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.
Stochastic Differential Equations (SDEs)

Consider a stochastic differential on M = T9  R%, withd =d; +d,
de(1;x) =V (Te(1;x))dt + dBi(1); Zo(1;x) =X

with smooth vector field V. on M, > 0and (B;); ¢ is a d-dimensional
Brownian motion on a probability space ( ;P).
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de(1;x) =V (Te(1;x))dt + dBi(1); Zo(1;x) =X

with smooth vector field V. on M, > 0and (B;); ¢ is a d-dimensional
Brownian motion on a probability space ( ;P). Formally,
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(Lix)=x+  V(C (I;x)d + Bi(1) forallt O
0
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Stochastic Differential Equations (SDEs)

Consider a stochastic differential on M = T9  R%, withd =d; +d,
de(1;x) =V (Te(1;x))dt + dBi(1); Zo(1;x) =X

with smooth vector field V. on M, > 0and (B;); ¢ is a d-dimensional
Brownian motion on a probability space ( ;P). Formally,

z
(X)) =x+ tV(’ (1;x))d + B(1) forallt O
0

You can think of Euler’s integration method
e (1) (M) V() t+ 0 Bi(Y);

with By N(O; tld).
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.
Stochastic Differential Equations (SDEs)

Consider a stochastic differential on M = T9  R%, withd =d; +d,
de(1;x) =V (Te(1;x))dt + dBi(1); Zo(1;x) =X

with smooth vector field V. on M, > 0and (B;); ¢ is a d-dimensional
Brownian motion on a probability space ( ;P). Formally,

z
(X)) =x+ tV(’ (1;x))d + B(1) forallt O
0

You can think of Euler’s integration method

Tee (D) (D) HVE(T) t+ 0 B(Y);

with By N(O; tld).
Note that (") o is a Markov process.
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e
Stochastic flows

Given a stochastic differential on M = T4 R%
d7¢(1;x) =V ((1;x))dt + dB; Zo(1;x) =x
For P-almostall ! 2 andt O,

(1) M I M is adiffeomorphism.
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e
Stochastic flows

Given a stochastic differential on M = T4 R®%
d7¢(1;x) =V ((1;x))dt + dB; Zo(1;x) =x
For P-almostall ' 2 andt O,
(1) M I M is adiffeomorphism.
We are interested in this diffeomorphismast ¥ 1, e.g. givenx &Y,

I7e(5x) T(hy)i B ?
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e
Stochastic flows

Given a stochastic differential on M = T4 R®%
d7¢(1;x) =V ((1;x))dt + dB; Zo(1;x) =x
For P-almostall ' 2 andt O,
(1) M I M is adiffeomorphism.
We are interested in this diffeomorphismast ¥ 1, e.g. givenx &Y,
Id(x) T(hy)

All pathwise statements in this talk are P-almost surely!
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Example: the cellular flow with sinks
Consider the cellular flow with sinks

dx; = ( cosx; cosy;)sinxdt+ dB/
dy: = ( cosy; +cosx;)siny.dt + dB?

with ; =>0.
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Synchronisation vs Chaos
dxe = ( cosx cosy)sinxdt+ dB/
dy: = ( cosy; +cosx;)siny.dt + dB?

=1=2; =1=4: Synchronisation =1=2; = 2: Chaos
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.
The Lyapunov exponent
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.
The Lyapunov exponent

Define the Lyapunov exponent

y
'. . — H — Ed l-
(1;x;v) tl;nit logkD ”¢(1;x)vk
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.
The Lyapunov exponent

Define the Lyapunov exponent
1
1- . — 1 _ » 1
(1;x;v) tI;m1 n logkD ”¢(1;x)vk

(1;x;v) is well-defined and constant under some ergodicity as-
sumptions.
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Lyapunov exponent for our example
C :
dx; = ( cosx; cosyi)sinx.dt + dBt1
dy: = ( cosy; +cosx;)siny.dt + dBZ
=i
te

1
_ * (1

nltlong t(1;x)vk

=1=2; =1=4: 0:43<0 =1=2; = 2: 0:056>0

o 250 500 750 1000 ) 250 500 750 1000
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e
Noise-induced chaos

Recall the cellular flow with sinks on T2

dxe = ( cosx; cosy;)sinxdt+ dB/
dy: = ( cosy; +cosx;)siny.dt + dB2

The vast majority of results on the positivity of the Lyapunov expo-
nent for stochastic flows are:
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nent for stochastic flows are:

m for Hamiltonian/volume-preserving systems: not true if & 0.
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e
Noise-induced chaos

Recall the cellular flow with sinks on T2

dxe = ( cosx; cosy;)sinxdt+ dB/
dy: = ( cosy; +cosx;)siny.dt + dB2

The vast majority of results on the positivity of the Lyapunov expo-
nent for stochastic flows are:

m for Hamiltonian/volume-preserving systems: not true if & 0.

m in the small noise limit 0: ckgﬁrly, < 0 for small noise and
we wantto show =>O0for = 2
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Noise-induced chaos
Recall the cellular flow with sinks on T2

dxe = ( cosx; cosy;)sinxdt+ dB/
dy: = ( cosy; +cosx;)siny.dt + dB2
The vast majority of results on the positivity of the Lyapunov expo-
nent for stochastic flows are:
m for Hamiltonian/volume-preserving systems: not true if & 0.

m in the small noise limit 0: ckgﬁrly, < 0 for small noise and
we wantto show =>O0for = 2

Idea: use computer-assisted methods! They work far from perturb-
ative regimes.
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e
Noise-induced chaos

Recall the cellular flow with sinks on T2

dxe = ( cosx; cosy;)sinxdt+ dB/
dy: = ( cosy; +cosx;)siny.dt + dB2

The vast majority of results on the positivity of the Lyapunov expo-
nent for stochastic flows are:

m for Hamiltonian/volume-preserving systems: not true if & 0.

m in the small noise limit 0: ckgﬁrly, < 0 for small noise and
we wantto show =>O0for = 2

Idea: use computer-assisted methods! They work far from perturb-
ative regimes.

Some other works on sign of Lyapunov exponents: Baxendale, Goukasian
(AOP, 2002); Pollicott (Invent. Math. 2010); Bedrossian, Blumenthal,
Punshon-Smith (Invent. Math. 2022, ICM 2022); Baxendale (PTRF,
2024)
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-
How to compute Lyapunov exponents?

Recall
Z,
"(hx)=x+ V(I x)d + B (D forallt O
0

Hugo Chu Rigorous enclosure of Lyapunov exponents 7th July 2026 9/32



How to compute Lyapunov exponents?
Recall
z t
"(hx)=x+ V(I x)d + B (D forallt O
0

Forv 2 S%1 | write

D' ((5; x)v

di1 .
kD' {(!; x)vk 28

%(x;v) =kD" (K x)vk s (hx;v) =
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-
How to compute Lyapunov exponents?

Recall
Z,
"(hx)=x+ V(I Gx)d + B () forallt O
0

Forv 2 S%1 | write

D' ((5; x)v

— et pgdl
kD' ¢(I; x)vk S

%(x;v) =kD" (K x)vk s (hx;v) =

Since Z,
D' ((5x)=Id+ Dv( (4 x)D' (' x)d
0
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-
How to compute Lyapunov exponents?

Recall
Z,
"(hx)=x+ V(I Gx)d + B () forallt O
0

Forv 2 S%1 | write

D' ((5; x)v

— et pgdl
kD' ¢(I; x)vk S

%(x;v) =kD" (K x)vk s (hx;v) =

Since Z,
D' {(I;x)=1Id+ Dv( (x)b' (h;x)d
0
the chain rule shows that

ds
T;:DV(. 1)St Q( ¢ St)st;

where Q(x;s) = hDV (x)s; si.
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-
The projective process

We have (
d ¢ =V( dt+ B ()
dSt :[DV(' t)St (g(I t;St)St]dt

where Q(x;s) = hDV(x)s;si and similarly for %(!; x;v) =k D" {(!; x)vk

z
dlog % !
= us) 0 % (e QU is)d:
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-
The projective process

We have (
d ¢ =V( dt+ B ()
dSt :[DV(' t)St (g(I t;St)St]dt

where Q(x;s) = hDV(x)s;si and similarly for %(!; x;v) =k D" {(!; x)vk

z
dlog % !
= us) 0 % (e QU is)d:

Then 7

= lim 1Io %= lim 1 tQ(' ;s )d:
TAT p 9T t o ' '
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-
The projective process

We have (
d ¢ =V( dt+ B ()
dSt :[DV(' t)St (g(I t;St)St]dt

where Q(x;s) = hDV(x)s;si and similarly for %(!; x;v) =k D" {(!; x)vk

dlog% .. . _ Z . _
at =Q( us) 0 % t—eXpoQ( ;s )d:

Then 7

= lim 1Io %= lim 1 tQ(' ;s )d:
TAT p 9T t o ' '

Thus, is atime-average over the Markov process (' ¢;St)to ON
M S 91 which is called the projective process.
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-
The Furstenberg—Khasminskii formula

d¢ =V( dt+ dB (!)
ds; =[DV( t)st Q( t;st)seldt

where Q(x;s) = hDV (x)s; si and
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-
The Furstenberg—Khasminskii formula

d ¢ =V( dt+ dB ()
ds; =[DV( ¢)st Q( 1t st)sildt

where Q(x;s) = hDV (x)s; si and
R
= I{’nlq T . Q( ;s )d:
The projective process (' ;St)to IS said to be ergodic if there exists
a unique stationary probability densityp: M S 91 I'R . such that

for all measurableA M S 91
Z Z

P((" t(;x);st(;X%;8)) 2 A)p(x;s)dxds = p(x;s)dxds:
Ms di A
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-
The Furstenberg—Khasminskii formula

d ¢ =V( dt+ dB ()
ds; =[DV( ¢)st Q( 1t st)sildt

where Q(x;s) = hDV (x)s; si and
R
= I{’nlq T . Q( ;s )d:
The projective process (' ;St)to IS said to be ergodic if there exists
a unique stationary probability densityp: M S 91 I'R . such that

for all measurableA M S 91
Z Z

P(( t(;x);st(;x;8)) 2 A)p(x;s)dxds = p(x; s)dxds:
Ms di A
Under this assumption, by Birkhoff's ergodic theorem,
z, z

= lim 1 QC ;s ) = Q(x;s)p(x;s)dxds
t1 t 0 MS d1
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-
The Fokker—Planck equation

( d ¢ =V( dt+ dB ()
dsi =h( ;s)dt

where h(x;s) = DV (x)s + hDV(x)s;si.
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The Fokker—Planck equation

d ¢ =V( dt+ dB ()
dSt = h(I t;St)dt
where h(x;s) = DV (x)s + hDV(x)s;si. The process (' t;St)to IS
ergodic if there exists a unique probability solution p to the stationary

Fokker—Planck equation
L p=0;
where

2
Lp=r x (Vp) r s (hp)+ 5 xP:

Hugo Chu
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-
The Fokker—Planck equation

( d ¢ =V( dt+ dB ()
dsi =h( ;s)dt

where h(x;s) = DV (x)s + hDV(x)s;si. The process (' t;St)to IS
ergodic if there exists a unique probability solution p to the stationary
Fokker—Planck equation

where
2

Lp=r x (Vp) r s (hp)+ 5 xP:

In this talk, we assume that the existence, uniqueness and smooth-
ness of p which are however non-trivial.
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-
Can we solve the Fokker—Planck equation?

Recall that we want to compute
Z
= Q(x; s)p(x;s)dxds
MS di

where p satis es the stationary Fokker—Planck equation

2
Lp=r x (Vp) r s (hp)+ 5 xp =0:
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Can we solve the Fokker—Planck equation?

Recall that we want to compute
Z
= Q(x; s)p(x;s)dxds
MS di

where p satis es the stationary Fokker—Planck equation

2
Lp=r x (Vp) r s (hp)+ 5 xp =0:

m Standard computer-assisted proofs techniques cannot at this
stage handle a fully non-elliptic operators of this type. We would
need to control quantitatively the spectral gap of L .
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Can we solve the Fokker—Planck equation?

Recall that we want to compute
Z
= Q(x; s)p(x;s)dxds
MS di

where p satis es the stationary Fokker—Planck equation

2
Lp=r x (Vp) r s (hp)+ 5 xp =0:

m Standard computer-assisted proofs techniques cannot at this
stage handle a fully non-elliptic operators of this type. We would
need to control quantitatively the spectral gap of L .

m The problem is even harder if we are on an unbounded domain
suchasM=T RorM=R 2
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-
The adjoint operator

The Fokker—Planck operator
2
L =r x (V)r s(h)*'?x

is the L2-adjoint of the generator L of the projective process (' ;St)to
which can be written as

2
L=V r X+hrs+7 X
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-
The adjoint operator

The Fokker—Planck operator
2
L =r x (V)r s(h)*'?x

is the L2-adjoint of the generator L of the projective process (' ;St)to
which can be written as

2
L=V r y+hr S+7 X
i.e. for all u;v regular enough
z z
u(L v)dxds = (Lu)vdxds
MS di MS di
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-
The adjoint operator

The Fokker—Planck operator
2
L =r x (V)r s(h)*'?x

is the L2-adjoint of the generator L of the projective process (' ;St)to
which can be written as

2
L=V r y+hr S+7 X
i.e. for all u;v regular enough
z z
u(L v)dxds = (Lu)vdxds
MS di MS di

Its use on the computer is the main idea of this work!
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The adjoint method
4
0

Q()p()d;  =(x;s); L p
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The adjoint method
4

Q()p()d;  =(x;s); L p=0

|  We want to nd an enclosure of , but without having access to p.
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The adjoint method
4

Q()p()d;  =(x;s); L p=0

|  We want to nd an enclosure of , but without having access to p.

| Recall that L is the L2-adjoint of the in nitesimal generator

2

L=V r x+((DV hs;DVsi)s) r S+7 X
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The adjoint method
4

Q()p()d;  =(x;s); L p=0

|  We want to nd an enclosure of , but without having access to p.
| Recall that L is the L2-adjoint of the in nitesimal generator

2
L=V r x+((DV hs;DVsi)s) r S+7 X
Z Z
| For any u, (Lu)pd = u(L p)d =0. Therefore
VA

(Q Lu)pd:
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The adjoint method
4

Q()p()d;  =(x;s); L p=0

|  We want to nd an enclosure of , but without having access to p.

| Recall that L is the L2-adjoint of the in nitesimal generator
2
L=V r x+((DV hs;DVsi)s) r S+7 X
Z Z
| For any u, (Lu)pd = u(L p)d =0. Therefore
VA

(Q Lu)pd:

| This is the main idea of the adjoint method: pick a u such that
(Q Lu) is better behaved or easier to control than Q itself.

L. Arnold, G. Papanicolaou, and V. Wihstutz (1986). Asymptotic Analysis of the
Lyapunov Exponent and Rotation Number of the Random Oscillator and Applications.
SIAM Journal on Applied Mathematics.
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-
The computer-assizsted adjoint method

= (Q Lu)pd for any u:
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-
The computer-assizsted adjoint method

= (Q Lu)pd for any u:

| Pick and usuchthatQ L u ,i.e. anumerical solution
to the Poisson problem Lu = Q
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The computer-assizsted adjoint method
= (Q Lu)pd for any u:

| Pick and usuchthatQ L u ,i.e. anumerical solution

to the Poisson problem Lu = Q

| We then get
z Z

= (Q L u)pd = Q Lu pd + ;

therefore, letting Q ;==L u + 7

= Q Q pd:

7th July 2026
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The computer-assizsted adjoint method
= (Q Lu)pd for any u:

| Pick and usuchthatQ L u ,i.e. anumerical solution

to the Poisson problem Lu = Q
| We then get
z z
= (Q L u)pd = QLu pd + ;

therefore, letting Q ;==L u + 7
= Q Q pd:

| In particular,
7 Q Q.

where Q; Q and are known and we want to enclose .

7th July 2026
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Back to the cellular ow with sinks
Recall the cellular ow with sinks with = 1=2

dx; =(cosx. cosy)sinxdt+ dB }
dy: =(cosy+cosx)sinydt+ dB ?
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Back to the cellular ow with sinks
Recall the cellular ow with sinks with = 1=2

dx; =(cosx. cosy)sinxdt+ dB }
dy: =(cosy+cosx)sinydt+ dB ?

Then choosing s; = 5 = (cos( 1=2); sin( 1=2)); we nd that

% = %(sin (4cosx CoSy COS2X ¢ +cos2y;) 4sinx siny)
= h(Xyiye o)
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Back to the cellular ow with sinks
Recall the cellular ow with sinks with = 1=2

dx; =(cosx. cosy)sinxdt+ dB }
dy: =(cosy+cosx)sinydt+ dB ?

Then choosing s; = 5 = (cos( 1=2); sin( 1=2)); we nd that
dy 1 . . .
ot = E(sm (4cosx CoSy COS2X ¢ +cos2y;) 4sinx siny)

= h(Xyiye o)

and Q(x;y; ) = %(cost +c0os2y cos ( 4cosxcosy + cos2y
C0s 2Xx)).

Hugo Chu Rigorous enclosure of Lyapunov exponents 7th July 2026



Back to the cellular ow with sinks
Recall the cellular ow with sinks with = 1=2

dx; =(cosx. cosy)sinxdt+ dB }
dy: =(cosy+cosx)sinydt+ dB ?

Then choosing s; = 5 = (cos( 1=2); sin( 1=2)); we nd that

d 1, . . .
ditt = E(sm (4cosx CoSy COS2X ¢ +cos2y;) 4sinx siny)
= h(Xyiye o)
and Q(x;y; ) = %(cost +c0os2y cos ( 4cosxcosy + cos2y
C0s 2Xx)).

We need to numerically solve Lu =Q where

COS X cosy
2

+cosx @+h(x;y; )@ +;(@x+@/y)
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Numerical solution
Since our problem is on T2, we naturally seek a numerical solution
( X Lo )
u2H KMN = ak;m;nelkxelmyem
k=K m=M n=N

to the Poisson problem
Lu=Q
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Numerical solution
Since our problem is on T2, we naturally seek a numerical solution

U2HgmN = a:mn e e™e"
k=K m=M n=N

to the Poisson problem
Lu=Q

Denoting Py the projection on constants in L2(T?3), we solve

u argmin kP§ (Lu QK Zrs);

U2H ;MmN

Note that so far we have done no rigorous computation.
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Numerical solution
Since our problem is on T2, we naturally seek a numerical solution

( P D LD\ o )
u2H KMN = ak;m;nelkxelmyem
k=K m=M n=N
to the Poisson problem
Lu=Q
Denoting Py the projection on constants in L2(T?3), we solve
u argmin kP§ (Lu QK Zrs);

U2H ;MmN

Note that so far we have done no rigorous computation.
Noting that L maps H k.u:n 10 Hk+2.m+2:n+2 , We then de ne

“Po@ L u and Q¥Lu+ @
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-
Computation of the bound via the adjoint method

Recall that sine Lu is p-mean zero
Z

= (Q Q)pdxdyd and
T3
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-
Computation of the bound via the adjoint method

Recall that sine Lu is p-mean zero
Z

= (Q Q)pdxdyd and
T3

Denoting

K2 K2 X2 o
Q Q — k;m;ne|kxe|mye|n
k=(K+2) m=(M+2) n=(N+2)

where the .m:n's should be small,
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-
Computation of the bound via the adjoint method

Recall that sine Lu is p-mean zero
Z

= (Q Q)pdxdyd and
T3

Denoting

Kr2 K+2 X+2 o
Q Q — k;m;ne|kxe|mye|n
k=(K+2) m=(M+2) n=(N+2)
where the y.m:n's should be small, we have

§(+2 ’X+2 b(+2
j J kQ Q kl ] k;m;nj
k=(K+2) m=(M+2) n=(N+2)
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Result for the cellular ow with sinks

Theorem (Breden, C., Lamb, Rasmussen 2024)

Consider the cellular ow with sinks (' {);g onM=T 2

dx; =(cosx cosyi)sinxdt+ dB } (1)
dy: =(cosy+cosx)sinydt+ dB 2:

Then, for =1=2and = P 2, we have the following bounds for
= 0:0558453099857 10 * >0:

1. F Ledrappier, L. S. Young (1988). Entropy formula for random transformations.
Probability Theory and Related Fields.
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e
Result for the cellular ow with sinks

Theorem (Breden, C., Lamb, Rasmussen 2024)

Consider the cellular ow with sinks (' {);g onM=T 2

dx; =(cosx cosyi)sinxdt+ dB } (1)
dy: =(cosy+cosx)sinydt+ dB 2:

Then, for =1=2and = P 2, we have the following bounds for
= 0:0558453099857 10 * >0:

For =1=2and = 2, the system (1) displays a random strange
attractor of (Lyapunov) dimension

D = 1:475029031376 1:1 10 *?:

1. F Ledrappier, L. S. Young (1988). Entropy formula for random transformations.
Probability Theory and Related Fields.
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-
Some advantages of our method

m The only rigorous computation (i.e. done in interval arithmetic) is
the application of L to u, this is much cheaper than usual
computer-assisted proofs which usually require a large
matrix-matrix multiplication; in terms CPU time and memory.
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matrix-matrix multiplication; in terms CPU time and memory.

m We can numerically solve the Poisson problem

Lu=0Q

with iterative methods if L is sparse w.r.t. our basis
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Some advantages of our method

m The only rigorous computation (i.e. done in interval arithmetic) is
the application of L to u, this is much cheaper than usual
computer-assisted proofs which usually require a large
matrix-matrix multiplication; in terms CPU time and memory.

m We can numerically solve the Poisson problem
Lu=Q

with iterative methods if L is sparse w.r.t. our basis
m Therefore, we can take many basis functions!
[
[
]
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Some advantages of our method

m The only rigorous computation (i.e. done in interval arithmetic) is
the application of L to u, this is much cheaper than usual
computer-assisted proofs which usually require a large
matrix-matrix multiplication; in terms CPU time and memory.

m We can numerically solve the Poisson problem
Lu=Q

with iterative methods if L is sparse w.r.t. our basis
m Therefore, we can take many basis functions!
m We don't need a priori estimates and are exible with the basis.
[
[
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Some advantages of our method

m The only rigorous computation (i.e. done in interval arithmetic) is
the application of L to u, this is much cheaper than usual
computer-assisted proofs which usually require a large
matrix-matrix multiplication; in terms CPU time and memory.

m We can numerically solve the Poisson problem
Lu=Q

with iterative methods if L is sparse w.r.t. our basis
m Therefore, we can take many basis functions!
m We don't need a priori estimates and are exible with the basis.
m |t does not make any assumption on the ellipticity of L
[
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-
Some advantages of our method

m The only rigorous computation (i.e. done in interval arithmetic) is
the application of L to u, this is much cheaper than usual
computer-assisted proofs which usually require a large
matrix-matrix multiplication; in terms CPU time and memory.

m We can numerically solve the Poisson problem
Lu=Q

with iterative methods if L is sparse w.r.t. our basis
m Therefore, we can take many basis functions!
m We don't need a priori estimates and are exible with the basis.
m |t does not make any assumption on the ellipticity of L
m |t works on unbounded domains too!
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Example: the noisy pendulum
Consider the noisy pendulum (or Josephson junction)

\ X = sinx x+ By"
with =2=3, =1=4. It translates to the proper SDEon T R

dXt :ytdt
dy; = (sinx (+ vy dt+ dB ;
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e
How to extend the method to an unbounded domain?

For this example, similarly to the previous one, we nd that

2
L=y@ (sinx+y)@ y+h(xiy;)@ + —@Q

where h(x;y; )=(1+ sin cos + (cos +1)cosx)and

Q(Xx;y; )= %( cos +sin sin cosx):
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e
How to extend the method to an unbounded domain?

For this example, similarly to the previous one, we nd that

2
L=y@ (sinx+y)@ y+h(xiy;)@ + —@Q

where h(x;y; )=(1+ sin cos + (cos +1)cosx)and
1 . .
Q(Xx;y; )= E( cos +sin sin cosx):

L is polynomial in y, so we expect u and thus Q to be polynomial in
y.
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e
How to extend the method to an unbounded domain?

For this example, similarly to the previous one, we nd that

2

L=y@ (sinx+y)@ y+h(xiy;)@ + —@Q

where h(x;y; )=(1+ sin cos + (cos +1)cosx)and
1 . .
Q(Xx;y; )= E( cos +sin sin cosx):

L is polynomial in y, so we expect u and thus Q to be polynomial in
y. Idea: use an exponentially growing weight W 0 function such
that

z z

o= (Q Q)pdxdyd W Wpdxdyd
TRT 1 TRT
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e
How to extend the method to an unbounded domain?

For this example, similarly to the previous one, we nd that

2

L=y@ (sinx+y)@ y+h(xiy;)@ + —@Q

where h(x;y; )=(1+ sin cos + (cos +1)cosx)and
1 . .
Q(Xx;y; )= E( cos +sin sin cosx):

L is polynomial in y, so we expect u and thus Q to be polynomial in
y. Idea: use an exponentially growing weight W 0 function such
that

z Z
o= (Q Q)pdxdyd W Wpdxdyd
TRT 1 TRT

How to bound the right-hand side?
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-
The Lyapunov bound

Note that L =y@; sinx@y +h(x;y; )@ +Ly where

2

Ly= y@ y+7@y

is the generator of an OU process with stationary density e ¥ *=
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-
The Lyapunov bound

Note that L =y@; sinx@y +h(x;y; )@ +Ly where
2

Ly= y@ y+7@y

is the generator of an OU process with stationary density e ¥ =
So, we choose W (x;y; )=e Y =@ 9.
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-
The Lyapunov bound

Note that L =y@; sinx@y +h(x;y; )@ +Ly where

2

Ly= y@ y+7@y

is the generator of an OU process with stationary density e ¥ *=
So, we choose W(x;y; )=e Y =@ 9 Again LW is p-mean zero, but
h [
LW CW+d, d:SUp ﬁ(y 2+ 2+2]y])+c ey2:(2 2)
y

forallc 2 R.
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-
The Lyapunov bound

Note that L =y@; sinx@y +h(x;y; )@ +Ly where

2

Ly= y@ y+7@y

is the generator of an OU process with stationary density e ¥ *=
So, we choose W(x;y; )=e Y =@ 9 Again LW is p-mean zero, but
h [
LW cW +d; d=sup ﬁ(y 24 242jyj)+c eV =2 ?
y
forallc 2 R.
Z VA

(LW)pdxdyd =0 9 Wpdxdyd
TRT TRT
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-
The Lyapunov bound

Note that L =y@; sinx@y +h(x;y; )@ +Ly where

2

Ly= y@ y+7@y

is the generator of an OU process with stationary density e ¥ *=
So, we choose W(x;y; )=e Y =@ 9 Again LW is p-mean zero, but
h [
LW cW +d; d=sup ﬁ(y 24 242jyj)+c eV =2 ?
y
forallc 2 R.
Z VA

(LW)pdxdyd =0 9 Wpdxdyd
TRT TRT

W is called a Lyapunov function and is used in ergodicity proofs.
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The choice of basis
RecallthatL=y@ sinx@y +h(x;y; )@ +Ly where

2

Ly=y@y+ 5@
is the generator of an OU process and has known eigenbasis
LHa(®y=)= mH WP y=):

where the Hp,'s are Hermite polynomials.
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The choice of basis
RecallthatL=y@ sinx@y +h(x;y; )@ +Ly where

2

Ly=y@y+ 5@
is the generator of an OU process and has known eigenbasis
LHa® ¥=)= mH WP y=):
where the Hp,'s are Hermite polynomials. We use the Hilbert basis
ff ng = fcoskx; sinkxg fh m(p y=)g fcosn;sinng;

L p_—
where we choose the normalisation hy, = Hp,= 2™ml.
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The choice of basis
Recall that L = y@x sinx@ +h(x;y; )@ +Ly where

2
Ly = y@ + f@yy

is the generator of an OU process and has known eigenbasis
LHa(Py= )= mHa(Py= ):
where the Hy,’s are Hermite polynomials. We use the Hilbert basis
ffng = Feos kx; sinkxg fhm(p*y: )g fcosn ;sinn g;
where we choose the normalisation hy, = Hmsz. The suprema

p_. _
h =
sup m(C Y=

=supjhm@)e 2
y2r  W(X;y) zzgJ m(2) J

can be bounded by computer assistance or with a priori bounds.
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Result for the randomly forced pendulum

Consider the noisy pendulum equationon M =T R

C
dXt = ytdt
dy; = ( sinx;+ y)dt+ dB;
For =2=3; =1=4and =4, we have the following bounds for

2 [0:0228; 0:0315]:
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Result for the randomly forced pendulum

Consider the noisy pendulum equationon M =T R

C
dXt = ytdt
dy; = ( sinx;+ y)dt+ dB;
For =2=3; =1=4and =4, we have the following bounds for

2 [0:0228; 0:0315]:

2
L=y@x ( sinx+ y)@ +h(x;y; )@ +?@yy

is very much non-elliptic (in both the directions x and ) and even
accounting for the symmetries of the system, for this result, we had to
use 105; 568; 462 basis functions!
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Result for the randomly forced pendulum

Consider the noisy pendulum equationon M =T R

C
dXt = ytdt
dy; = ( sinx;+ y)dt+ dB;
For =2=3; =1=4and =4, we have the following bounds for

2 [0:0228; 0:0315]:

2
L=y@x ( sinx+ y)@ +h(x;y; )@ +?@yy

is very much non-elliptic (in both the directions x and ) and even
accounting for the symmetries of the system, for this result, we had to
use 105; 568; 462 basis functions!

Finding u was the difficult task here.
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-
The Hopf system
Now, on R?, consider the Hopf normal form with additive noise

Xt Xt a b xx ,2, .2 )
d = XS + dt + dB;:
Vi Vi b a y 4V t
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-
The Hopf system
Now, on R?, consider the Hopf normal form with additive noise

Xt Xt a b xx ,2, .2 )
d = + dt + dB;:
Vi Vi b a y V) t
Recent results show that the Lyapunov exponent , becomes pos-
itveasb ¥ 1 (Chemnitz & Engel (CMP 2023), Baxendale (PTRF
2024)). We aim to show this result for a finite value b.
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________________________________________________
The Hopf system
Now, on R?, consider the Hopf normal form with additive noise

Xt Xt a b xx ,2, .2 .
d = XS + dt + dBy:
Vi Vi b a y 4V t

Recent results show that the Lyapunov exponent , becomes pos-
itveasb ¥ 1 (Chemnitz & Engel (CMP 2023), Baxendale (PTRF
2024)). We aim to show this result for a finite value b.

One can show that
YA
2 P 2 i
b= Q(r; Jp(r; )drd ; Q(r; )= 2ar"+ a?+Db?r°sin2

R+ T

and p is the ergodic distribution of a diffusion with generator

P 2
L=(r ar3)£+ br2 + a2+ b2r2cos?2 @@+?
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-
Continuation with respect to b

o M 2
Lo=(r ar3)§+ br2+ a2+ b2r2cos2 @£+?
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-
Continuation with respect to b

P— 2
Le=(r ar3)£+ br2+ a2+ b2r2cos2 @£+?
We aim to enclose , on [0; 30] by constructing

XK XX
up(r; )= Ci;n Tk (D) (r;  );
k=1 n

where the Ty’s are Chebyshev polynomials.
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Continuation with respect to b

P 2

Le=(r ars)@r + br2+ a2+ b2r2cos2 @9 +
We aim to enclose , on [0; 30] by constructing

XXX

up(r; )= Ci;n Tk (D) (r; );

k=1 n
where the T’s are Chebyshev ponBomiaIs.
The tricky bit is to handle the term * a2 + b2 as it is non-polynomial. It
is approximated by a polynomial q(b) such that

pP— .
sup j a2+b2 q(b)j
b2[0;30]

This allows to quantitatively control the approximation

Co=(r ar3)@ + br2+q(b)r?cos2

@ 2
ar e T2z b
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A general setting
I We have a Hilbert (orthonormal) basis ff,gnoy  CT(M  S¢ 1)
for a judicious Hilbert space (H; (; )) such that f, = 1.
I ForallN 2 N, there exists M N such that L maps
Pn(H) = Spanff,gh_, to Pm(H) = Spanff,gM_,, where P,
denotes the projection in H onto SpanffigiL,.
I Thereis ng 2 N such that Q 2 Spanff,g,%,.
I Thereis a C1 weight functon W : M S¢ ' ¥ R, such that
sup kfn=Wk, < 1;
m2N
Z

and Wpdxds < 1
M &d 1

which can be bounded explicitly.

We can choose u  argminkP; (Lu Q)kZ, and
u2Py(H)

def Po(Q Lu) and Q L u+ Q;
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Results
< —05 F
; m )

Consider the Hopf normal formwitha= =4, = 2andlet
b @ | be the function represented above. Then, for all b 2 [0; 30]

ib b 341 10 *
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e
2D continuation

X X a b x
d t — t t
a

v v b (x2+y?) dt+ dB:

lfa=4and = 2 forall( ;b)2[ 6;6] [0;30],
i b b 4 10 %
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Thank you!
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