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Plan of the presentation

Hyperbolic fixed point — horseshoe
Including a center direction
Horizontal discs and existence of blenders

Hyperbolicity from “twist and tilt"

Planar three body problem
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Symbolic dynamics

f:R" = R
Definition (covering relation)
We say that Ny —= N iff
No N,

1
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Symbolic dynamics
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Definition (covering relation)

We say that Ng == N iff
Ng N,

[ZG] Zgliczyriski, Gidea, Covering relations for multidimensional dynamical systems, JDE 2004
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Symbolic dynamics

f:R" = R

Definition (covering relation)
We say that Ny LN Ny iff
No N,

— 7

For ¢,k € {0,1}

f, f,
M[:>"':>Mx

We have symbolic dynamics:
/ blue

[ZG] Zgliczyriski, Gidea, Covering relations for multidimensional dynamical systems, JDE 2004
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Including a ‘center’ coordinate

f:R" = R"
M M
asty; | | 1/l
]a 17
Ay iy VA Ve
M, M, Ny, =M N; =M
Mo = Ny & N, & m
3 f f f
M My = Ny = N; = M
T . :
/ There is no way to continue... ®
Moy 1
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Including a ‘center’ coordinate

N,' = Bu X BS

Definition (horizontal disc h in N;)
h: B, — N;, with cone aligned graph

h(By)
—_— M
N;
B,
Theorem

hg horizontal disc in Ng.

If Nop = Ny and f satisfies cone
conditions, then

hy = f(ho) N Ny horizontal disc in Nj.
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Including a ‘center’ coordinate

N; = B, x Bs
N() Ny
Theorem

hg horizontal disc in Ng.

If Ng = Ny and f satisfies cone
conditions, then

hi1 = f(ho) N Ny horizontal disc in Nj.
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Including a ‘center’ coordinate

N; = B, x Bs
N() Ny
f(No)
Theorem

hg horizontal disc in Ng.
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Including a ‘center’ coordinate

N; = B, x Bs
N() Ny
J(No)
Theorem

hg horizontal disc in Ng.

If Ng = Ny and f satisfies cone
conditions, then

hi1 = f(ho) N Ny horizontal disc in Nj.
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Forward invariant set and blenders

f:R" = R" o7 =
/) e

]\40 ]\4’1 Nik =M ij =M

Theorem

Assume f satisfies c.c.
Assume Vh in M, 3¢ € {0,1} s.t.
hN My is a horizontal disc in My and

ML

Then dp € M such that

f'(p) € JN; UM
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M M M
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Forward invariant set and blenders

VNCAP Edinburgh

M M M
17

W 7 =

]\40 ]\4’1 Nik =M ij =M

Theorem

Assume f satisfies c.c.
Assume Vh in M, 3¢ € {0,1} s.t.
hN My is a horizontal disc in My and

ML Ly
Then dp € M such that

f'(p) € JN; UM
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Forward invariant set and blenders

f:R” = R

Theorem (existence of blenders)

Assume f satisfies c.c.

A = inv(UN; U M) is hyperbolic.
Assume Vh in M, 3¢ € {0,1} s.t.
hN My is a horizontal disc in My and

ML Em

[CKOZ] MC B. Krauskopf, H. Osinga, P. Also dlm(h) <dlmWA' Then

Zgliczyriski, JDE 2025 hN W3R #@
A
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Forward invariant set and blenders

f:R"” = R"

|\|\|‘HI|(|HW
!M "” HMIl

Q = diag(ld,, —Ids)

Theorem ([W])
For p € f~Y(N;) N N;

Df;i(p) " QDf;i(p) — Q

is strictly positive definite, then
inv(U N;) is hyperbolic.

[W] D. Wilezak. Uniformly hyperbolic attractor of the Smale-Williams type ... SIADS 2010.
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The main idea

Two connecting sequences of covering relations

f(p)
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The main idea

Two connecting sequences of covering relations

f(p)

«{.pz

VNCAP Edinburgh

M,
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The main idea
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The main idea

Two connecting sequences of covering relations
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Hamiltonian systems

M M M
)7 | |
1 4= 0
Z L/ e
My M, Niyy=M N; =M o

x' = JVx(H(x) +eG(x,t))
conservation of energy for e = 0

H(®0(x)) = H(x)
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Hamiltonian systems

M M
/| v 0
=
/
My M, N, =M N; =M 2m

X' = JVx(H(x) +eG(x,0))
0' =1

conservation of energy for ¢ = 0

H(®:0(x,0)) = H(x)
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Hamiltonian systems

M M M

= a
Al = 0 !
4 P L \2
M, M, Niy, =M N; =M 27
0
X' = JVx(H(x) +eG(x,0))
o' =1
conservation of energy for e =0 p=(xy01)
=0 = H(p)
H(®;™0(x,6)) = H(x) (o)) = I(p)
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Hamiltonian systems

M M M
-

W & = e

l
M, M, N;,, =M N, =M p lfs(p) \Z

Theorem

Assume f. satisfies c.c. 0
Assume Yh in M, 3¢ €L s.t.
hN My is a horizontal disc in My and

ME . S

Then dp € M such that I(f—o(p)) = I(p)

£'(p) e JNiUM
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Hamiltonian systems
M M M I

4

I
o
My M, Ni, =M N; =M Mﬂu

Theorem

Assume f. satisfies c.c.
Assume Yh in M, 3¢ €L st

p=(x..0.1)
hN My is a horizontal disc in My and

Controlling the energy change:

M5 A m for hin M, 3¢, € Lst.
Then dp € M such that My, :f€> :fi Ny, :fi M
f(p) e UNiUM I(£5(p)) = I(p) > ce

Arnold diffusion
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Hamiltonian systems

M M M I
7 ™~
oy = e,
My My Ny =M N =M fel(Nk,) o 0

|
T

Theorem

Assume f. satisfies c.c.
Assume Yh in M, 3¢ €L s.t.

p=(xy.61)
hN My is a horizontal disc in My and

Controlling the energy change.

M5 Ky for hin M, 30y € L st.
Then dp € M such that M,, o & Ny, LAy
f7(p) e UN; UM I(f5* Y (p)) = I(p) < —ce

Arnold diffusion

VNCAP Edinburgh Arnold diffusion & blenders - 3bp 8 July 2026 9/ 14



Hamiltonian systems

M M M
9y d { [CG1] MC M. Gidea "Arnold diffusion
[ 4 ... 3BP" CPAM 2023
Z 77 A

[CG2] MC M. Gidea "Arnold diffusion
in the full 3BP" Arxiv

M, M, Ni, =M N; =M

Theorem
Assume f; sa.tisfies c.c. p=(xy.0,1)
AssumeVh in M, 3¢ € L s.t. '
hN M is a horizontal disc in M, and Controlling the energy change.
p P forhin M, 3y € Ls.t.
My=.-.-=M
f. f. f.
My, = =S N, =M
Then dp € M such that ta ka
[(F5(p)) — I(p) < —ce
fgn(p) EUN,‘UM (s (,D)) (P)
/ Arnold diffusion
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Hyperbolicity for blenders

(x,y,0,1) € X
@ X,y are hyperbolic coordinates,
@ 0,1 are center coordinates,

@ | constant of motion if e =0

Two model maps:
0,1)— (6 +wl, 1)

v
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Hyperbolicity for blenders

(x,y,0,1) € X
@ X,y are hyperbolic coordinates,
@ 0,1 are center coordinates,

@ | constant of motion if ¢ =0

Two model maps:
0,1) — (6+wl, 1) (6,1) — (6,1 +¢pb)

i
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Hyperbolicity for blenders

(x,y,0,1) € X
@ X,y are hyperbolic coordinates,
@ 0,/ are center coordinates,

@ | constant of motion if ¢ =0

—
"

0 6
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Hyperbolicity for blenders

hyperbolicity from perturbation

0,1) — (6 +wl, 1) @:(Hsﬁw “’) Q:(

ep 1
(0.1) — (6,1 + £p0)
Cone = {v e R2: v Qv >0}

0
1

)
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Hyperbolicity for blenders

hyperbolicity from perturbation

0,1) — (6 +wl, 1) @:(Hsﬁw “’) Q:(

ep 1
(0.1) — (6,1 + £p0)
Cone = {v e R2: v Qv >0}

01
10
Not good:

DETQDE — Q — ( o0 ) +0(e)
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Hyperbolicity for blenders

hyperbolicity from perturbation

([ 1+efw w (0
0.1) — (0+wl. 1) ,;_( y 1) Q_(l
(6,1) — (6,1 +¢po)
Cone = {veR?2: v Qv >0}
Not good:
; (0 0
DETQDE =@ = (g 4, ) +0() ,
Trick/idea:
_(1 0 7 _ a1
As—(o \/5) fo= A A 0
~ = 2 0
DfSTQDfS—Q:\/E< f 2w>+0(e).
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Blenders in the planar 3bp

X' = JVx(H(x) +eG(x,t))
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Work in progress with M. Gidea, W. Tucker and P. Zgliczynski



Blenders in the planar 3bp

X' = JVx(H(x) +eG(x,t))

0.05
N\

L
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Work in progress with M. Gidea, W. Tucker and P. Zgliczynski



Blenders in the planar 3bp

X' = JVx(H(x) +eG(x,t))
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Work in progress with M. Gidea, W. Tucker and P. Zgliczynski



Closing remarks

0.75
@ We can have horseshoe—type dynamics o5k
even when coordinates do not
0.25
cooperate
e Future work: ores ¢
» Dynamical consequences of blenders 025
in celestial mechanics ol
» Transitivity
-0.75
1 0.75 0.5 0.25 0 0.25 0.5
Thank you for your attention




