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A problem is solved if its numerical
integration allows to obtain the
solution with precision

Lambert, 1767
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Three-body problem, the Eight and choreographies

- - mimj
Equations of motion m.g.=— V.U(q), U(g) = — Z H H
q4i — 4;

i<j
18th-century

Euler (collinear configuration) 1767

Lagrange (equilateral triangle) 1772

... Skipping 200+ years of celestial mechanics...
1993: Moore discovers numerically the Eight (equal mass)

2000: Chenciner & Montgomery prove its existence




Three-body problem, the Eight and choreographies

2000s: a zoo of choreographies computed notably by Carles Simo

Three bodies chasing each other along a closed curve

q5(1) = g,(t + 7)

New Families of Solutions in
N-body Problems, 2001
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The three | ; families

Setting Rotation €2 (parameter) of the inertial frame around a fixed axis
Families of (relative) choreographies bifurcating from the Eight

(in the yOz) plane in inertial frame (€2 = 0)

Theorem (Chenciner, Féjoz, Montgomery, 2005)

Three families I'|, I ,, I'; bifurcate from the Eight at {2 = 0, one per axis

Each family has a symmetry group isomorphic to Dy



The three | ; families

[, rotation around Oz




The three | ; families

I, rotation around Oy




The three | ; families

|5 rotation around Ox
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Today’s question

What is the fate of the three I ; branches bifurcating from the Eight?

L« Global continuation problem, computational in nature

Roadmap

> A posteriori validation method
|, = P, (proof of Marchal’s conjecture)

> |5 and its relationship with 1
> Comments and | ;



. A posteriori validation methods

Setup ““‘-lr--.,..’
4
« F: X — X between Banach spaces & %
* numerical approximation x of a zero of [ . r ‘:
. Approximate inverse A ~ DF(X)™! -“ .'.
“ ..
2 L 4
0‘ ‘0
Fixed points of 7(x) = x — AF(x) are zeros of I Y o’

Strategy

contraction on a closed ball B(x, r)

Banach fixed point theorem implies the existence of an exact solution in B(X, r)



. A posteriori validation methods

Three bounds
IAF(X)|| £ Y ————— > accuracyofx

|IADF(x)-1I|| £ 2, ————————— qualityof A
|A(DF(x) — DF(x))|| £ % ||x — x|, x € B(x, R) —— local control on the nonlinearities

Quantity R = maximum error threshold

Radii polynomial p() =Y —r(1 = Z)+= Zy(R)

Theorem |f there exists r € [0,R] such that JP() =0
Zi+2,(R)r <1

then F has a unique zero in B(X, r)

Where is the computer? pure mathematical argument behind this type of CAPs
BUT we hope to work with complicated X using the computer



. A posteriori validation methods: a toy example

Cube root of 2
Setup 0=F(x)=x>—2 X=X=R

)'cz\3/§

A~ (3x)~!

Bounds |AF®)|=|AX-2)|=Y , | . .
Rigorous floating-point computations

|1 —ADF(x)| = |1 -AQGX)| = Z, with interval arithmetic

| A(DF(x) — DF(%))| = 3|A(x — ©)(x + X)|
<3|A|2]|X| +R)|x—X|

Z,(R)



. A posteriori validation methods: a toy example VERSION 2

Cube root function 0=F(x,A)=x>—-2—2, le[-1,1]
Chebyshev polynomials  7i(cos(6)) = cos(k0)

Ansatz x(1) = x+2 ) xTi(A)
k>1

X=X=1{x} eRY: |lxlx=lxl+2) x| <o
k>1
F(x) = x® — 2ey — ey, ep(d) =1, e/(1) =4
1 0
. 0 1/2 .
IN Seq. space €y = e = product of Cheb. poly. ® : XXX - X



A posteriori validation methods: a toy example VERSION 2

Interpolation AV = — cos <]E> 7 \3/2 1 10)

X(A) = X, + 2 Z 5T (A)
k>1

For the approximate inverse A

[DF (X)h)(A) = [DF(X(A), D),  DFEQA),4) = 3%A)°

-1
need to find an approximation of the function A (3)’6(/1)2)

. . _1
AW (3 ()_c(J)>2) A(s) = Ag+ 2 ZAka(s)
k>1
Then M, ~ D (X) since

(M,DF(X)h = (A@ DF(&(-),-)) ®h~h



. A posteriori validation methods: a toy example VERSION 2

Bounds
IMyF D)y = 1A ® (X —2¢y—e)llx <Y
|1 = M\DF ®)ll gx) = lleg — A ® (3592) Iy < Z,
|My(DF(x) = DF @)l x) < 3MAlQIIZI + R)llx — %l
Z»(R)
Consequences ,
fp(r)=Y—-r(l —-2) +%Z2 <0and Z, +rZ, <1, then we

have the existence of a function such that F(x(4),4) = 0

no bifurcation can occur along the solution curve (IFT)



Il. Fate Of Fl( — Plz)

Marchal (1990s) numerical continuation from the Lagrange triangle €2 = 1

(travelled twice in one period)

Marchal’s conjecture (1999)

The Lagrange triangle and the Eight belong to
the same continuation class

Theorem (Calleja, Garcia-Azpeitia, H, Lessard,
Mireles James [2026])




Il. Fate Of Fl( — Plz)

The proven branch is 1/4 of
the full I | family




Il. Fate Of Fl( — Plz)

How the proof works...

U-—ejgt- U-—U(t+ﬂ°)—SjU U=U
— q j— Y3 3]_ ’ — Y3

) A ) A 1 0 0 A 0 -1 0
U—-2QJU — Q?*IU = forces, I:=1010), J:=11 0 0

0 0 0O 0 0 O



Il. Fate Of Fl( — Plz)

Imposing the symmetries of 1 | does not remove all bifurcations
sing. at the Lagrange triangle (LT homographic family): blow-up U, = au,

sing. at the Eight (x-translation invariance): impose zero average in time of U

2 u—Sju B
pe, QIu+2QJu+u+Z 3—0

21
u,(0,s) —1 =0, J UJ(t,s)dt =0, u=U,,U,u,)
0



Il. Fate Of Fl( — Plz)

By conservation of linear momentum in the x-direction, / = O for periodic solutions

N RS =
— .+ , € [
0 ] U= U1

j=1

Thus (for a periodic solution u)

27 3
0= J S/ <ﬂex _ QU + 2QJU. e1> dt = 61
1

0 j=



lll. Fate of I

[work in progress with Renato Calleja, Alain Chenciner & Jacques Féjoz]
Chenciner, Féjoz, Montgomery (Rotating Eights | [2005]) gave I , numerically

What was missed: The branch
passes through a bifurcation




Ill. Fate of I

Meanwhile...

Terracini and Arioli found a mountain-pass critical point of the action at {2 = 3/2

They continued in €2 towards P;,( = 1) but did not reach the bifurcation point

What was missed: up to a rotation of the frame, this branch is (we claim) I,



Ill. Fate of I

Rotating Eight version |l

I’y and I, are connected through
A symmetry-breaking bifurcation at some €2, near 0.94, and

three and a half turns around the Oz axis during the half period 77/2



lll. Fate of I




IV. Commentsand | ;

There seems to be at least one other bifurcation along I

|—o Where does it go?

I'5 (planar family) is expected to have a collision

| o |f two body are colliding we could regularize and see what
lies beyond the collision
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