Computer-assisted proofs for periodic solutions in

state-dependent delay equations

Jean-Philippe Lessard
McGill

UNIVERSITY

Joint work with

-

&_‘7‘
e

S
‘.

‘!(

?" ey e
L = |

< ,.

- ® 5
»
-
-'é;'_-_" s b

WA

M. Breden M. Cadiot K. Church
VU Amsterdam  Polytechnigue Polytechnigue CRM, Montreal

Validated Numerics for Computéssisted Proofs
ICMS, Bayes Centre, Edinburgti,0aJuly 2026



Outline

I. State-dependent delay equations: motivation and challenges

Il. Computer-assisted proofs and a Newton—Kantorovich strategy
I1l. A zero-finding problem for periodic orbits of forced SDDEs
IV. Fourier coefficients of u(t — ¢y — cou(t)): the main technical tool
V. Three model problems: forced, autonomous, threshold

VI. Conclusion and ongoing work



Delay equations as infinite dimensional dynamical systems

Delay differential equations (DDEs), in their simplest form, are expressed as

u'(t) = f(u(t), u(t — 1))

where 7 > 0 is the (constant) delay and where f : Uy x Uy — R"™ is smooth (U; C R™ open).
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ex: ' (t) = —Fy(t — 1)(1 +y(t))
oo—dimensional dynamical system
Phase space: C'(|—1,0])




Delay equations as infinite dimensional dynamical systems

Delay differential equations (DDEs), in their simplest form, are expressed as

u'(t) = f(u(t), u(t— 1))

where 7 > 0 is the (constant) delay and where f : Uy x Us — R" is smooth (U; C R™ open).

Let yo € C([—7,0],R%) an initial condition. The function y;: [0, 7] — R® is a solution of the DDE on
0, 7] if it is the unique fixed point of the operator

T'(y1,%0)(t) = 3o (0 / f(y1(s),yo(s — 7)) ds, t e |0,7].

Y1 = T(y1 : yO) (the step map)

\M\ F(yO) = Y1
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Delay equations as infinite dimensional dynamical systems

y'(t) = =3yt — 1)(1 +y(¢))
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Delay equations as infinite dimensional dynamical systems
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Computer-assisted proofs in delay equations with constant delays

® Periodic solutions (van den Berg, Church, Groothede, Kiss, L., Minamoto, Mireles-James, Nakao,
Qishi, Szczelina, Zgliczynski)

® Wright's conjecture (van den Berg, Banhelyi, Csendes, Jaquette, Krisztin, Neumaier)
® Jones' conjecture (Jaquette, L., Mischaikow)

® Step maps via Chebyshev series (L. & Mireles-James)

® Stability, Hopf bifurcations (Church, L., Mireles-James)

® Unstable manifolds of equilibria & periodic orbits (Hénot, L. & Mireles-James)

® Chaos in constant delay perturbations of ODEs (Szczelina & Gierzkiewicz)

® Towards chaos in Mackey-Glass.....



State-dependent delay equations: motivation and challenges

An example of a scalar state-dependent delay equation (SDDE) is given by

u'(t) = G(¢t, u(t), u(t —7(u(t))))

with G smooth and the delay 7(u(t)) depending on the current state.
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State-dependent delay equations: motivation and challenges

An example of a scalar state-dependent delay equation (SDDE) is given by

u'(t) = G(¢t, u(t), u(t —7(u(t))))

with G smooth and the delay 7(u(t)) depending on the current state.
Key feature: the time lag connecting present and past is governed by the unknown itself.

A few places where SDDEs arise:

® Electrodynamics: charged particles interact via signals propagating at finite speed. In this case,
the delay = distance / c.

® Population dynamics: maturation / reproduction times depend on density.
®* Physiology: differentiation delays vary with hormone or blood-cell concentrations.

* Engineering: position-dependent tool speed in turning / milling.



Why are SDDEs hard?

Contrast with ODEs, parabolic PDEs and DDEs with constant delays, which generate a semi-flow.
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® the nonlinearity u — u(- — 7(u(-))) is a composition operator, which behaves badly on classical
function spaces, especially spaces of analytic functions.



Why are SDDEs hard?

Contrast with ODEs, parabolic PDEs and DDEs with constant delays, which generate a semi-flow.

For SDDEs, even basic dynamical questions are delicate:

® some SDDEs fail to generate a semi-flow at all
® when they do, the phase space is an infinite-dimensional Banach manifold

* regularity of the semi-flow and existence/structure of invariant manifolds remain open in significant
generality

® the nonlinearity u — u(- — 7(u(-))) is a composition operator, which behaves badly on classical
function spaces, especially spaces of analytic functions.

References: Walther (2003), Hartung, Krisztin, Walther & Wu (2006), Krisztin & Walther (2017)



Periodic solutions of SDDEs

Analytical features that fail to transfer from constant-delay DDEs
® Periodic solutions of analytic constant-delay DDEs are themselves analytic (Nussbaum, 1973)

® For SDDEs, analyticity vs. non-analyticity is much more subtle (Mallet-Paret & Nussbaum, 2014)
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Analytical features that fail to transfer from constant-delay DDEs

® Periodic solutions of analytic constant-delay DDEs are themselves analytic (Nussbaum, 1973)

® For SDDEs, analyticity vs. non-analyticity is much more subtle (Mallet-Paret & Nussbaum, 2014)
Computational /numerical approaches for periodic solutions

® Hopf bifurcations for SDDEs (Calleja, Humphries & Krauskopf, 2017)

® Parameterization method for SDDE perturbations of ODEs (de la Llave, Gimeno & Yang, 2021)

® Projection of SDDEs via Lagrange-Chebyshev interpolation (Mireles-James, Motta & Naudot, '25)

® Picard operator & multiple-shooting method (Corbet & Naudot, 2025, 2026)

® Convergence of pseudo-spectral collocation (Ando & Sieber, 2025)



Periodic solutions of SDDEs

Analytical features that fail to transfer from constant-delay DDEs
® Periodic solutions of analytic constant-delay DDEs are themselves analytic (Nussbaum, 1973)
® For SDDEs, analyticity vs. non-analyticity is much more subtle (Mallet-Paret & Nussbaum, 2014)
Computational /numerical approaches for periodic solutions
® Hopf bifurcations for SDDEs (Calleja, Humphries & Krauskopf, 2017)
® Parameterization method for SDDE perturbations of ODEs (de la Llave, Gimeno & Yang, 2021)
® Projection of SDDEs via Lagrange-Chebyshev interpolation (Mireles-James, Motta & Naudot, '25)
® Picard operator & multiple-shooting method (Corbet & Naudot, 2025, 2026)
® Convergence of pseudo-spectral collocation (Ando & Sieber, 2025)
Computer-assisted proofs (CAPs) in SDDEs
* Validated integration of SDDEs (Church, 2022)
® Periodic solutions of SDDE perturbations of ODEs (Gimeno, L. Mireles-James & Yang, '23)
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Our main goal

We propose a constructive, computer-assisted method that

(A) produces a rigorous proof of existence of periodic solutions in genuinely state-dependent delay
equations

(B) does not rely on perturbative reductions to ODEs or DDEs with constant delays

Ingredients:

® Recast the problem as F(x) = 0 in a low-regularity Banach space (Céer)

® Fourier expansion of candidate periodic orbits

® Rigorous enclosure of Fourier coefficients of composition terms via contour integrals, FFT with
interval arithmetic, and the discrete Poisson formula

® Newton—Kantorovich argument with explicit computational bounds obtained from the Fourier setup

For SDDEs, the main difficulty: bounding terms of the form u(t — 7(wu(t))) rigorously.

® Renormalization (Lanford, Breden, Gonzalez, Mireles-James, Burbanks, Pickett, Rahman)



A Newton—Kantorovich theorem

Theorem (Newton—Kantorovich)

Let (X,|| - ||x) be a Banach space, F: X — X of class C', z € X and A € B(X). Fixr, > 0 and
assume that the non-negative constants Y, /1, Zo satisfy

|AF(Z)||x <Y

|1 — ADF(@)|5(x) < Z:
|A[DF() ~ DF(@)]llpx) < Zellz —2lx, = —2llx < ..

If there exists ro € (0, r,] with

Y + Zirg + %ZQ’I"% < 70, /1 + Zorg < 1,

then F' has a unique zero = € B, (Z) C X.
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Consider the forced scalar toy SDDE model
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Theorem (Zeros of [ are periodic solutions)

F: X — X is well-defined and Fréchet differentiable. If F(5,u) = 0, then u is a smooth 2w-periodic
solution of the SDDE.



A zero-finding problem for periodic orbits

Consider the forced scalar toy SDDE model

W (t) = g(u)(t) = —u(t) — cru(t — 1 — cou(t)) + cos(t) + sin(t)

(The forcing fixes the period; unknown period treated in Examples 2 & 3.)
Let X = R x Cl,([—m, @), Mu & L [T w(s)ds, (Liu)(t) £ [° (u(s) — Mu)ds.
Define F: X — X by

F(8,u) “ ( Mg(u) )

u— B —Lig(u)

Theorem (Zeros of [ are periodic solutions)

F: X — X is well-defined and Fréchet differentiable. If F(5,u) = 0, then u is a smooth 2w-periodic
solution of the SDDE.

Idea: Mig(u) = 0 forces g(u) to have zero average, so IL1g(u) is a genuine antiderivative; the second
equation gives v’ = g(u).
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Finite-dimensional projection, numerics, approximate inverse & bounds

Fix N € N and let v € C}.([—m,7]), which admits a Fourier series u(t) =", ., Une'™.
Decompose u = m<Nu + 72Ny, where 7<Ny(t) = D in|<N Upe™.

Step 1 (numerical): apply Newton's method in finite precision to 7<YF (7<) = 0 to produce an
approximate zero Z = (3,1) € X<V = R x m<NCL o ([—m, 7).

Step 2 (approximate inverse): DF(z) = I + K with K compact. Write

A = ASV 4 7>V

with ASYN : XN 5 X<V 3 numerical inverse of 7<% DF(z)n=¥ .

Step 3: bound Y, Z1, Z5 rigorously in Fourier space:
* Y bound: ||AF(Z)||x <Y using ||ullcc < ||U||;2 (needs the Fourier coefficients of the composition)

® Z; bound: uses a Lebesgue-constant estimate |77V h| o < 2| A/ || o

® /5 bound: Lipschitz bound on the composition nonlinearity



The composition challenge: Fourier coefficients of w(t — 1 — cou(t))

Given a trigonometric polynomial @(¢) = ), <y U,e™, enclose the Fourier coefficients V,, of

v(t) = u(t—1—cou(t)) = Z Vet
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Assume v is analytic on the strip S; = {|Sz2| < p =1In(¥)} with v > 1.




The composition challenge: Fourier coefficients of u(t — 1 — cou(t))

Given a trigonometric polynomial @(t) = ), <n U,e™, enclose the Fourier coefficients V,, of
o(t) Z a(t—1—cou(t)) = Y Vye™.
nel

def

Assume v is analytic on the strip S; = {|Sz2| < p =1In(¥)} with v > 1.

Two-step enclosure:
* (Tail) for |n| > Nias1: prove |V,| < C/D'”| via contour integrals

* (Finite) for |n| < Niai1: compute V,, by FFT in interval arithmetic + rigorous aliasing control
via the discrete Poisson formula






