¢y, = 0 and choose an initial
eigenvalue-eigenfunction pair (i.e.

(4%, cn(x))for some n)

 Working on a sequence of small intervals
la;_1,a;], i = 1, find an approximate
eigenfunction-eigenvalue pair (4;, ¢;(x))

« Use rigorous numerical functional analysis to
show that for all @ € [a;_4, a;] there exists an
eigenfunction-eigenvalue pair (1,c(x)) in a
ball around (4;, ¢;(x))

« Repeat with the next interval

 Rigorous numerical functional analysis
implemented in Julia




Results around a = /2

Theorem 3 (computer assisted) Let a €
[1.5705,1.571]. Then there exists an eigenvalue-
eigenfunction pair (A, ¢(x)) of S such that:

« 1€ [—-0.00375,0.00375] +i[—1.00375,—0.99625]

+ |A] € [0.99624,1.00374]
» Ifa €[1.5705,7), |A| < 1

e Ifa € [§,1.571], 12| > 1
-ﬁa=;l=—i

The eigenfunction in the case a = —is the Bayly
example




The operator S

Around a = =, to avoid the Bayly family, write
c(x) =(x— 1)(x + 1)¢(x). Then
Sc(x) = (x — 1)(x + 1)Sé(x) where

R x—3

5¢(x) = ((x—l))

//ﬁ?

(el é(x)] (x; 1)




Proof method around o« = 7t /2

Find an approximate eigenvalue-eigenfunction pair
(4,¢(x)) and show that there is a ball B on which for all
a € [1.5705,1.571] there is a unique eigenvalue-

eigenfunction pair. Note that: ~ € [1.5705,1.571]

Show that the Bayly example is in this ball (next slide)

From the Implicit function theorem deduce that there is a
unique smooth family of eigenvalue-eigenfunction pairs
for a € [1.5705,1.571]

Find an approximation to the pair (4,¢(x)) = (di Z;

and. and show that there is a ball which contains
(4, é(x)) for all a € [1.5705,1.571]

)

|2

Show that

> ( for all @ € [1.5705,1.571]




Bayly example

Bayly example at a =
c(x) = —sinm(x —1)/2

Using the Euler product for sine:
2

. X
SN TX = TX 1_[ 1 _ﬁ

|N|=l

k=1
we write
cx) =(x—1)(x+1)é(x)
where
n 3— . —1)2
e(x) == " 23 ) ol ( 1 - (x4k2)

)




Challenges

Computational complexity increases fast as «a
increases so current computer-assisted proof
soon becomes computationally infeasible. Can
this be overcome?

Difficulties in choosing the values of the
parameters (degree of truncation, precision of
calculations, size of intervals)

How can we deal the case when a — 0?
Is there a non-computer-assisted method?




Thanks for listening/Questions

Thank You!
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